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Eukaryotic cells sense molecular gradients by measuring spatial concentration variation through the
difference in the number of occupied receptors to which molecules can bind. They also secrete enzymes
that degrade these molecules, and it is presently not well understood how this affects the local gradient
perceived by cells. Numerical and analytical results show that these enzymes can substantially increase the
signal-to-noise ratio of the receptor difference and allow cells to respond to a much broader range of
molecular concentrations and gradients than they would without these enzymes.
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Eukaryotic cells sense and follow molecular concen-
tration gradients in a process called chemotaxis. This
process is essential for numerous biological functions such
as proliferation, organ formation, wiring of the nervous
system, wound healing, and cancer [1–3]. In contrast to
bacteria [4], eukaryotic cells are large enough (≳10 μm) to
be able to directly measure concentration differences across
their bodies [5]. This is achieved by taking snapshots of the
nonuniform occupancy of their cell surface receptors to
which diffusing molecules can bind.
The physical limits of chemotactic sensitivity in eukary-

otic cells have been extensively studied both theoretically
and experimentally, often by calculating theoretical limits
and comparing the accuracy of the experimental chemo-
taxis response to these limits [5–16].
However, many cells secrete enzymes that can inactivate

chemotactic signals, so the local gradient perceived by
cells may differ from the applied gradient. For example,
Dictyostelium discoideum cells secrete phosphodiesterases
(PDEs) [17] that inactivate cyclic adenosinemonophosphate
(cAMP) signals [18], Saccharomyces cerevisiae cells
secrete Bar1 protease that degrades α-factor pheromone
[19–21] and neutrophils can inactivate chemotactic formyl-
methionyl peptides [3]. The PDEs can help avoid receptor
saturation at high cAMP concentrations in D. discoideum
with many cells present, but it has been suggested that it can
also steepen cAMP gradients ([18], p. 125) prevent cells
from sensing their own cAMP at low cAMP concentrations
[22] and extend the range and robustness of chemotaxis [23].
Similarly, Bar1 has been suggested to improve the detection
of the direction of the nearest mating partner in S. cerevisiae
[19–21].
InD. discoideum, PDEexists in bothmembranebound and

as a secreted extracellular form [17,24–26], both encoded by
the same gene pdsA. Nanjundiah and Malchow [27] argued,
using dimensional analysis, that the extracellular PDE has no
observed effect. More recently, Palsson et al. [28–30] argued
that PDE may be important for the wave propagation at low

cell densities. Experimentally, D. discoideum pdsA-strain
(deleted PDE gene) has been shown to fail to aggregate
[31,32] and to respond to a reduced range of cAMP
concentrations compared to the wild type [22]. Despite these
efforts, it remains poorly understood how extracellular PDE
affects the local cAMP gradient perceived by cells.
We address this question by calculating cAMP concen-

tration across the cell surface using 3D reaction-diffusion
models of cAMP-PDE interaction in the extracellular
space, for a typical microfluidic geometry [16,33] and in
space with a point source of cAMP. We use these results to
calculate the gradient detection signal-to-noise ratio (SNR)
of the receptor response [9,34] and predict how the
chemotaxis index is affected by extracellular PDE.
We can gain some intuition about the signal-to-noise ratio

(SNR) by considering a linearly increasing cAMP concen-
tration cðxÞ in 1D, without PDE. Assuming steady state for
cAMP to cAMP-receptor binding, each receptor at coordi-
nate x can be thought of as a Bernoulli trial with the
probability of being occupied ρðxÞ ¼ cðxÞ=½cðxÞ þ Kd�
and unoccupied with probability 1 − ρðxÞ, where Kd is the
cAMP to cAMP-receptor binding dissociation constant and
represents a concentration at which the ρ ¼ 0.5 ([35], §1)
Since the receptor distribution on the cell surface is

uniform [41] and cðxÞ ¼ c0 − j∇⃗cjx, we can consider each
cell half as a single point x ¼∓ rc=2 (rc is cell radius, cell
is centered at x ¼ 0). The distribution of the number of
occupied receptors on the front (F) or rear (R) half of the
cell follows a Binomial distribution with the average and
variance:

RF;B ¼ N
2

cF;B
cF;B þ Kd

; σ2RF;B
¼ N

2

cF;BKd

ðcF;B þ KdÞ2
ð1Þ

where cF;B ¼ cð∓ rc=2Þ and N is the total number of
receptors per cell; hereKd ¼ 30 nM,N ¼ 70 000 [42]. The
SNR is defined as [9,34] [Fig. 1(a)]
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SNR ¼ ΔRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2B þ σ2ΔR=I

p ; ΔR ¼ RF − RB ð2Þ

where ΔR and σ2ΔR ¼ σ2RF
þ σ2RB

are the average (“signal”)
and variance (square of the “noise”) of the difference in the
number of occupied receptors at the front and back half of
the cell, σB the nonreceptor noise, and I is the number of
statistically independent measurements of the occupied
receptors within a sensing period [34].
For shallow gradients, the concentration difference

between the cell front and back is small (rcj∇⃗cj ≪ Kd)
so the average and variance of the receptor difference are
([35], §2):

ΔR ≈
N
2

Kdrcj∇⃗cj
ðc0 þ KdÞ2

; σ2ΔR ≈ N
c0Kd

ðc0 þ KdÞ2
: ð3Þ

For fixed relative gradients j∇⃗cj=c0 ¼ const: (i) the receptor
occupancy RF;B has the steepest increase at c0 ¼ Kd, so
ΔR ∝ dR=dc is maximal, and (ii) the receptor noise is
proportional to the square root of the signal σΔR ∝

ffiffiffiffiffiffiffi
ΔR

p
.

Then, the SNR is also proportional to the square root of the
signal: SNR ∝ ΔR=

ffiffiffiffiffiffiffi
ΔR

p ¼ ffiffiffiffiffiffiffi
ΔR

p
and also maximal at

c0 ¼ Kd [Fig. 1(b)]. Therefore, the optimal average
cAMP concentration for gradient sensing without PDE is
at exactly Kd when the receptor occupancies are ≈50%.

Fixed PDE secretion flux model.—We first consider a
system of two interacting molecules, PDE and cAMP,
following Michaelis-Menten kinetics:

PDEþ cAMP⇌
k1

k−1
Ccp⇀

k2
PDEþ 50AMP; ð4Þ

where 50AMP represent the reaction rates, Ccp represents
the intermediate cAMP-PDE complex, and ki the product
of this reaction (a deactivated signal).
The concentrations of cAMP cðr⃗; tÞ, PDE pðr⃗; tÞ, cAMP-

PDE complex Ccpðr⃗; tÞ, and the 50AMP c0ðr⃗; tÞ, are
obtained in the standard quasisteady state assumption
[43] (intermediate complex is in steady state): k1cp ¼
ðk−1 þ k2ÞCcp, so the two relevant steady-state equations
are ([35], §4)

Dc∇2c −
k2
KM

pc ¼ 0; Dp∇2p ¼ 0; ð5Þ

where Dc and Dp are the diffusion constants of cAMP and
PDE, and KM ≡ ðk−1 þ k2Þ=k1. These equations are solved
numerically using COMSOL 3.5 (Comsol Inc.) with MATLAB

R2011a(The MathWorks, Inc.), for the boundary conditions
mimicking typical experiments [16,44,45]; see the results
in Fig. 1(c) and Ref. [35], §5. cAMP concentration is varied
on the left boundary cðx ¼ −w=2Þ, set to zero on the right
boundary cðx ¼ w=2Þ ¼ 0, and the normal cAMP flux is
zero everywhere else, including the cell boundary [46].
These boundary conditions result in constant applied

relative gradient j∇⃗cjapp=c0;app ¼ 2=w, where

j∇⃗cjapp ¼ cð−w=2Þ − cðw=2Þ
w

¼ cð−w=2Þ
w

; ð6Þ

c0;app ¼
cð−w=2Þ þ cðw=2Þ

2
¼ cð−w=2Þ

2
: ð7Þ

For PDE, pðx ¼ �w=2Þ ¼ 0 and the normal flux is
P0 > 0 at the cell boundary and zero everywhere else.
The parameters used in simulations were KM ¼ 10 μM
[49], Dc ¼ 444 μm2 s−1 [50], Dp ¼ 70 μm2 s−1, k2 ¼
13 300 s−1 (estimated in Ref. [35], §6), and rc ¼ 5 μm.
Figure 2(a) shows the SNR, as a function of PDE

secretion flux P0 and cAMP concentration on the left

boundary cð−w=2Þ, for the relative gradient rcj∇⃗cjapp=
c0;app ¼ 2rc=w ¼ 1% across the cell surface. PDE can
substantially improve the SNR for a range of P0 and
cð−w=2Þ values and the improvement is better for large
cAMP concentrations. If the midpoint concentration is
≲Kd [cð−w=2Þ ≲ 2Kd], then the SNR can only be
decreased by PDE [Fig. 2(b)]. PDE can also broaden the
range of cAMP detection by increasing the cð−w=2Þ range
for which SNR ≥ 1 [Figs. 2(c), 2(d)].
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FIG. 1. Signal-to-noise ratio (SNR) and model geometry.
(a) The SNR is defined as the receptor occupancy difference
between the front half and back half of the cell (signal) divided by
the noise consisting of receptor shot noise σΔR sampled I times
and nonreceptor noise σB. (b) When the relative gradient

j∇⃗cj=c ¼ const, the optimal average concentration that max-
imizes the SNR is c ¼ Kd, since the receptor occupancy differ-
ence ΔR has a maximum when c ¼ Kd and SNR ∝

ffiffiffiffiffiffiffi
ΔR

p
.

(c) Geometry and boundary conditions for 3D numerical simu-
lations; c ¼ cAMP, p ¼ PDE concentration (not to scale).
Constant relative gradient can be set away from the cell (in
the bulk), by changing the cAMP concentration on the left
boundary cð−w=2Þ, while keeping cðw=2Þ ¼ 0. w ¼ 1 mm.
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For parameter values σB ¼ 73 and I ¼ 1.4 the measured
chemotaxis index (CI) was fit to the empirical equation
CI ¼ SNR=ðSNRþ 1Þ ([35], §3), so the CI also shows
both an increase and a wider range for higher P0 [Figs. 2(e),
2(f)]. The SNR improvement by PDE can also occur when

either the absolute gradient j∇⃗cjapp or the midpoint con-
centration c0;app are fixed ([35], §7).
According to Fig. 2, the relevant P0 range between 10−12

and 10−10 molm−2 s−1, falls within the rough physiologi-
cal range estimated here for PDE of 10−11 molm−2 s−1
([35], §6.3) and by others for Bar1 of 10−12 molm−2 s−1 (in
yeast) [20].
Next, we analyze how the increase in the SNR is

achieved. PDE reduces the average concentration across
the cell surface more than it reduces the concentration

gradient [Fig. 3(a)], so the signal ΔR ∝ j∇⃗cj=ðc0 þ KdÞ2
can be enhanced by multiple orders of magnitude
[Fig. 3(b)]. On the other had, the noise has both an upper
bound of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2B þ N=ð4IÞ

p
≈ 134 at c0 ¼ Kd [Eq. (3)] and a

lower bound at σB ¼ 73 [Fig. 3(c)]. Both follow directly
from the definition, Eqs. (2) and (1), and imply that the
overall scale of the noise is largely PDE independent. Then,
the SNR enhancement comes directly from the signal
increase, and can also be increased by multiple orders of
magnitude [Fig. 3(d)].
Fixed PDE concentration models.—We consider two

models with spatially uniform PDE concentration
pðr⃗; tÞ ¼ p0. For the case with the same microfluidic
geometry as before but without the cell boundary in the
middle, the analytical solution of Eq. (5) is

cðxÞ ¼ cð−w=2Þ sinh ð
w
2L −

x
LÞ

sinhðwLÞ
; L ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
KMDc

k2p0

s
; ð8Þ

where now a degradation length L appears in the gradient
sensed by the cell. At x ¼ 0, the cAMP concentration and
gradient are

j∇⃗cj ¼ cð−w=2Þ
2L sinhð w

2LÞ
; c0 ¼

cð−w=2Þ
2 coshð w

2LÞ
: ð9Þ
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FIG. 2. Fixed PDE secretion flux model with relative gradient
on the cell surface of 1%. (a) SNR as a function of PDE secretion
flux P0 and cAMP boundary concentration cð−w=2Þ. The SNR
can be substantially improved by PDE for a range of para-
meters P0 and cð−w=2Þ. (b) Horizontal slices from (a). PDE
can increase the SNR for cð−w=2Þ≳ Kd. (c) Vertical slices from
(a). Increasing P0 shifts the optimal cAMP concentration (maxi-
mizing SNR) towards higher values but also broadens the
detectable range of cAMP concentrations. The red curve for
P0 ¼ 10−14 molm−2 s−1 ≈ 0, i.e., matches the SNR in Fig. 1(b)
with c ¼ cð−w=2Þ=2. (d) Broadening of curves from (c) is
quantified by calculating the range of cð−w=2Þ for which
SNR ≥ 1. (e) Chemotaxis index (CI) calculated as SNR=ðSNRþ
1Þ ([35], §3). (f) Vertical slices from (e).
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For shallow gradients rcj∇⃗cj ≪ Kd (well satisfied in this

Letter; maxðrcj∇⃗cj=KdÞ ¼ 5 × 10−3), the SNR [Eq. (2)] is

SNR ≈
NKdrcj∇⃗cj

2ðc0 þ KdÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2Bðc0 þ KdÞ2 þ Nc0Kd

p : ð10Þ

The SNR is calculated using Eqs. (9) and shows very similar
behavior to the fixed PDE secretion flux model [Figs. 4(a),
4(b)], since only the local concentrations in the neighbor-
hood of the cell matter. Intuitively, PDE converts the original
relative gradient ∝ rc=w to a new one ∝ rc=L for L ≪ w
([35], §8.1). The presence of a cell boundary to a large extent
only changes the overall scaling factor ([35], §8.2).
Finally,we consider the case of cAMPemitted by the point

sourceC0δðrÞ. Without PDE, the solution of the steady-state
diffusion equation for cAMPconcentrationcðr⃗Þ is equivalent
to the electrostatic potential from the point charge at origin,
cðr⃗Þ ∼ 1=r. With uniform PDE, the cAMP concentration
becomes cðrÞ ¼ C0e−r=L=r ([35], §8.3) and is equivalent to
ion screening in classical plasma [51], with Debye length L.
PDE increases the relative gradient across the cell from rc=r
to rc=rþ rc=L. For distances below ∼0.5 mm from the
source, the SNR shows the same enhancement as before
[Figs. 4(c), 4(d); Supplemental Material [35], Fig. 8].
Concluding remarks.—In summary, we investigated the

effects of extracellular PDE on cAMP gradient sensing in
D. discoideum. We find that PDE shifts the peak SNR
towards higher cAMP concentrations, broadens the range
of signal detection, and can also increase the SNR. This

contrasts with earlier dimensional analysis estimates [27].
The SNR increase is caused by signal (differential receptor
occupancy) increase, while the noise has a PDE-indepen-
dent upper bound.
Our results qualitatively agree with previous observa-

tions of (i) pdsA cells responding to a narrower range of
cAMP concentrations [22] and (ii) decrease in CI if the
cells are starved for longer time periods, and exposed to the
same gradient (Fig. 4 in Ref. [45]) since the peak response
would shift towards higher cAMP concentrations if the
PDE accumulates in the environment. The CI could also be
measured for the range of cAMP concentrations for both
wild-type and pdsA cells and compared to the predictions of
our model. The effects discussed here also lead to different
predictions between the experiments with static nonflowing
gradients where cAMP gradients are affected by secreted
PDE [16,44,45] and the experiments with static gradients
establish with the flow [11,13,14]. The flow gradient
experiments are considered advantageous since the cells
are prevented to communicate with each other with cAMP;
however, they also completely wash away extracellular
PDE ([35], §9). We ignored the effects of receptor
internalization and ligand rebinding [52,53] since they
lead to small correction here ([35], §10). Note that the
SNR enhancement applies in the general case of chemo-
attractant degradation, but to derive Eq. (5) fromMichaelis-
Menten kinetics, a slow diffusion limit is needed which is
fulfilled here in the relevant PDE range ([35], §11). We also
neglected the effects of the PDE inhibitor, expected to be
secreted under high PDE levels [54] and would act to
increase KM ∼mM [49] and the role of the noncircular cell
shape that may ensure more accurate chemotaxis [55].
Finally, the screening of the chemotactic signal could also
result from the secretion of both soluble attractive and
repulsive factors, as in angiogenesis [56,57].
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