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A rare decay KL → μþμ− has been measured precisely, while a rare decay KS → μþμ− will be observed
by an upgrade of the LHCb experiment. Although both processes are almost CP-conserving decays, we
point out that an interference contribution between KL and KS in the kaon beam emerges from a genuine
direct CP violation. It is found that the interference contribution can change KS → μþμ− standard-model
predictions at Oð60%Þ. We also stress that an unknown sign of AðKL → γγÞ can be determined by a
measurement of the interference, which can much reduce a theoretical uncertainty of BðKL → μþμ−Þ. We
also investigate the interference in a new physics model, where the ϵ0K=ϵK tension is explained by an
additional Z-penguin contribution.
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Rare kaon decays have played a crucial role in flavor
physics; now this physics program is even more exciting
due to the NA62 experiment at CERN, which aims to reach
a precision of 10% in BðKþ → πþνν̄Þ compared to the
standard model (SM) in 2018 [1,2], and the KOTO
experiment at J-PARC, which aims, as a first step, at
measuring BðKL → π0νν̄Þ around the SM sensitivity [3–5].
The LHCb experiment also has an impressive kaon physics
program [6]. New physics motivated from the ϵ0K=ϵK
tension [7–9] or B-physics anomalies may be tested in
rare kaon decays too. Experimentally kaons in two muons
in the final state can be considered gold channels, and this
motivates theoretical studies.
Within the SM, the branching ratios are predicted to

be [10–12]

BðKL → μþμ−ÞSM ¼
(
ð6.85� 0.80� 0.06Þ × 10−9ðþÞ;
ð8.11� 1.49� 0.13Þ × 10−9ð−Þ;

ð1Þ

BðKS → μþμ−ÞSM ¼ ½4.99ðLDÞ þ 0.19ðSDÞ� × 10−12

¼ ð5.18� 1.50� 0.02Þ × 10−12; ð2Þ

where the first uncertainty comes from long-distance con-
tributions and the second one denotes remaining theoretical
uncertainties including the Cabibbo-Kobayashi-Maskawa
(CKM) parameters. The long-distance (short-distance)
contribution to BðKS → μþμ−ÞSM is indicated by LD
(SD). Here, the leading chiral contribution at Oðp4Þ,
KS → πþπ− → γγ → μþμ−, is theoretically clean [10,13]:
KS → πþπ− is described in terms of G8 (and G27) which
represents the leading coupling of the jΔSj ¼ 1 nonleptonic

weak Lagrangian [14] and sgnðG8Þ < 0 is taken; we just
assume the sign predicted by the jΔSj ¼ 1 partonic
Lagrangian computing the hadronic matrix elements of
four-quark operators in the large-NC limit (or employing
naive factorization) [11,15,16]. The values of Eqs. (1) and
(2) are based on the best-fit result for the CKMparameters in
Ref. [17]. One should note that BðKL → μþμ−ÞSM depends
on an unknown sign of AðKL → γγÞ. Indeed, differently
from the previously discussed KS decay, the leadingOðp4Þ
of AðKL → γγ → μþμ−Þ given by the Wess-Zumino
anomaly [18] is vanishing due to the delicate cancellation
enforced by the Gell-Mann–Okubo formula of the two
contributions with π0 and η exchanges [14,19]. Higher
chiral orders spoil this cancellation and unfortunately
also the cleanness of the prediction, even of the sign
of AðKL → γγÞ [15,16]. When sgn½AðKL → γγÞ� ¼
�sgn½AðKL → ðπ0Þ� → γγÞ�, we represent þ or − in
Eq. (1). The choice of þð−Þ gives a destructive (construc-
tive) interference between short- and long-distance contri-
butions to BðKL → μþμ−Þ in the SM [15,16].
On the other hand, experimental results are [20]

BðKL → μþμ−Þexp ¼ ð6.84� 0.11Þ × 10−9; ð3Þ

and the 90% C.L. upper bound is [21]

BðKS → μþμ−Þexp < 0.8 × 10−9: ð4Þ

Although a current bound of BðKS → μþμ−Þ is weaker than
the SM prediction by 2 orders of magnitude, an upgrade of
the LHCb experiment is aiming to reach the SM sensitivity,
specifically, the LHC Run3 (from 2021) [22]. Note that the
branching ratios into the electron mode are suppressed by
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m2
e=m2

μ, and the detector sensitivity to the electron mode in
the LHCb is weaker than the muonic mode.
Equations (1) and (2) are predictions of pure KL and KS

initial states, respectively. In this Letter, we focus on
interference between KL and KS states,

ΓðK → fÞint ∝ AðKS → fÞ�AðKL → fÞ; ð5Þ
where the initial state is the sameK0 (or K̄0), and a lifetime of
this contribution is 2τS. Such an interference contribution is
first discussed in Refs. [23,24], and has been observed and
utilized in many processes, e.g., K → ππ [25], K → 3π0

[26,27], K → πþπ−π0 [28], and K → π0eþe− [29].
Interference between KL and KS.—We first review the

interference contribution briefly; then, we investigate
the numerical impact in the mode of μþμ− in the SM. A
state of K0 (or K̄0) at t ¼ 0, which is produced by, e.g.,
pp → K0K−πþ, evolves into a mixture of K1 (CP-even)
and K2 (CP-odd) states,

jK0
ð−Þ

ðtÞi ¼ 1ffiffiffi
2

p ð1� ϵ̄Þ ½e
−iHStðjK1i þ ϵ̄jK2iÞ

� e−iHLtðjK2i þ ϵ̄jK1iÞ�; ð6Þ
whereHL;S¼ML;S−ði=2ÞΓL;S, jK1;2i¼ð1=

ffiffiffi
2

p ÞðjK0i�jK̄0iÞ,
and CPjK1;2i ¼ �jK1;2i. The CP impurity parameter
ϵ̄ is related to ϵK as ϵK ¼ ðϵ̄þ iImA0=ReA0Þ=
ð1þ iϵ̄ImA0=ReA0Þ with AðK0 → ðππÞI¼0Þ≡ A0eiδ0 , and
δ0 is a strong phase for an I ¼ 0 two-pion state.
The decay intensity of a neutral kaon beam into f is

IðtÞ ¼ 1þD
2

jhfj −HjΔSj¼1
eff jK0ðtÞij2

þ 1 −D
2

jhfj −HjΔSj¼1
eff jK̄0ðtÞij2 ð7Þ

¼1

2
½fð1−2DRe½ϵ̄�ÞjAðK1Þj2þ2Re½ϵ̄AðK1Þ�AðK2Þ�ge−ΓSt

þfð1−2DRe½ϵ̄�ÞjAðK2Þj2þ2Re½ϵ̄AðK1ÞAðK2Þ��ge−ΓLt

þð2DRefe−iΔMKt½AðK1Þ�AðK2Þþ ϵ̄jAðK1Þj2
þ ϵ̄�jAðK2Þj2�g
−4Re½ϵ̄�Re½e−iΔMKtAðK1Þ�AðK2Þ�Þe−½ðΓSþΓLÞ=2�t�
þOðϵ̄2Þ; ð8Þ

where ML −MS ≡ ΔMK > 0, AðK1;2Þ≡AðK1;2 → fÞ,
and a dilution factor D is a measure of the initial (t ¼ 0)
asymmetry of the number of K0 and K̄0,

D ¼ K0 − K̄0

K0 þ K̄0
: ð9Þ

The term proportional to expð−ΓStÞ [or expð−ΓLtÞ] arises
from KS (or KL) decay in the mode f, while the term
proportional to exp½−ðΓS þ ΓLÞt=2� represents the
interference between KL and KS, whose lifetime
is 2=ðΓS þ ΓLÞ≃ 2τS.

Interference effect on K → μþμ− in the SM.—In the case
when f ¼ μþμ−, all Oðϵ̄Þ terms are numerically negligible,
which is certainly different situation from K → 2π and
K → 3π. Then, a term of Eq. (5) is relevant, which is the
first term in the third line of Eq. (8). The jAðK1;2Þj2 term
provides the SM prediction of BðKS;L → μþμ−ÞSM in
Eqs. (1) and (2) [10–12], which is significantly dominated
by a CP-conserving long-distance contribution. Within the
SM, regarding the interference term, we obtain

X
spin

AðK1 → μþμ−Þ�AðK2 → μþμ−Þ

¼ 16iG4
FM

4
WF

2
KM

2
Km

2
μ sin2 θW

π3
Im½λt�y07A

× fAμ
Lγγ − 2π sin2 θWðRe½λt�y07A þ Re½λc�ycÞg; ð10Þ

where the spin of the muons is summed up as λq ≡ V�
qsVqd,

sin2 θW ≡ sin2 θ̂M̄S
W ðMZÞ¼ 0.23129ð5Þ [20], fK ¼ ffiffiffi

2
p

FK ¼
0.1556ð4Þ GeV [20], the top-quark contribution in next-to-
leading order of QCD is y07A ¼ −0.654ð34Þ [12,30] (which
is defined in the next section), the charm-quark contribu-
tion in next-to-next-to-leading order of QCD is yc ¼
−2.03ð32Þ×10−4 [12], and an amplitude of the CP-
conserving long-distance contributions for K2 is [11,31]

Aμ
Lγγ ¼

�2πα0
G2

FM
2
WFKMK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

MK
ΓðKL → γγÞexp

r
ðχdisp þ iχabsÞ

¼ �2.01ð1Þ × 10−4 × ½0.71ð101Þ − i5.21�; ð11Þ

with AðM2
KÞ ¼ χdisp þ iχabs [31], where AðsÞ given in

Refs. [32,33] denotes contributions from 2γ intermediate
state and its counterterm, and disp (abs) indicates the
dispersive (absorptive) contribution, BðKL→γγÞexp¼
5.47ð4Þ×10−4 [20] and α0 ¼ 1=137.04. Here, the sign
ambiguity in Aμ

Lγγ comes from the unknown sign of
AðKL→γγÞ, and this� corresponds to sgn½AðKL → γγÞ� ¼
�sgn½AðKL → ðπ0Þ�→ γγÞ� and Eq. (1). Obviously, the
interference in Eq. (10) is proportional to the direct CP-
violating contribution.
Figure 1 shows a time distribution of K → μþμ− in

Eq. (8) with several choices of D and the sign of Aμ
Lγγ ,

which are normalized by an integrated decay intensity from
0.1τS to 1.45τS (solid lines) and to 3τS (dashed lines) with
D ¼ 0. It is shown that the interference effect emerges
prominently around t≃ 0, which can give Oð10%Þ differ-
ence. Another important point found here is that one can
probe the unknown sign of Aμ

Lγγ by precise measurement of
the interference correction.
Using the result of Eq. (8), let us define an effective

branching ratio into μþμ−, which includes the interference
correction and would correspond to event numbers in
experiments after a removal of the KL background,
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BðKS → μþμ−Þeff ¼ τS

2
4Z tmax

tmin

dt

0
@ΓðK1Þe−ΓSt þ D

8πMK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
μ

M2
K

s X
spin

Re½e−iΔMKtAðK1Þ�AðK2Þ�e−½ðΓSþΓLÞ=2�t

1
AεðtÞ

3
5

×

�Z
tmax

tmin

dte−ΓStεðtÞ
�

−1
; ð12Þ

where ΓðK1Þ ¼ ΓðK1 → μþμ−Þ, tmin to tmax corresponds to
a range of detector for KS tagging, and εðtÞ is a decay-time
acceptance of the detector. Note that BðKS → μþμ−Þeff ¼
BðKS → μþμ−ÞSM in Eq. (2) is obtained when D ¼ 0 is
chosen. For the removal of the KL background, the
experimental result of KL → μþμ− in Eq. (3) can be
utilized. The LHCb also measures KS → πþπ− decay as
a normalization mode; then, the number of produced KS
can be derived. The number of produced KL is the same as
KS to a good approximation, so that using the experimental
value in Eq. (3) one can estimate and subtract the KL →
μþμ− background [34]. This procedure is independent of
D, whose dependence appears from Oðϵ̄Þ.
We investigate the effective branching ratio in Eq. (12) as

a function of D in Fig. 2. Here, the experimental setup of
the LHCb detector is adopted: the decay-time acceptance is
εðtÞ ¼ expð−βtÞ, where β≃ 86ðnsÞ−1 [35]. The range of
the detector for selecting K → μþμ− is tmin ¼ 8.95 ps ¼
0.1τS and tmax ¼ 130 ps ¼ 1.45τS [35]. Gray bands re-
present BðKS → μþμ−ÞSM in Eq. (2). The blue and red lines
are the SM predictions, where the lighter (darker) bands
stand for uncertainty from Aμ

Sγγ [from the interference term
in Eq. (10)], which is an amplitude of the CP-conserving
long-distance contributions for K1 [10,11,31],

Aμ
Sγγ ¼

πα0
G2

FM
2
WFKMKjHð0Þj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

MK
ΓðKS → γγÞexp

r
× ðIdisp þ iIabsÞ

¼ 2.48ð35Þ × 10−4 × ð−2.83þ i1.22Þ; ð13Þ
with Iðm2

μ=M2
K;m

2
π�=M

2
KÞ ¼ Idisp þ iI abs, where a two-

loop function Iða; bÞ from the 2π�2γ intermediate state is

given in Refs. [10,36], BðKS → γγÞexp ¼ 2.63ð17Þ × 10−6

[20] and the pion one-loop function Hð0Þ ¼ 0.331þ
i0.583 [10] are used. Since this evaluation includes a
17% enhancement of the amplitude by a final-state inter-
action of the pions and it is reasonable for on-shell but not
off-shell photon emission, a 30% uncertainty to the
branching ratio is taken [11].
It is found that the interference affects the branching ratio

atOð60%Þ and the unknown sign ofAμ
Lγγ can be uncovered if

D ¼ Oð1Þ can be used. Note that the error ofAμ
Sγγ dominates

the uncertainties of all lines. Since the dispersive treatment
[37] will sharpen Aμ

Sγγ , the interference and BðKS →
μþμ−ÞSM will, hence, be transparent in these figures.
We also comment on the difference between two effective
branching ratios with different dilution factors D and
D0, BðKS→μþμ−ÞeffðDÞ−BðKS→μþμ−ÞeffðD0Þ∝ðD−D0Þ,
where D > 0 and D0 < 0 for K0 and K̄0 tagging, respec-
tively. This measurement does not receive a large uncer-
tainty from Aμ

Sγγ , so that one can more clearly determine the
sign of AðKL → γγÞ.
Note that because σðpp → K0XÞ≃ σðpp → K̄0XÞ, D

would be 0 as a standard of the LHCb experiment. We
propose two methods for generating K0–K̄0 asymmetry in
the neutral kaon signals. The first one is the tagging of a
charged kaon which accompanies the neutral kaon beam.
An Oð30%Þ of prompt K0 accompanies K− through pp →
K0K−X [35]. Such a charged kaon track with a K → μþμ−

signal can be tagged by using the RICH detectors.
This charged kaon tagging has been utilized to tag B0

s in
the LHCb experiment [38]. A similar tagging would be
possible forΛ0 through pp → K0Λ0X withΛ0 → pπ− [39].
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FIG. 1. The time distributions of K → μþμ− [IðtÞ] are shown within the SM with several choices of D, which are normalized by the
decay intensity from 0.1τS to 1.45τS (solid lines) and from 0.1τS to 3τS (dashed lines) with D ¼ 0. The left and right panels correspond
to the positive and negative signs of Aμ

Lγγ in Eq. (11), respectively.
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Another proposal is a charged-pion tagging using
pp→K�þX→K0πþX. A similar charged-pion tagging
for D0 (D�þ → D0πþ) has been achieved in the LHCb
experiment [40].

Probing new physics.—We now investigate the influence
of new physics on the interference. In general new physics,
only three operators can contribute toK → μþμ−. Then, the
interference term in Eq. (10) can be extended to

X
spin

AðK1 → μþμ−Þ�AðK2 → μþμ−Þ ¼ 8G4
FM

4
WF

2
KM

2
Km

2
μ

π4
×

��
1 −

4m2
μ

M2
K

��
ðAμ

SγγÞ� þ
M2

K

M2
W
Re~y0S

�
i
M2

K

M2
W
Im~y0S

þ
�
2iπsin2θWðIm½λt�y07A þ Im~y07AÞ − i

M2
K

M2
W
Im~y0P

�

×

�
−2πsin2θWðRe½λt�y07A þ Re½λc�yc þ Re~y07AÞþAμ

Lγγ þ
M2

K

M2
W
Re~y0P

��
; ð14Þ

where the Wilson coefficients are defined in [31]

HjΔSj¼1
eff ¼G2

Fmsmμ

π2
f~y0Sðs̄γ5dÞðμ̄μÞþ ~y0Pðs̄γ5dÞðμ̄γ5μÞg

þGFαffiffiffi
2

p ðλty07Aþ ~y07AÞðs̄γμγ5dÞðμ̄γμγ5μÞþH:c: ð15Þ

Here, new physics contributions are represented by ~y0, and
α≡ αM̄SðMZÞ ¼ 1=127.95 [20]. We find that the interfer-
ence in Eq. (14) is still a genuine direct CP-violating
contribution. The new physics contributions (~y0S, ~y

0
P, and

~y07A) to ΓðK1;2 → μþμ−Þ are given in Ref. [31].
The following is a specific example of new physics: we

focus on a modified Z-coupling model [41–45], which can
easily explain a 2.8σ–2.9σ discrepancy in ϵ0K=ϵK between
the measured values and the predicted one at next-to-
leading order [7–9]. In this model, after the electroweak
symmetry breaking, the following flavor-changing Z inter-
actions emerge:

HjΔSj¼1
eff ¼ −ΔNP

L s̄γμPLdZμ þ ðL ↔ RÞ þ H:c: ð16Þ

In our analysis, we assume that the new physics is only left
handed and that it is pure imaginary, for simplicity:
ΔNP

R ¼ ReΔNP
L ¼ 0. According to Ref. [44], the ϵ0K=ϵK

discrepancy is explained at the 1σ level by the range of
−1.05 × 10−6 < ImΔNP

L < −0.50 × 10−6 without conflict
with ϵK and BðKL → μþμ−Þ. This range corresponds to

0.86×10−4< Im~y07A <1.82×10−4; ~y0S¼ ~y0P¼0: ð17Þ

Green bands in Fig. 2 show that the effective branching
ratio into μþμ− in Eq. (12), which can explain the
ϵ0K=ϵK discrepancy at 1σ. It is observed that the
interference vanishes or flips the sign compared to the SM
predictions. This is because the interference is propor-
tional to the direct CP violation (Im½λt�y07A þ Im~y07A)
and Im½λt�y07A ¼ −0.92 × 10−4.
The other new physics scenario that can explain the

ϵ0K=ϵK discrepancy [46] will be presented in a forthcoming
article [47].
Discussion and conclusions.—In this Letter, we have

studied the interference between KL and KS in K → μþμ−
within the SM and the modified Z-coupling model, which

FIG. 2. The effective branching ratio into μþμ− in Eq. (12) as a function of the dilution factor. The left and right panels correspond to
the positive and negative signs of Aμ

Lγγ in Eq. (11), respectively. The SM predictions are represented by blue and red lines, where the
darker bands stand for uncertainty from the interference in Eq. (10) and the lighter bands denote uncertainty from Aμ

Sγγ in Eq. (13). Gray
bands represent BðKS → μþμ−ÞSM in Eq. (2). The ϵ0K=ϵK anomaly can be explained at 1σ in the green regions within the modified Z-
coupling model.
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could be probed by the future upgrade of the LHCb
experiment. We have pointed out that the interference is
a genuine direct CP-violation effect, so that one can
investigate direct CP violation by precise measurement
of K → μþμ−. It is found that within the SM the interfer-
ence can amplify the effective branching ratio of KS →
μþμ− in Eq. (12) by Oð60%Þ by determining the unknown
sign of AðKL → γγÞ, which can much reduce the theo-
retical uncertainty of BðKL → μþμ−Þ. It is also shown that
in the modified Z-coupling model, accounting for the
ϵ0K=ϵK anomaly, the interference is predicted to vanish or
flip the sign.
Such an investigation of the direct CP violation of kaon

decay is important for, of course, ϵ0K=ϵK tension and also as
a cross-check of the KOTO experiment, which is probing a
CP-violating KL → π0νν̄ decay and will reach SM sensi-
tivity in 2021 [5,48].
A similar study would be possible for KS → πþπ−π0

using the interference in the LHCb experiment. Although
there are significant background events fromKL → πþπ−π0,
the Dalitz analysis of the momenta of the three pions can cut
the background [28,49].
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