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We investigate theoretically the effect of quantum confinement on high harmonic generation (HHG) in
semiconductors by systematically varying the width of a model quantum nanowire. Our analysis reveals a
reduction in ionization and a concurrent growth in HHG efficiency with increasing confinement. The drop
in ionization results from an increase in the band gap due to stronger confinement. The increase in
harmonic efficiency comes as a result of the confinement restricting the spreading of the transverse wave
packet. As a result, intense laser driven 1D and 2D nanosystems present a potential pathway to increasing
yield and photon energy of HHG in solids.
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For several decades high harmonic generation (HHG)
has provided the foundation for attosecond spectroscopy
techniques used to probe the structural and temporal
properties of atoms and molecules [1–6]. Recently, HHG
has been studied in bulk solids both experimentally [7–14]
and theoretically [15–21]. It has been demonstrated that
HHG in semiconductor crystals occurs via a three-step
process similar to HHG in atomic systems [12,15]. An
electron-hole pair is born through ionization, follows a
quiver motion in the laser field, and recombines upon
recollision whereat it emits a harmonic photon. This
provides an avenue through which the tools and techniques
of attosecond science developed for atoms and molecules
can be applied to solid state systems.
A necessary consideration to use HHG for attosecond

applications is the amount of harmonic output and the
maximum photon energy that can be produced. While both
can be increased by increasing the peak intensity of the
driving field, a limit is set by the onset of material damage.
Damage is directly linked to the amount of electrons trans-
ferred from the valence to the conduction band during HHG.
Analogous to using magnetic fields in atomic gases [22],

our theoretical analysis of HHG in model nanowires reveals
that quantum confinement transverse to the laser polariza-
tion direction holds the potential to mitigate this limitation,
thus allowing us to scale up photon energy and harmonic
yield. First, transverse confinement of the conduction band
wave packet strongly reduces ionization. Therefore, the
damage threshold is expected to increase. Second, the
harmonic yield per ionization event increases with decreas-
ing wirewidth; i.e., reduced ionization is countered bymore
efficient HHG. Considerable enhancement of harmonic
yield per ionization event compared to bulk HHG is found
for wire widths starting around 10–30 nm depending on the
laser wavelength. Enhancement increases towards longer
wavelengths and exponentially with decreasing wire extent.
This behavior is traced back to two physical mecha-

nisms. (i) The material band gap increases with decreasing

wire width resulting in reduced ionization. (ii) Quantum
confinement results in a reduction of the available trans-
verse states reducing quantum diffusion and therefore wave
packet spreading during the quiver motion of the electron-
hole pair. Accordingly, the recollision cross section and
therefore harmonic yield is increased. Our findings offer a
potential explanation for the increase in harmonic effi-
ciency found in recent experiments, where bulk HHG was
compared to atomically thin monolayers of crystalline
MoS2 [23]. The theoretical findings reported here suggest
that HHG in a forest of quantum wires, in atomically thin
2D layers, or in an array of ultrathin wires on a substrate
present a potential pathway towards scaling HHG to higher
efficiencies and photon energies.
The single-active-electron approximation was found to

give a reasonable description of strong field processes in
bulk solids [15–21,24]. Our work focuses on developing a
simple picture for identifying and understanding the single-
electron aspects of transverse quantum confinement on
strong field processes in solids. In the conclusion we will
discuss how the inclusion of correlation effects might alter
our results. All equations are presented in atomic units,
however, all parameters will be provided in SI units. Our
model nanowire consists of a single conduction and a single
valence band. Each three-dimensional band is the sum of
three one-dimensional bands. In the longitudinal direction z
along laser polarization a direct band gap with typical
semiconductor parameters is used. The band gap along
each transverse direction is determined by a periodic
potential vðuÞ (u ¼ x, y). For a single lattice site of width
au and well of depth v0 this is given by

vðuÞ ¼

8>>><
>>>:

v0e
− u2

σ2u−u
2 for 0 ≤ u < σu

v0e
− ðu−auÞ2
σ2u−ðu−auÞ2 for au − σu < u ≤ au

0 otherwise;

ð1Þ
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where σu ¼ 0.41 Å. The width of the nanowire Lu is
determined by selecting the number of lattice sites. The
resulting 1D Hamiltonians are diagonalized numerically.
For simplicity, both transverse directions have identical
confinements; we denote the width of the nanowire as
L ¼ Lx;y.
Transverse confinement causes the band structure to form

a discrete set of states. We express the band gap for the
nanowire as εLðkÞ ¼ ε̄Lðn⊥Þ þ ε∥ðk∥Þ, where ε̄Lðn⊥Þ ¼
Eg þ ε⊥ðn⊥; LÞ and ε⊥ and ε∥ are band gaps in the trans-
verse and longitudinal directions to the field; Eg is the
minimum band gap of the bulk crystal. Here we define k ¼
ðn⊥; k∥Þ with n⊥ ¼ ðnx; nyÞ being the quantum numbers of
the transverse states and k∥ ¼ kz being the longitudinal
crystal momentum. The minimum band gap energy of the
nanowire is denoted by EL ¼ ε̄Lð1; 1Þ, with nx ¼ ny ¼ 1

being the lowest transverse level. Further, we denote the
bandwidth of our nanowire as ΔL ¼ max½εLðkÞ�. Finally,
when discussing the bulk material along the transverse
direction, we will drop the L label and replace n⊥ with
k⊥ ¼ ðkx; kyÞ, the usual crystal momentum.
Our calculations use Eg ¼ 3.3 eV as the minimum band

gap in the bulk crystal. The longitudinal band gap ε∥ is
unaffected by the confinement and is given by a Fourier
cosine expansion. The Fourier coefficients and transition
dipole are given in Ref. [[16]]; the band gap along kz is
shown in Fig. 1(a). The lattice periodicity and effective
mass are az ¼ 2.8 Å and mz ¼ 0.098me.
The wells have a depth of v0 ¼ 13.6 eV and a lattice

spacing of a ¼ ax;y ¼ 5 Å. In the bulk limit the effective
transverse mass is mx;y ¼ 0.053me; Fig. 1(b) shows the

transverse band gap in this limit. As a result of the quantum
confinement, the transverse band structure is arranged
into discrete levels; this is demonstrated for L ¼ 2 nm in
Fig. 1(c). Further, confinement increases the band gap as
the wire becomes narrower; see Fig. 1(d). Our calculations
consider wires in the range from L ¼ 50 nm, where the
band structure is approximately that of the bulk, down to
L ¼ 1 nm, where there are only two atomic sites along
each transverse direction.
Our analysis utilizes the frozen valence band approxi-

mation [24], where it is assumed that the population in the
valance band remains unchanged during the pulse. Under
this assumption, the population transferred to the conduc-
tion band is given by

ncðtÞ ¼ N
Z
B̄Z

d3K

����
Z

t

−∞
dt0Ω�ðK; t0ÞeiSðK;t0Þ

����2; ð2Þ

where SðK; tÞ ¼ R
t
−∞ εLðKþAðt0ÞÞdt0 with AðtÞ being

the vector potential. The crystal momentum k ¼ KþAðtÞ
and Brillouin zone B̄Z ¼ BZ −AðtÞ have been trans-
formed into a frame moving with AðtÞ; N is a constant
that ensures normalization of the initial valence band
population. Further, ΩðK; tÞ ¼ d(KþAðtÞ) · FðtÞ with
d the dipole transition moment; the electric field is
determined through FðtÞ ¼ −dA=dt. In our calculations
below, we will be interested in the final conduction
band population versus L, which we denote ncðLÞ ¼
ncðL; t ¼ ∞Þ. The L dependence enters through the band
structure εL in SðK; tÞ. The wave function is normalized to
unity for each L to ensure an equivalent amount of material
is considered when comparing different L’s. This means
that four nanowires with width L=2 are compared with a
single nanowire of width L.
High harmonic generation in solids results from two

sources—an interband and an intraband current [25]. The
interband term, as calculated in length gauge [26], was
demonstrated to be the dominant contributor to above band
gap harmonics for semiconductors exposed to mid-IR fields
[12,15]. As such, in this work we will focus on the
interband term; we have verified that the intraband term
is negligible, in the above band gap range, for all cases
considered here. However, we note that in the presence of
strong dephasing or THz fields the intraband harmonics
may become a significant contributor to HHG [9,15]. In the
frozen valence band approximation, the interband current
can be written as [15],

jðωÞ ¼ Nω

Z
B̄Z

d3K
Z

∞

−∞
dte−iωtd�(KþAðtÞ)e−iSðK;tÞ

×
Z

t

−∞
dt0ΩðK; t0Þe−iSðK;t0Þ þ c:c: ð3Þ

The harmonic spectrum is determined by taking the
magnitude square of Eq. (3). As a measure of the harmonic
efficiency we define the harmonic yield Φ as,

(a) (b)

(c) (d)

FIG. 1. (a) Band gap along the longitudinal and (b) transverse x
direction for the bulk crystal. (c) Band gap along the transverse x
direction for a nanowire with L ¼ 2 nm. (d) Increase in band gap
energy resulting from confinement along a single transverse axis;
the dashed lines in (c) and (d) represent the bulk limit.
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ΦðLÞ ¼
Z

ELþΔL

EL

dωjjðωÞj2: ð4Þ

Hence, ΦðLÞ is the total contribution of the allowed above
band gap harmonics; see the inset of Fig. 2(d). Finally, we
define the yield ratio as ΦðLÞ=ncðLÞ. This gives a measure
of the harmonic yield per ionization event.
Our model solid is exposed to an intense laser-field

with vector potential AðtÞ ¼ ẑðF0=ω0ÞfðtÞ cosðω0tÞ,
where F0 ¼ 0.26 V · Å−1 is the peak field strength
(I0 ¼ 8.8 × 1011 W · cm−2) and ω0, λ0 are the laser driver
frequency and wavelength; the pulse envelope fðtÞ is
Gaussian with a FWHM of three cycles. Figure 2(a) shows
the time-dependent conduction band population for
L ¼ 50 nm (blue) and L ¼ 1 nm (red) for λ0 ¼ 6.4 μm.
The final conduction band population versus L is presented
in Fig. 2(b) for λ0 ¼ 3.2 μm (solid) and λ0 ¼ 6.4 μm
(dash-dot). When L ¼ 50 nm ionization has plateaued
and is close to that of the bulk crystal. As L is decreased
to 1 nm, the final conduction band population drops by
several orders of magnitude. This behavior can be attrib-
uted to the increase in the band gap caused by quantum

confinement. For few-cycle pulses used here optical field
ionization is the dominant mechanism resulting in material
damage; other ionization channels, such as collisional
ionization, are of subordinate importance. Damage occurs
once the conduction band population reaches the percent
level. As a result, from Fig. 2(b) it follows that the damage
threshold intensity increases with decreasing L.
Further, the time dynamics of the conduction band

population for the 50 nm wire shows synchronous growth
with the laser half-cycle, in agreement with semiconductor
experiments [27]. By contrast, the 1 nm wire displays
mainly transient population dynamics with a small carrier
density remaining after the pulse, similar to that observed in
dielectric experiments [28]. This opens the possibility to
nanoengineer semiconductor materials to be used in PHz
optoelectronics where so far the primary candidates are
dielectrics [29,30] or graphene [31].
Figure 2(c) shows the harmonic yield calculated from

Eq. (4). Here we see that from L ¼ 50 to L ¼ 1 nm there is
approximately an order of magnitude increase in the
harmonic output. For L < 3–4 nm the increase in HHG
is outweighed by the drop in ionization so that HHG
efficiency declines with decreasing L. The harmonic yield
is higher for the longer wavelength mainly due to higher
ionization. For the parameters used here, the wavelength
dependence of the HHG process, after ionization, has
already saturated at 3.2 μm [see Fig. 3(b)].
Figures 2(a)–2(c) display an increase in harmonic

yield accompanied by a significant decrease in ionization.
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FIG. 2. (a) Conduction band population dynamics for L ¼ 50
(blue) and L ¼ 1 nm (red) with λ0 ¼ 6.4 μm. (b) Final con-
duction band population, (c) harmonic yield, and (d) yield ratio
versus L for λ0 ¼ 3.2 (solid) and λ0 ¼ 6.4 μm (dash-dot). The
inset shows harmonic spectra for L ¼ 50 (blue) and L ¼ 1 nm
(red). The shaded region shows the above band gap range
½EL; EL þ ΔL� for the 50 nm wire. The spectrum for the 1 nm
wire is shifted due to the increase in band gap and thus the region
of integration is shifted accordingly.
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FIG. 3. (a) Ratio of final conduction band population in the 1D
system to the L ¼ 50 nm nanowire (circles with solid line) versus
λ0; the dashed line gives n⊥c −1 predicted by Eq. (5). (b) Ratio of
harmonic output from the 1D system to the L ¼ 50 nanowire
(solid) and the L ¼ 20 nm nanowire (dash-dot) versus λ0. The
dashed line shows the prediction for jj⊥j−2 from Eq. (6).
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As such, it is helpful to consider the yield ratio—harmonic
yield per ionization event—shown in Fig. 2(d). This
constitutes a measure of how efficiently population pro-
moted to the conduction band generates above band gap
harmonic radiation. Figure 2(d) displays a monotonic
growth in yield ratio with decreasing wire width implying
that the efficiency with which electrons promoted to the
conduction band create harmonics is greatly increased.
Comparing the L ¼ 50 nm to L ¼ 1 nm, there is an
increase of nearly 3 orders of magnitude. As ionization
is the first step in HHG, an increase in harmonic yield
efficiency coupled with a decrease in ionization appears
counterintuitive; in what follows we will explain this
surprising result.
Quantum confinement results in an increase of the band

gap and in a reduction of the density of transverse states.
Both effects influence ionization and HHG. By varying L,
as is done in Fig. 2, these contributions remain coupled. To
quantify these contributions, they must be separated. This is
achieved by noting that the ultimate limit of confinement is
represented by a chain of atoms with only one atom along
the transverse directions. The single atom wire has only one
doubly degenerate transverse state and therefore is identical
to an idealized 1D system with the same band gap in which
transverse coordinates are neglected. We have verified in
our calculations that this limit is reached for L ¼ 1 nm, a
wire with two atomic sites in each transverse direction.
Similarly, by neglecting the transverse coordinates of a 3D
bulk material, the band gap of the resulting 1D medium
remains unchanged; however, quantum confinement is
changed from zero to maximum. Thus, comparison of a
3D bulk medium to its corresponding 1D limit explores the
effects of quantum confinement only. Comparison of the
1D limit to the L ¼ 1 nm wire quantifies the effect coming
from the change of the band gap.
Additional insight can be obtained by an analytical

comparison of 3D bulk to its 1D limit. This is done for
ionization and HHG, as both can be represented as a
product of transverse and longitudinal terms. We begin with
the analytical comparison and then compare it to numerical
results. Following the Keldysh-Lewenstein approach
[32,33], we apply saddle point integration to Eq. (2)
followed by integration over kx;y (see Supplemental
Material [34]). The conduction band population nc ¼
n1Dc n⊥c can then be split into longitudinal n1Dc and transverse
n⊥c contributions where,

n⊥c ¼ axay
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mxmyF2

0

2mzEg

s
: ð5Þ

Similarly, in Eq. (3), the 3D current j3D can also be split
into longitudinal j1D and transverse j⊥ contributions [34],
where

jj⊥j2 ¼ axaymxmy

�
2mzEg

F2
0

þ π2

ω2
0

�−1
: ð6Þ

Note that Eqs. (5) and (6) scale differently with mx;y.
Consequently, changing the effective mass of the electron-
hole pairs by using different materials will have a stronger
influence on HHG than on ionization. Finally, for the above
expression to be valid, the Keldysh parameter must satisfy
γ < 1; all calculations presented here have 0.22 < γ <
0.87 [34].
To test Eqs. (5) and (6) we compare the L ¼ 50 nm wire

to its corresponding 1D system where the transverse
coordinates have been neglected. Figure 3(a) shows the
ratio of the final conduction band population from Eq. (2)
of the 1D system to the L ¼ 50 nm wire as compared to
n⊥c −1 from Eq. (5) (dashed line). Equation (5) is wavelength
independent and the calculated results appear consistent
with this. While the calculated results deviate from a
constant value, given the simplicity of Eq. (5) and the
complex nature of ionization in solids [24], these variations
are completely reasonable. Further, the results in Fig. 3(a)
indicate that ionization is not strongly affected by the form
of the wave packet at birth. Thus, the drop in ionization
seen in Fig. 1(b) results mainly from the band gap increase.
Figure 3(b) shows the ratio of harmonic output from

Eq. (3) of the 1D system to the L ¼ 50 nm (solid) and the
L ¼ 20 nm (dash-dot) wires; these are compared to jj⊥j−2
predicted by Eq. (6) (dashed line). The result in Eq. (6)
predicts that the ratio of 1D to 3D harmonic output will
increase with wavelength. This rise results from reduced
harmonic output of the 3D system due to quantum diffusion
which decreases the electron-hole recombination cross
section. For the 50 nm wire this ratio increases until about
4 μm and then begins to saturate, indicating a halt in
spreading of the wave packet due to the confinement.
Similar behavior occurs for the L ¼ 20 nm wire but
saturation begins at a shorter wavelength. This is consistent
with that expected from quantum diffusion. Longer wave-
lengths experience greater spreading of the transverse wave
packet and will thus be affected more strongly by a
narrower confinement. Finally, our analytical model
reflects the trend correctly, but the λ20 scaling in Eq. (6)
understates the power scaling of the wavelength depend-
ence. This indicates that the actual ionized transverse wave
packet structure might be more complex than the approxi-
mate Gaussian distribution obtained in Eqs. (5) and (6).
Such a fact might also explain the unusual elliptic
polarization dependence of HHG in solids observed by
experiment [35].
We have demonstrated theoretically that quantum con-

finement provides a systematic way to increase the har-
monic efficiency of a material. A simple picture of the main
physical mechanisms has been developed at the neglect of
correlation effects. For low dimensional, tightly confined
systems, correlation effects can become strong. This will
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restrict the amount by which the minimum band gap is
increased as the confinement width is lowered. Further, in
confined systems, electrons and holes experience stronger
Coulomb interaction [36,37] leading to an increased
recollision probability and, by extension, further enhance-
ment of HHG [23].
Finally, our investigation is microscopic in nature—

propagation effects have been neglected. A primary limi-
tation to bulk HHG comes from reabsorption of the
generated harmonic radiation. Using nanowires can poten-
tially mitigate this limitation, as the effective density of
nanowire arrays is considerably lower than the bulk density.
Because of the resulting longer interaction lengths phase
mismatch between fundamental and harmonic beam might
become relevant.
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