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The first high harmonic spectrum containing only the odd orders was observed in experiments 30 years
ago. However, a spectrum containing pure even harmonics has never been observed. We investigate the
generation of pure even harmonics from oriented CO molecules in linearly polarized laser fields employing
the time-dependent density-functional theory. We find that the even harmonics, with no odd orders, are
generated with the polarization perpendicular to the laser polarization when the molecular axis of CO is
perpendicular to the laser polarization. The generation of pure even harmonics reveals a type of dipole
acceleration originating from the permanent dipole moment. This phenomenon exists in all systems with
permanent dipole moments, including bulk crystal and polyatomic molecules.
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High-order harmonic generation (HHG), the most
prosperous physical phenomenon of intense field laser-
matter interactions, has irreplaceable applications in many
research fields, coherent x-ray generation [1–3], chemical
reaction tracing [4], molecular orbital imaging [5–7], and
attosecond science [8–12], although it has been only three
decades since its first experimental observation [13]. The
semiclassical three-step model [14,15] in the strong-field
approximation [16] provides an easy-to-understand explan-
ation, in which HHG spectra encode the information of the
interaction between the ground state of an atom or molecule
and the continuum wave function of electrons within
intense laser fields.
Normally, HHG only contains odd-order harmonics [17]

for the orbital symmetry along the direction of laser
polarization. Both even and odd harmonics can be obtained
from the oriented asymmetric molecules like CO [18–20]
and COS [21] or from symmetric molecules (atoms) in
asymmetric laser fields [7,22]. It is a general understanding
that HHG of only even orders cannot be generated, since
the odd harmonics can always be allowed, even under a
symmetry-breaking configuration. In this work, we find
that pure even harmonics are produced from oriented CO
molecules when the molecular axis is perpendicular to the
direction of a linearly polarized intense field. This phe-
nomenon calculated by time-dependent density-functional
theory (TDDFT) is confirmed by the plane-wave approxi-
mation [5] and the interference of dipole acceleration. The
plane-wave approximation explains the polarization prop-
erties of the spectra. In addition, the dipole acceleration
interference explains why the spectrum contains pure even
harmonics. This phenomenon is not only valid for the case
of θ ¼ 90° but also exists in molecules with a finite angle
distribution. The analysis of pure even harmonic generation

reveals the interaction between a system with a permanent
dipole moment and intense laser field. This phenomenon
exists in all systems with a permanent dipole moment such
as bulk crystal and polyatomic molecules. It will have a
wide range of applications in the intense laser field.
Quantum theory is a precise tool with which to

explain the physics at the atomic and molecular levels
[23,24]. Even for the simplest diatomic molecule, solving a
three-dimensional (3D) Schrödinger equation incurs an
unacceptable computation cost. TDDFT [25–28], the
fundamental variation of which is electron density, greatly
reduces the computation cost and makes it possible to deal
with the multielectron system. TDDFT is performed by
solving the time-dependent Kohn-Sham (TDKS) equation
for the orbital wave functions ψ iðr; tÞ (atomic units are used
hereinafter),

i
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∂tψ iðr; tÞ ¼
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where ρðr; tÞ is the electron density given by ρðr; tÞ ¼P
i jψ iðr; tÞj2. The effective potential Veff ½ρðr; tÞ� is a

function of ρðr; tÞ,
Veff ½ρðr; tÞ� ¼ V ionðrÞ þ VHartree½ρðr; tÞ�

þ VXC½ρðr; tÞ� þ V laserðtÞ: ð2Þ
The first term V ionðrÞ is the ion-electron interaction

potential. Instead of the real Coulomb potential, the norm-
conserving, nonlocal Troullier-Martines pseudopotential
[29] with the Kleinman-Bylander [30] form is used to
describe the interaction. Ten electrons (four electrons from
C and six electrons from O) are involved in our simulation.
The bond length of CO is fixed at 2.14 a.u. (1 a:u: ¼
0.0529 nm). This nuclear-fixed assumption is reasonable
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since our laser-pulse duration of 27 fs is short enough
that we can ignore the nuclear motion. The second
term VHartree½ρðr; tÞ� ¼

R ½ρðr0; tÞ=jr − r0j�dr0 is the time-
dependent Hartree potential describing the interaction
between electrons. The third term VXC½ρðr; tÞ� is the
exchange-correction potential comprising all the nontrivial
many-body effects. We use the generalized-gradient
approximation of Baerends and co-workers [31] and van
Leeuwen and Baerends [32] to describe this potential, and
its validity in the simulation of HHG has been verified
by many groups [33–36]. The last term V laserðtÞ ¼
zE0fðtÞ sinðωtÞ describes the potential induced by the
intense laser field in length gauge using the dipole
approximation. The polarization of the laser field propa-
gated in the y-axis direction is set in the direction along the
z axis, and the intensity is 1.5 × 1014 W=cm2 at the center
wavelength of 800 nm. The trapezoidal envelope fðtÞ
ramps linearly during the 1 cycle, stays constant for the
8 cycle, and decays to zero again in the 1 cycle.
The TDKS equation is solved and propagated using the

software package OCTOPUS [37–40] in real-space grids with
a time step of 0.02 a.u. (1 a:u: ¼ 0.024 fs). We perform the
simulation in a large box, the 3D length (space grid) of
which is 50 a.u. (0.38 a.u.), 50 a.u. (0.38 a.u.), and 80 a.u.
(0.38 a.u.), respectively, to ensure that the returning
electron wave functions do not collide with the boundary.
To avoid the reflection of ionized electrons from the
boundary of the box, a complex absorbing potential [41]
is used,

VabsorbðxÞ ¼
8<
:

0; if 0 < x < xmax;

iηsin2
h
ðx−xmaxÞπ

2L

i
; if xmax < x < xmax þ L;

ð3Þ

where ηð¼ −0.8 a:u:Þ is the absorbing potential height, and
Lð¼ 10 a:u:Þ is the absorbing length. The HHG spectrum is
defined as the absolute square of the Fourier transform of
the time-dependent dipole acceleration [42–46],

HðωÞ ¼
����
Z

dte−iωt d
2

dt2
hΨðtÞjê ·DjΨðtÞi

����
2

: ð4Þ

Figure 1(a) shows the spectrum (dark yellow line) in the
z-axis direction for the case θ ¼ 0° that has been observed
experimentally by many groups [18,19]. As Figs. 1(b)
and 1(c) show, pure odd (even) harmonics is only generated
in the z-axis (x-axis) direction. Therefore, one can obtain
pure even harmonics from the x-axis component using the
polarization technique [47]. Considering the two facts that
the even-to-odd intensity ratio (EOIR) of most orders in this
work is greater than 0.04 and an EOIR as low as 0.01 has
been measured experimentally [48], the even harmonics
discussed here is detectable. Also, a similar phenomenon in

HHG from bulk material has been reported [49], proving
the validity of our work. Since the even harmonics
originates from the permanent dipole moment, we suspect
that the efficiency (or EOIR) is related to the value of the
permanent dipole moment.
Multiple-orbital effects have been found in the HHG

of aligned molecules [17]. We first investigate whether
this effect also plays a key role in the oriented CO. The
molecular populations of HOMO, HOMO-1, and HOMO-2
(where HOMO denotes highest occupied molecular orbital)
as a function of time is investigated (not shown here), from
which we find that the HOMO has an ionization rate of
nearly 5% at the end of laser pulses, while HOMO-1 is
ionized less than 0.3% and HOMO-2 is almost unionized.
According to the three-step model [14–16], a portion of the
electrons recombine with the ground state emitting the
high-order harmonics and the others are ionized. This
means that the greater the ionization of the orbital, the
more the orbital contributes to the HHG. Since the HOMO
of CO has an ionization rate higher than HOMO-1
(HOMO-2) by 1 order of magnitude, it is evident that
HOMO dominates the contribution to HHG. Therefore,
the multiple-orbital effect can be neglected here, and we
only need to consider the contribution of HOMO in the
following discussions.
In the plane-wave approximation [5,50], we can inves-

tigate the polarization properties of harmonics. For
example, whether the HHG can be produced with the
polarization perpendicular to the laser polarization when
the CO molecular axis is perpendicular to the polarization
of the laser. The calculated jdzðω; θ ¼ 90°Þj (dashed blue

FIG. 1. (a)–(c) are HHG spectra of oriented CO. As drawn in
(d), θ is the angle between the molecular axis (dashed black line)
and the driving laser polarization (red double arrow). (e) and (f)
show the cases θ ¼ 0° and 90°, respectively. The three bold, dark
yellow double arrows shown in (e) and (f) represent the
polarization of HHG corresponding to the spectrum of (a)–(c).
Spectrum in (c) contains pure even-order harmonics.
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line) and jdxðω; θ ¼ 90°Þj (solid red line) are shown in
Fig. 2. The figure clearly shows that the harmonics in the
x-axis direction can be generated when the molecular axis
is perpendicular to the laser polarization (θ ¼ 90°), the
reason being that the asymmetry of φHOMOðx; y; z; θ ¼ 90°Þ
is in the x-axis direction. In the case of θ ¼ 0°, the
harmonics in the x-axis direction disappears for the
HOMO symmetry in the x-axis direction (as the black
dotted line shows in Fig. 2). One can demonstrate that if
φðx; y; zÞ ¼ φð−x; y; zÞ, then dxðωÞ is zero [51]. Therefore,
if φðx; y; zÞ ≠ φð−x; y; zÞ, harmonics will be generated in
the x-axis direction.
Here, we discuss why the spectrum in the x-axis

direction contains pure even harmonics. As Fig. 3 shows,

the harmonics of the z axis [blue curve, Fig. 3(a)] has an
opposite phase at every half-cycle due to the change of sign
of the driving laser field [53]. The expression of interfer-
ence of two spectra separated by a half-cycle in the z-axis
direction is written as Sz − SzeiNωΔt [53]. SzðxÞ is the HHG
spectrum in the z-axis (x-axis) direction, ω the frequency of
the laser field, N the harmonic order, and Δt ¼ T=2 ¼ π=ω
the time separation. While the interference expression
of the x axis is written as Sx þ SxeiNωΔt, the harmonics
in the x-axis direction [red curve, Fig. 3(b)] perpendicular
to the polarization of the laser field have only a positive
phase every half-cycle. To the best of our knowledge, this
type of dipole acceleration originating from the permanent
dipole moment has never been investigated. Substituting
Δt ¼ T=2 ¼ π=ω into the expressions, one can obtain
Szð1 − eiNπÞ and Sxð1þ eiNπÞ, or, more straightforwardly,

Sinterferencez ¼
�
2Sz; N ¼ odd;

0; N ¼ even;
ð5Þ

and

Sinterferencex ¼
�
0; N ¼ odd;

2Sx; N ¼ even:
ð6Þ

This undoubtedly means that the spectrum of the z axis
(x axis) contains only odd (even) harmonics. The perio-
dicity (every half-cycle) of the dipole acceleration in the
x-axis direction comes from the symmetry of HOMO in the
z-axis direction,φHOMOðx; y; zÞ ¼ φHOMOðx; y;−zÞ.
From the discussions above, it is clear that if the laser is

polarized linearly in the z-axis direction, pure even har-
monic generation requires two conditions: (i) φðx; y; zÞ ≠
φð−x; y; zÞ and (ii) φðx; y; zÞ ¼ φðx; y;−zÞ. Condition (i)
guarantees that there is a net dipole in the x-axis direction
(see the derivation of formula A in the Supplemental
Material [51]). Condition (ii) guarantees that dipole accel-
eration of the x axis has same phase [the red curve shown
in Fig. 3(b)] at successive half-cycles of the driving laser
field, which is the nature of pure even harmonic generation.
Actually, condition (i) requires that the molecule be
asymmetric or possess a permanent dipole moment, and
condition (ii) requires that the permanent dipole moment is
oriented in the direction perpendicular to the polarization
of the laser field. The polarization properties of even (odd)
harmonics polarized in the x-axis (z-axis) direction still
needs experimental verification.
Although the case θ ¼ 90° contains all that is principally

necessary to generate pure even harmonics and is easy to
analyze, the molecules can only be oriented in a finite
degree of a typical axis in experiments. Fortunately, this
phenomenon also exists in molecules with a finite angle
distribution. The harmonic intensity of molecules oriented
along the x axis is shown in Fig. 4. A distribution of cos2α
is used in the simulation because the degree of orientation

FIG. 2. Modulus of dipole in the z- and x-axis directions for the
parallel (θ ¼ 0°) and perpendicular (θ ¼ 90°) cases calculated
using plane-wave approximation. The brown double arrow
represents the HHG polarization.

FIG. 3. (a) and (b) show the dipole acceleration of the z axis
(blue curve) and x axis (red curve) at the case of θ ¼ 90°,
respectively. To show the high oscillations more clearly, the
fundamental laser field is subtracted from the z-axis dipole
acceleration. The plus sign (+) means that the harmonic radiation
has positive phase. The minus sign (−) means the harmonic
radiation has negative phase, which is opposite the positive phase.
The harmonics of the z axis emitted at successive half-cycles of
the driving laser field has opposite phase, while the x-axis
harmonics has only positive phase.
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of this angle distribution (0.83) is very close to the
experimental value (0.73–0.82) of Ref. [54], which is
the highest degree of completely field-free orientation
reported so far. The spectrum shown in Fig. 4 is the
Fourier transform of the total dipole acceleration. (See the
Supplemental Material [51] for the calculation of degree of
orientation and total dipole acceleration.)
As shown in Fig. 4, the spectrum of the x axis (red solid

circles) contains pure even harmonics, just like the case of
θ ¼ 90° [red line in Fig. 1(c)]. The reason for this is the
interference between the dipole acceleration of two angles
that possess symmetry properties along the x axis [for
example, θ ¼ 70° (α ¼ −20°) and θ ¼ 110° (α ¼ 20°)]. As

shown in Figs. 5(a) and 5(b), the only difference between a
dipole acceleration of θ ¼ 70° and one of θ ¼ 110° in the
x-axis direction is a phase delay of π. Thus, the sum spectra
of θ ¼ 70° and 110° [Fig. 5(c)] can be written as

Sθ¼70°
x þ Sθ¼110°

x ¼ Sθ¼70°
x þ e−iNπSθ¼70°

x

¼ Sθ¼70°
x ð1þ e−iNπÞ; ð7Þ

where N is the order of harmonics. This formula, just like
formula (6), leads to the spectrum of the x axis containing
pure even harmonics. For the case of the z axis, the sum
spectra of θ ¼ 70° and 110° [Fig. 5(f)] can be written as

Sθ¼70°
z þ Sθ¼110°

z ¼ Sθ¼70°
z − e−iNπSθ¼70°

z

¼ Sθ¼70°
z ð1 − e−iNπÞ; ð8Þ

since the dipole accelerations of θ ¼ 70° and 110° have
opposite directions in addition to the phase delay of π
[as shown in Figs. 5(d) and 5(e)]. Therefore, the spectrum
in the z-axis direction contains only odd orders (blue solid
squares in Fig. 4).
In summary, we generate the pure even harmonics from

oriented asymmetric molecules (with and without an angle
distribution effect) in linearly polarized laser fields theo-
retically, which is an important step in completing the HHG
theory. We also provide a simple and reliable method, in
principle, of completely separating odd and even harmon-
ics, which is a potentially useful tool in high harmonic
spectroscopy. Finally, we invigorate the investigation of the
interaction in a system with a permanent dipole moment
and intense laser field. This phenomenon exists in all
systems with a permanent dipole moment, such as bulk
crystal and polyatomic molecules, and will have a wide
range of applications in the intense laser field.

FIG. 4. Harmonic intensity of molecules oriented along the x
axis for the polarization along the z- (odd orders, blue solid
squares) and x-axis (even orders, red solid circles) directions. The
dark yellow open triangles represent the harmonic intensity in the
x-axis direction of θ ¼ 90° [as shown in Fig. 1(c)]. As the inset
shows, the molecule is oriented along the x axis with an angle
distribution of sin2θ (¼cos2α). α (¼θ − 90°) is the angle between
the molecular axis and the x axis.

FIG. 5. (a) Dipole acceleration in the x-axis direction of θ ¼ 70° (blue line). (b) Dipole acceleration in the x-axis direction of θ ¼ 110°
(red line). (c) Sum of (a) and (b), θ ¼ 70°þ θ ¼ 110° (dark yellow line). (d)–(f) Same as (a)–(c) but for the z axis. The green arrows in
(a) and (b) show that the dipole acceleration of θ ¼ 70° in the x-axis direction is the same as that of θ ¼ 110°, except for a time delay of
0.5 cycle or a phase delay of π. The purple arrows in (d) and (e) show that the dipole acceleration of θ ¼ 70° and 110° in the z-axis
direction has opposite directions in addition to the phase delay of π.
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