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We theoretically show that, despite Earnshaw’s theorem, a nonrotating single magnetic domain
nanoparticle can be stably levitated in an external static magnetic field. The stabilization relies on the
quantum spin origin of magnetization, namely, the gyromagnetic effect. We predict the existence of two
stable phases related to the Einstein—de Haas effect and the Larmor precession. At a stable point, we derive
a quadratic Hamiltonian that describes the quantum fluctuations of the degrees of freedom of the system.
We show that, in the absence of thermal fluctuations, the quantum state of the nanomagnet at the
equilibrium point contains entanglement and squeezing.
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According to the Einstein—de Haas and Barnett effects
[1,2], a change in the magnetization of an object is
accompanied by a change in its rotational motion.
Specifically, if the magnetic moment of a magnet is varied
by a single Bohr magneton, it must rotate with an angular
frequency 7 /1 about the magnetic moment axis to conserve
angular momentum. Here, [ is its moment of inertia about
the rotation axis. For a Cobalt sphere of radius R, this
corresponds to a frequency #/1 ~ 2z x 10% Hz/(R[nm])>,
where R[nm] is the radius in nanometers. This clear
manifestation of the quantum spin origin of magnetization,
as prescribed by the gyromagnetic relation, is hence
boosted at the nanoscale [3-5].

In this Letter, we explore the role of the quantum spin
origin of magnetization in magnetic levitation. Earnshaw’s
theorem [6], very relevant in this context, prevents mag-
netic levitation of a nonrotating ferromagnet in a static
magnetic field. The theorem can be circumvented by
mechanically spinning the magnet, as is neatly demon-
strated by the Levitron [7-10], which is a magnetic top of a
few centimeters. At the single atom level, magnetic trap-
ping with static fields is also possible by exploiting the fast
Larmor precession of its quantum spin [11,12]. In this case,
the atom is, from the mechanics point of view, a point
particle without rotational degrees of freedom. A magnetic
nanoparticle lies between the Levitron and the atom, as
both its rotational degrees of freedom and the quantum spin
origin of magnetization have to be accounted for. Can a
nonrotating magnetic nanoparticle, despite Earnshaw’s
theorem, be stably levitated with static magnetic fields?

We show in this Letter that this is the case. Specifically,
we predict two stabilization mechanisms that crucially rely
on the quantum spin origin of the magnetic moment. At low
(large) magnetic fields, the Einstein-de Haas effect (the
Larmor precession of its magnetic moment) stabilizes
levitation. These results are obtained by deriving a quadratic
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Hamiltonian which describes the linearized dynamics of the
degrees of freedom of the magnet (center-of-mass motion,
rotation, and magnetization dynamics) around the equilib-
rium point. We further show that, in the absence of thermal
fluctuations, the equilibrium state exhibits both quantum
entanglement and squeezing of its degrees of freedom. As
discussed in the conclusion, these results could be used to
bring and control the rich physics of levitated nanomagnets
in the quantum regime.

We consider a single magnetic domain nanoparticle
(called a nanomagnet hereafter) in an external static
magnetic field B(r). The nanomagnet is modeled [13] as
a spherical rigid body of mass M and radius R, and with
uniaxial magnetocrystalline anisotropy [14]. The dynamics
are described in the body frame Oe, e, e;, with e; aligned to
the direction of the anisotropy axis. The body frame is
obtained from the laboratory frame Oe e e_ by the rotation
R(Q), as defined in Ref. [15], where Q = {a, 8,7} repre-
sents the Euler angles. The Hamiltonian of the system in the
body frame is given by [15]

+8)2 —n?D83 + hyS-B(#.Q). (1)

Here, J=L +4/(hyy) is the total angular momentum
(excluding the center-of-mass angular momentum), S=
—ji/(hy,) the spin angular momentum [16], L the rigid
body angular momentum, 2 the magnetic moment operator,
and y, > 0 the gyromagnetic ratio [17]. The macrospin
approximation is assumed, namely, that the total magneti-
zation is constant, which results in 2= (S + 1)1, with
S = Nf for N identical spin f constituents of the nano-
magnet [18]. The first (second) term in Eq. (1) represents
the center-of-mass (rotational) kinetic energy of the nano-
magnet. The third term represents the uniaxial magneto-
crystalline anisotropy, whose strength is parametrized by
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D = 4zR%k,/(37*S?), with k, being the material-depen-
dent anisotropy constant [18]. The last term represents the
magnetic dipolar interaction, where B(r, Q) = R(Q)B(r).
Hereafter, we consider an Ioffe-Pritchard magnetic
field, i.e., B(r) = e,(B'x— B"xz/2) —e,(B'y + B"yz/2)+
e.[By+ B"z*/2 — B"(x* +y?*)/4], where By, B', and B"
are, respectively, the field bias, the gradient, and the
curvature [19]. Gravity, which is assumed to be along
the z axis, can be safely neglected since, throughout the
Letter, the condition Mg/ (uB") < (By/B")"/?,(B'/B") is
fulfilled, where ¢ is the gravitational acceleration; see
Ref. [20] for further details. The rotational angular momen-
tum of the nanomagnet about the anisotropy axis is a
constant of motion, [Ly,H] =0 [15]. The degrees of
freedom of the system—namely, the center-of-mass
motion, the rotational motion, and the magnetization
dynamics—are thus described by 12 independent dynami-
cal variables (see Ref. [20] for further details). In the
following, we address whether the nanomagnet can stably
levitate for a given set of physical parameters of our model:
mass density p,;, magnetization p,, k,, R, By, B, and B".

Let us first obtain the equilibrium configuration of the
system. By writing the Heisenberg equations of motion
for the nanomagnet in semiclassical approximation [20],
the following relative equilibrium is found (see Fig. 1).
(i) The center of mass is fixed at the center of the trap.
(i1) The orientation is given by the body frame aligned to
the laboratory frame (e;||e,) and rotating about e; at the
frequency wg = —h(L5) /1. (iii) The magnetic moment lies
along the anisotropy axis e; and is antialigned to the
magnetic field B(0) = Bye.. The stability of this relative
equilibrium is analyzed in the frame corotating with the
system [20,21]. This is obtained via the unitary trans-
formation U = exp(—iwgl5t), which transforms A into
I:] =+ hw5£3.

The linear stability of the system is determined by the
dynamics of the fluctuations of the degrees of freedom
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FIG. 1. Relative equilibrium for a magnetically levitated nano-
magnet. The nanomagnet is at the center of the trap and rotates
about its magnetization axis at the constant frequency
wg = —h(ﬁ3> /1. The magnetic moment lies along the anisotropy
axis and is antialigned to B(0) = Bye,.

around the equilibrium. The evolution of small fluctuations
can be described as a collection of interacting harmonic
oscillators through the bosonization procedure presented
in Ref. [15]. In the following, we provide the mapping
between the observables and the bosonic operators and
refer to Ref. [15] for its derivation and for further details.
The fluctuations of the center-of-mass motion are described
by three independent harmonic oscillators:

R A A . ih . A
ZEZO(bZ—i_bD’ pZEZ—ZO(bI_bZ> (2)
for the motion along e, and
/)

Pr=V2r(bk + by), pr=i

\/zro

for the transverse motion, where 7, = X + iy and p, =
Py £ ipy. Here, 2o = \/h/(2Mwy) and ry = \/h/(2Mwr)
are the zero-point motions and w; = /Ay B"S/M and
wr = \/hyoS(B? — ByB"/2)/MB, the trap frequencies.
We introduced three bosonic modes with [lA)i,lAJJT] =0
for i,j =2z R, L. The harmonic oscillators describing
the fluctuations of the rotational degrees of freedom are
obtained as follows. A Holstein-Primakoff mapping gen-

eralized to the case where J? is not conserved [22] leads to

Iy =7 =7-il, = V2Jk', (4)
Ji==0-V2G+2=-752+k (5

The k-bosonic mode ([k, k'] = 1) describes the fluctuations
of J5 around (J3) = —J = —Iwg/h—S. As discussed below,
we assume J>> 1. The j-bosonic mode ([J,;7]=1)
describes the fluctuations of J* around (J*) = J(J +1).
Since the components of Jin the laboratory frame commute
with J5 and J 11 [23], they need to be bosonized separately
as

T+ i, = V27, (6)

~

J.=—1-V2G+N2=-12+mtn (7

The additional m-bosonic mode ([, 7] = 1) represents
the fluctuations of J, around (J.) = —J. The bosonization
of the Euler angle operators is more involved [15]. Since Q
appears in Eq. (1) only inside trigonometric functions, the
Euler angle operators can be written as functions of the nine
Wigner D-matrix tensor operators 15,1,1,( with m, k = £+1,0.
The exact bosonization of these operators is given in
Ref. [15] in terms of the j — k — m-bosonic modes. The
fluctuations of the magnetic moment under the macrospin
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approximation [S™=S(5S+ 1)1],' w1t'h S>1] can be 0%, = —[¥,. 0, =ik, ¥, = ic.M,¥,, (12)
described by the standard Holstein-Primakoff approxima- in
tion, namely [16,24], |
0¥ =—[W A, =ik ¥ = iGM, V. (13)

§; =8 =8, -i8 = V283, (8)

Sy =853, 9)

>

The s-bosonic mode describes fluctuations of S5 around
(83) = S. In summary, the fluctuations of the degrees of
freedom of the nanomagnet around the equilibrium illus-
trated in Fig. 1 are described by seven bosonic modes.

Let us now derive the Hamiltonian describing the
dynamics of these bosonic modes. Note that since L; =
J5 + 3’3 is a constant of motion, the bosonic modes are
constrained by v/2J (}T + }) =7"2- k'k - 35, Together
with the assumption of a slowly rotating nanomagnet,
namely, |[wg/h| < S, which implies J > 1, the bosoniza-
tion procedure transforms H+ ha)sl:3 into a quadratic
Hamiltonian that depends on six bosonic modes:
BZ,BR,BL,n%,/%, and 5. Terms containing the j mode, as
well as nonquadratic terms, are of the order (1/J)"? for
n=1,2,..., and they can thus be safely neglected. The
quadratic Hamiltonian reads

A A A

H,=H,+Hy == (Y,M,¥, +yiCy +yCyh).

SR

(10)

The first term describes the fluctuations of the center-of-
mass motion along e,, where ¥, = (b,,h])" and M, =
wz1,. The second term describes the fluctuations of the
other degrees of freedom, where ¥ = (13;,/}*,BL,ﬁ1,§)T
and

w_ g —o. =gy g
g o g ot o

C=|-0, @ o -9y g (11)
—-gn ot —gn —opt o

g W~ g wrn Wy

Here, we defined n=./S/J, the Larmor frequency
w; =7yoBy, the anisotropy frequency wp = ADS, the
Einstein—de Haas frequency w; = AS/1, the frequencies
o =w;+w0g—o 1, w,=w;+2wp—w;,and 0, = (w7t
w%/wr)/2, and the coupling strength g = w; B'o7/By. As
shown below, the hierarchy between w; , @p, and w; plays a
crucial role in the stability of the nanomagnet.

The linear stability of the equilibrium can be determined
by the Heisenberg equations of motion

ih

Here, o, = diag(1,-1), G=15 ® 0., and My = M} is
given by rewriting H; as Hy = hW M ¥/2, where
¥ = (bp, bl by, b} i, m' k. k",5,57)7. The dynamics
of the system are completely characterized by the character-
istic polynomials of iK, and iK7. Linear stability occurs
when the roots of the polynomials have a zero real part
[21]. The characteristic polynomial of iK, reads P;(4) =
2% + w2, which has purely imaginary roots for B” > 0. The
matrix Ky can be block diagonalized in two 5 x 5 complex
conjugate blocks whose characteristic polynomial is given
by Pr(1) = ag + ajA + a,A* + azA® + agd* + asA>, where

ag = —Zwalew%,

a, = ilwpw(ws + w;) + wsopw}],

- 2 2
ay = —2wpwjw;, — ) 2wp - ws)o; — w07,

1
ay =i|2wp(ws + o) + 0swp +§a)% ,

ay EZQ)D —wg —wy,

as = —i. (14)

The analysis of P;(4) and Py(4) as functions of the
physical parameters of the problem provides the stability
diagram of a magnetically levitated nanomagnet, as dis-
cussed below. These polynomials can be alternatively
obtained either by using classical equations of motion or
via the linearized Heisenberg equations of motion in
semiclassical approximation without performing the boso-
nization; see Ref. [20]. Such methods allow us to under-
stand the results concerning the stability of a nanomagnet
without the need to introduce the bosonization of the
quantum mechanical operators. The procedure performed
here is richer since it allows us to obtain the quadratic
Hamiltonian H g describing the quantum fluctuations
around equilibrium as well as the quantum properties of
the states in equilibrium.

Let us now analyze the linear stability of the system in
the nonrotating case (see Ref. [20] for the wg # O case).
The stability phase diagram derived using Eqs. (12) and
(13) is shown in Fig. 2. This is a two-dimensional phase
diagram with the x axis given by the bias field B and the y
axis given by the radius of the nanomagnet R. The
remaining physical parameters are fixed; see the caption
of Fig. 2. Two stable phases are found. The Einstein—de
Haas (EdH) phase appears at low magnetic fields and
for small radii. In this regime, the dynamics of the
magnetization is dominated by the anisotropy interaction
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FIG. 2. (Top panel) Stability diagram for a nonrotating nano-
magnet for py = 10* kg/m?, p, = [pypp/(50 amu)] J/(Tm?)
(up is the Bohr magneton and amu the atomic mass unit),
k, =10* J/m?, B’ = 10* T/m, and B” = 10° T/m?. The red
dashed lines represent the approximate borders B, =

3[hp, B>/ (4ugyopm)]'®, R. = \/5p./ (8Y§Bopy). and B, =
2k,pp/(hyop,) of the stable EdH phase (the red region) and
the A phase (the blue region). (Bottom panel) Entanglement P
(the black dashed line), and squeezing & (the gray solid line) of
the quantum state |0) at the equilibrium as a function of B in the
stable regions for R =2 nm (the green dashed lines in the
stability diagram).

(wp > w;). Because of the small moment-of-inertia-to-
magnetic-moment ratio (w; > @, ), the angular momentum
contribution of the macrospin stabilizes the system through
the Einstein—de Haas effect [1]. That is, the macrospin is
locked along the anisotropy direction due to the conserva-
tion of energy [4,25,26]. Even if rotation is absent, the spin-
rotation interplay described by the Einstein—de Haas effect
stabilizes the nonrotating magnet by keeping the macrospin
aligned along the anisotropy direction. The atom (A) phase
appears at high magnetic field bias (w; > wp). In this
regime, the nanomagnet behaves like a magnetic atom of
mass M and spin S [11,12]: the anisotropy interaction can
be neglected and the magnetic moment undergoes a free
Larmor precession about the local magnetic field direction.
The approximated expressions for the borders of the stable
phases, given in the caption of Fig. 2, can be analytically
obtained from the discriminant of the characteristic poly-
nomials [20].

The stability diagram shows that a nonrotating nano-
magnet can be stably levitated in a static field configuration.
This opens up the possibility of cooling the thermal
fluctuations of the degrees of freedom to the quantum

regime. The feasibility and analysis of such an experimental
proposal will be addressed elsewhere. Let us now analyze
the properties of the quantum state at the equilibrium in
the absence of thermal fluctuations. This state corresponds to
the vacuum state |0) of the normal eigenmodes of
the quadratic Hamiltonian equation (10): b, and ¢&; for
i=1...5 ([¢.¢]] =5;). The c-bosonic modes & =

(¢4, 8} ..., Cs, é'sr)T are obtained from modes ¥ through a

Bogoliubov transformation & = 7-'W¥ such that 7 M,T =
diag(w;, ,, ...,ws,ws) and TTGT = G. At each stable
point of the phase diagram, the transformation 7 exists
[27] and can be constructed as follows. One first obtains the
eigenvalues 4; and eigenvectors v; (fori = 1, ..., 10) of K.
At a stable point, K is diagonalizable and the 4; values are
real and nondegenerate. One then G orthonormalizes the
eigenvectors such that, with an appropriate relabeling, they
fulfill v/Gv; = +8;; for i,j=1,....5 and V|GV, = —§;;
for i,j=6,...,10 [28]. The Bogoliubov transformation
matrix is then given by 7 = (v,u;...vsus) (the vectors v,
and u; are the columns of the matrix), where
u;, = (0, ® 15)vf, with o, being the nondiagonal-real-
valued Pauli matrix.

One can now analyze the properties of the vacuum state
|0), which is a multimode Gaussian state, by the 10 x 10
covariance matrix [29]

10

FEI0) =2 T (1) (15)

k=1

0; = <0|(Aili’j'

N[ =

Note that the 13Z—bosonic mode is not included in ® since it
is decoupled from all of the other modes. The five 2 x 2
diagonal blocks (%,); = <0|(q?),-(2:'; +¢}'é),~)|0>/2 of @,
with @ = (a,a") and a = by, by, . k. §, correspond to
the covariance matrices of the a modes. The off-diagonal
blocks describe the correlations between the modes.
Entanglement in the pure state |0) can be quantified by
P=5->,P, where P, =[2y/det(Z,)]™" [30] is the
purity of the a-bosonic mode. This characterizes the
bipartite entanglement between one mode and the remain-
ing four. Single-mode squeezing can be quantified via the
squeezing parameter & = 1/4/2 ming (6, ), where 6, repre-
sents the eigenvalues of ® [29]. Figure 2 shows P and £ as a
function of B for a given R in the stable phases. Bipartite
entanglement and single-mode squeezing are thus present
in the |0) state of a magnetically levitated nonrotating
nanomagnet.

In conclusion, we showed that the quantum spin origin of
the magnetization stabilizes magnetic levitation of a non-
rotating nanomagnet, despite the Earnshaw theorem. Such
a quantum spin stabilized levitation opens the door to
experiments aiming not only at demonstrating the predicted
phase diagram but also at bringing a nonrotating nano-
magnet to the quantum regime, whose equilibrium states
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show nontrivial quantum correlations. There are many
directions left for further research, some of which we
are currently addressing: the experimental proposal and
feasibility analysis to prepare the |0) state by sympatheti-
cally cooling the degrees of freedom of a levitated nano-
magnet near a flux dependent microwave cavity; the
analysis and the potential applications (e.g., spin squeezing
for magnetic sensing) of the quantum dynamics generated
by placing the nanomagnet at the unstable regions of the
phase diagram; levitating, coupling, and cooling several
nanomagnets in the quantum regime to study quantum
nanomagnetism in a unique substrate-free environment. We
hope that such results and their potential applications will
trigger further theoretical and experimental research to
levitate nanomagnets in the quantum regime.
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