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Entanglement in quantum mechanics contradicts local realism and is a manifestation of quantum
nonlocality. Its presence can be detected through the violation of Bell, or Clauser-Horne-Shimony-Holt
(CHSH) inequalities. Paradigmatic quantum systems provide examples of both, nonentangled and
entangled states. Here, we consider a minimal complexity setup consisting of six Majorana zero modes.
We find that any allowed state in the degenerate Majorana space is nonlocally entangled. We show how to
measure (with available techniques) the CHSH-violating correlations using either intermediate strength or

weak measurement protocols.
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Introduction.—Majorana zero modes are particular non-
Abelian quasiparticles that reflect the topologically non-
trivial character of the underlying system. Over less than a
decade, Majorana zero modes (MZM) have crossed the line
from mathematically intriguing solid state manifestations of
Majorana’s original particles [1-3], to experimentally real-
izable entities [4-6]. Being a class of non-Abelian anyons
[7.8], MZM offer a paradigm for fault-tolerant information
processing [9]. Following initial experiments [10-15], we
are now at the stage where specific platforms for engineering
and manipulating Majoranas [16-18] are being imple-
mented. Itis broadly felt that implementations of topological
states of matter for quantum information processing should
rely, first, on a thorough understanding of quantum states
defined by Majorana zero modes. Interestingly, a unique
property of MZM is that they may constitute a manifestation
of quantum nonlocality. Indirect observable signatures
emerging from nonlocal MZM (albeit not a proof of their
nonlocality) have been studied earlier in setups based on
mesoscopic superconductors [19-21] or coupled Majorana
zero modes [22,23].

Nonlocality is an indispensable pillar of quantum mechan-
ics. For a system made of at least two particles, nonlocality is
a manifestation of quantum entanglement between spatially
distinct degrees of freedom. For paradigmatic systems, an apt
example being two spin-1/2 particles, it is possible to
construct both entangled (e.g., a singlet) and nonentangled,
i.e., product (e.g., triplet-1) states [24]. Quantum nonlocality
is quantified by Bell’s inequality [25], or, in a manner that is
more conducive to experimental testing [26,27], by the
violation of the Clauser-Horne-Shimony-Holt (CHSH)
inequality [28]. Entanglement properties of Majorana sys-
tems have been explored as a source of nonlocality [29] for
applications to certifiable random numbers generation [30]
and for extending protected operations beyond braiding [31].

The focus of the present Letter is the direct observability
of distinct entanglement features of quantum states in the
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degenerate space defined by Majorana zero modes. We
identify a system of minimal complexity (minimal number
of MZM). For that system, (i) we show that any allowed
quantum state in the degenerate space defined by a set of
MZM is nonlocally entangled, (ii) we then demonstrate
how such entanglement can be detected within technologi-
cally feasible measurement platforms, and finally, (iii) we
show how our entanglement detection protocol can be
realized within weak measurement operations.
Model.—Qur system consists of a multiterminal junction
made up of an even number of one-dimensional topological
superconductors (branches) depicted in Fig. 1(a). They all
have a common end point at the center. Such junctions can
be engineered experimentally with semiconductor wires
[10-12,14] or magnetic impurity chains [13]. Each seg-
ment, a € {1,...,2N}, of this setup consists of a 1D
spinless p-wave superconductor characterized by a bulk
excitation energy gap, A,, and by zero-energy MZM at the
end points, y,, ., localized at the wire’s boundaries. The
dynamics of these MZM is underlined by the algebra
Ve 75} = 204p {¥ar7vp} = 0. The wire Hamiltonian at
energies well below the gap is given by H, = €,7.Vh
where €, ~ e~l«/% is exponentially small with the wire’s
length, [,. The latter is larger than the superconductor
coherence length [3-5] £, o 1/A,. We also assume ¢, = 0,
which is a valid assumption as long as the duration of the
measurement protocol is not too long. At the junction, the
Josephson coupling between each pair of branches, a, f
results in a low energy coupling between the corresponding
Majorana end states. This is described by the tunneling
Hamiltonian [3,32] Hy = ), sta g¥a¥ . Which, generically,
pairs up the 2N Majorana zero modes, 7}, ..., 75y, to finite
energy states with energies ~min{z,;}. These states are
then projected out of the degenerate ground-state space.
The MZM {y,} far from the junction [see Fig. 1(a)]
represent the remaining zero energy degrees of freedom,
which span a 2" degenerate ground state. The Majorana
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FIG. 1. (a) Multiterminal junction of topological superconduct-
ing wires (blue) hosting Majorana zero modes at their ends (red
dots). The Majorna end-states at the junction (fading red) are
gapped up and the six Majorana end states (solid red dots)
71, ---, Y constitute the low energy excitations of the system. A
left detector (not shown) measures the operators indicated by
solid (green) arrows, which are labeled by the corresponding spin
algebra operators, e.g., Z = —iy,y, playing the role of ¢,. Dashed
(orange) arrows define the operators measured by the right
detector. Panels (a)—(d) show different possible partitionings into
left and right sectors with the corresponding operators. CHSH
inequalities are necessarily violated in at least one of the
partitionings in (a)—(d).

subspace does not accommodate a well-defined number of
fermions: it may exchange pairs of fermions with the
underlying superconductor. It follows that the parity of
the Majorana system, P = zH 21 7j» 1s a good quantum

number; hence, the degenerate ground-state space consists
of two subspaces, each of a definite parity. Without loss of
generality, we may restrict ourselves, in the low-energy
space, to states in the 2¥~!-dimensional odd subspace. We
will study a minimal complexity setup consisting of 2N =
6 MZM.

The MZM, y,...,y2y, can be partitioned into two
different sets, left (L) and right (R), each of which is to
be probed by a separate external detector. The detectors can
be tuned to measure any combination of pairs of Majorana
products. Physically, this is a measurement of the occu-
pancy of certain Dirac fermions degrees of freedom,
constructed from the Majorana degrees of freedom.
Details of the measurement procedure are discussed below.
An example to be utilized below is depicted in Fig. 1(a),
where the L set consists of yq, y3, 75, and the coupled
detector can measure any operator of the form

@L = —i(cos@ry 73 +sinb; cosgyysys+sind; sing ysy;).

(1)

Note that the expectation values of the measured observables
are bounded, —1 < (O, ) < 1 (the eigenvalues of the bilinear

Majorana products are +1). Genuine quantum correlations
underlying a state can be identified through the expectation
values of correlated measurements. Specifically, a state that
can be described within a local hidden variable theory (also
known as local realism), satisfies the CHSH inequality [28]

R)+ (0L OR) +

N

(0L0)~(0,0

¢ (0LOR)| <2, (2)
where O, O} and Og, O are pairs of spatially separable
sets of observables. Instead, for quantum nonlocally
entangled states, it is possible to choose the operators such
that [33] 2 < C <22, hence, providing evidence of
genuine quantum correlations. Equation (2) is an equivalent
formulation of Bell’s inequality [25,28], which, relying only
on averaged correlation outputs, can be tested directly by
averaging over repeated measurements, including weak
measurements.

A quantum system generically realizes both entangled
states that violate Bell’s (hence, CHSH) inequalities and
product states. The novel aspect of our work is that we
show that, in the degenerate space spanned by Majorana
zero modes, any state is nonlocally entangled. In other
words, one can always find (at least) one partitioning of the
MZM into two spatially separable sets, where the CHSH
inequality is violated. Loosely speaking, for any state in the
degenerate ground space, it is possible to design nonlocal
measurements that reveal intrinsic nonlocality.

To begin with, we realize that establishing the CHSH
relations requires the measurement of noncommuting
observables for each of the separated-in-space parts of the
system, i.e., the L and R sets. For observables bilinear in the
elementary MZM |[cf. Eq. (1)], this requires a minimum of
three Majorana operators for each set. Therefore, the
minimal complexity setup appropriate for our purpose is
a multiterminal junction consisting of six branches (six
MZM) [cf. Fig. 1(a)]. We consider a generic state of the four-
degenerate odd parity ground manifold. Following the
labeling of the Majoranas in Fig. 1(a), such a state is
parametrized as

ly) = AdT,3dj1,2d§,6|0> + Bd?,3|0> + CdZ,2|0> - Dd;6|0>v

(3)

where |A|? +|B[*+|C|?>+|D|*=1. Here, we have introduced
the fermionic degrees of freedom, db =(y1+iy;3)/2

d42 = (y4 +ir2)/2, d56—(y5+iy6)/2, and the state |0)
is defined by d, 5|0) =0, ds¢|0) =0, d, »|0) =0. Throughout
our analysis, we will switch between Fock space states, spin-
1/2 states, and Majorana notation.

Consider the partitioning depicted in Fig. 1(a): vy, 73, 75
constitute the (L) set; v2, 74, V6, the (R) set. The operators
7, = —iyiy3, X, = —iysys, and ¥, = —iysy; Satlsfy the
Pauli matrix algebra, o, = ZL, o, = X > and o, = YL. It
follows that the measurement of an operator of the form of
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Eq. (1) can be mapped onto the measurement of O; =6 -n,
where 6 =25 is a spin-1/2 operator and n = (sinf; cos ¢, ,
sin@); sing;,cos@; ). Analogously, Zr=—iysys, Yg=
iysye, and Xp = —iyey, can be identified with Pauli
operators of the right set. In such spin-1/2 language, the
state |y) reads [w)=A[t.Tg)+B[TLlr)+ClLTr)+
D|},g), where |1;) |];) are the eigenstates of Z;
(i = L, R). The maximal value of the CHSH correlation
C in Eq. (2) is given by

Cissjas = 2\/1 +4|AD — BC?, (4)

where the subscript indicates the partitioning in which the
measurement is performed. For any state, 2 < Cy35p46 <

2v/2, and Ci3s246 # 2 signals nonlocal correlations, which
happens unless AD — BC = 0. Operationally, this means
that, if AD — BC # 0 one can select the coefficients 6; , Oy,
¢, ¢r to construct a proper set of operators that violate the
CHSH inequality.

Though a given state might not violate the CHSH
inequality with measurements within the specific L and R
sets, it can still lead to a violation of the CHSH inequality
with a different partitioning of the MZM. The new
partitioning will be nonlocal in the old L and R sets. For
example, a different partitioning consisting of the sets L and
R is depicted in Fig. 1(b), where the left detector is connected
to ¥s, Y6, Y4 While yq, y3, y» are connected to the right
detector. In this case, we define he operators Z; = —iysys,

}:(1: = —iY6a> Y = —iy4ys, and Z S iUSVED YL = iy372s
Xj = —iy,y,. Mapping the problem to that of a two spin-1/2
system, we can write the state |y) in Eq. (3) as |y) =

%L%R>+B|¢L¢R>+C|¢L¢R>+D|¢L¢R> where A = A,
=D,C=B,D=C,and|%,), |],;) are the eigenstates of

Z,. For the given A, B, C, D, the maximal violation of the
CHSH inequalities in the new partitioning [maximal with

respect of the choice of O;, O, cf. Eq. (1)] is given by

32

Csga2 = 2/ 1+ 414C - DBP. 5)

where Cj3sp46 > 2 signals nonlocal correlations. This is
achieved unless AC — BD = 0. Measurements of CHSH
inequalities following the partitionings depicted in panels
(c) and (d) of Fig. 1 yield Cyyy 563 = 21/1 + 4|AB — CD|?
and Ceuipso = 24/1 + |A? + C? + D? — B?|%. The condi-
tion Cl35|246 = C136\245 = C456\123 = Cl24|356 = 2 can never
be satisfied; i.e., CHSH correlations will be nonlocal in at
least one of the four partitions considered in Fig. 1.

It is important, at this point, to make the following
observation. The partitioning of the MZM into two sets
naturally leads to the definition of operators satisfying spin-
1/2 algebra for each set. Different partitionings entail

different sets of spin operators. Such a construction
of operators is not unique for MZM. It can be done for
any quantum system whose state is spanned in a four-
dimensional space. Consider the case of two real, physical,
spin-1/2 degrees of freedom, associated with L and R,
respectively, which are geographically separated. One may
construct the corresponding sets of operators Z;, X;, Y;, as is
depicted in Fig. 1(a). Now, we would like to switch to
another partmonmg [e.g., the one depicted in Fig. 1(b)],
involving R and L, respectively. Trying to express the spin
operators associated with this partitioning in terms of the real
spin operators, we have ZR =Z7;, and ZL =7, Q@ Zg. 1t
follows, then, that Z3 and Z; cannot be measured by two
spatially separated detectors. This is in stark contrast with
the foregoing Majorana-based picture.

The statement that any state of the system violates
the CHSH inequalities in at least one of the partitionings
of Fig. 1 implies finite violation of CHSH inequalities.
This is quantified by introducing the maximal value
of CHSH correlations over the partitioning in Fig. 1,
Co(ly)) = max {0135\24& Csea1132: Ca1/563» CG41|352}' Forany
lw),Co(|w)) — 2 is apositive finite quantity. Therefore, there
is a minimum violation of the CHSH inequality over all
states. From a standard minimization procedure over the
parameters A, B, C, D [34], we obtain

min{Co(ly))} ~ 2031 (6)

Note that, since we restrict the analysis here to the four
configurations of Fig. 1, the minimum value obtained is, in
fact, a lower bound of the optimal minimum entanglement.

Measurement.—In order to implement the above ideas,
we need to measure operators of the form (1) and
correlations thereof. While the emerging picture is quite
general, we will demonstrate it by resorting to a specific
measurement protocol: weakly tunnel-coupling quantum
dots (QDs) to the multiterminal Majorana junction [35,36],
and then measuring their charge. Let us describe the
measurement procedure for operators associated with the
L and R Majorana sets. We correspondingly define L and R
detectors, each consisting of a double quantum dot tunnel-
coupled to the three MZM in the set, as shown in Fig. 2.
The coupling of the L detector to the corresponding MZM
is given by the Hamiltonian

Hye . = w3 073(coL — C;,L) +wsprs(cpr — C;,L)

+W1,Q71(CQ,L—C£,L) +ws pys(cp.r _CI’,L>7 (7)

where ¢;;, j = O, P are the electron destruction operators
of each dot of the pair (all electrons are spin polarized) and
w,; are the tunneling matrix elements between the super-
conductor’s end points and the quantum dots. These dots
are tuned such that only one orbital level per dot is relevant
at the energy scales considered. The charge configuration
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FIG. 2. Measurement of CHSH correlations in a multiterminal
Majorana junction. The left and right measurement apparatus
consist of quantum dots (Q; , Py, Qg, Pg) properly coupled to the
MZM via tunnel coupling (dotted lines) of strength w, ;. The
charge configuration of each dot is detected by a nearby charge
sensor, schematically depicted as a quantum point contact. The
measurement is performed by controlled time pulsed activations
of the tunnel coupling w, ;.

of the double QD, (ng.npy), with n; =0, 1 can be
detected by fast charge sensors, e.g., quantum point
contacts [37-44]. The possibly time dependent tunnel
coupling is controlled, e.g., by a nearby gate voltage
[45]. One initially prepares the decoupled double QD in
a generic superposition of singly occupied levels,
[bo) = pr[0,1) + g, [1,0), where |p.[* +|q.|> = 1. The
tunnel coupling is then switched on for a finite time At
and is, subsequently, switched off. The state of the QDs
may be modified, and the new charge configuration is read
out by the charge sensors. Specifically, we access the
probability, P(Ll,()), of finding the double dots in the
configuration (1, 0).

While the strength and the duration of the QD-Majorana
coupling is adjustable, we consider, here, for simplicity, the
weak measurement limit. (Going beyond this limit is
discussed below [34].) Expanding the time evolution,
U = e Hard | due to the system-detector coupling for
small At, and setting, for simplicity, the initial state of the
double QD to p; =—ig; =—i/+/2 and w, j €R, the mea-
sured probability reads P(LI’O) ~1/2—(n,—2,(0,))(A1)? to
leading order in i1, =(|wy o |*+|w3 o>+ [ws3 p[*+|ws p[*) /2,
Ap = [(wiowsp)* + (W3 gwsp)® + (wyows p)*]'/2. Here,
O, takes the form of Eq. (1) with cosf, = Wi oWsp/ AL,
sin@ cosgp, =—ws3 oWs p/AL, sin@ sing, = ws pw; o/ ;.
For A, (At)?> < 1 and 5, (At)? < 1, this procedure consti-
tutes a weak measurement of the operator 0. Tuning the
parameters w; ;, i = 1,3,5and j = Q, P covers all operators
of the local algebra of the left (L) set. The same may be
repeated to measure the observables represented by the
operators Oy of the right set, and the correlated measure-
ments implied by the CHSH inequality are, therefore,
executable. Specifically, referring to Fig. 2, one begins
with the configuration p; = pr = —iq; = —igg = —i/V/2.
Tunnel coupling the MZM to the QDs, and then sensing

their final configuration, the probability to end up in the
(ngr =1npp =0,ngp =1.ngg=0)is

(Ar)*
6

+21.2,.(0L) + 2npdg(Og) + 222 (0L Og)).
(8)

where Ag = (w5, oWe.p)> + (Wa,oWap)* + (W owep)* and
g = (|wa,0l* + W4 ol + [wa p|* +[we p|*) /2. Equation (8)
provides us with a way to evaluate the correlators of the type
(0, 0g) [cf. Eq. (2)]. To demonstrate how entanglement
(violation of CHSH) is detected concretely in our measure-
ment scheme, consider, specifically, the case of a state in
Eq. (3) prepared with A = D = (. The state is maximally
entangled in the configuration of Fig. 1(a), and the operators
0, 0}, Og, and O required for the maximal violation of
the CHSH inequality [34,46] are obtained in our scheme by
tuning ws p =0, w; o =0, wy g = —wgp K Wy = Wy p,
and wy g = wgp < Wy g = Wy p, respectively. The same
state, CHSH-tested with the configuration of Fig. 1(b),
leads to no violation of the CHSH inequalities.

A few aspects of the measurement procedure are note-
worthy. First, since the operators of the left and of the right
sets commute, they can be measured simultaneously;
nonuniversal details of the time sequence concerning on-
and-off switching of the tunneling matrix elements are
immaterial. Second, the weak limit of the measurement
offers a simple interpretation of the results; however, the
essence of the analysis remains unchanged at stronger
system-detector interaction, although the calibration of the
detector may become more involved. Finally, the proposed
measurement protocol requires control of the individual
tunnel matrix elements between the dots and the wires in
order to measure different operators. This might present an
experimental challenge. The required protocol operations
may be realized by variants better suited to experimental
implementation, e.g., by controlling individual QD’s
energy levels, or possibly by Majorana-to-charge conver-
sion measurements [16].

Conclusions.—We have identified a minimal complexity
MZM array, a junction with six segments delineating an
eightfold degenerate subspace defined by six Majorana
zero modes. Unlike paradigmatic quantum states of two
spin-1/2 particles that may (e.g., spin singlet) or may not
(spin triplet-1) be entangled, we have shown that any state
in the four-dimensional fixed-parity degenerate space (e.g.,
odd parity) is nonlocally entangled. This comes with a
minimal bound on the violation of the CHSH inequality
[Eq. (6)]. We also presented a detector design based on
MZM-QD tunnel coupling, amenable to experimental
implementation, and showed how to obtain CHSH corre-
lation functions. Specifically, we discussed the limit of a
weak measurement protocol. This ubiquitous nonlocality,

Pao10) = PhoPlio + (i +ng + 41 + 7%
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expressed through nonlocal entanglement, reflects the
intrinsic property of MZM as carriers of a fractionalized
fermionic degree of freedom. Verification of nonlocal
entanglement requires repeated measurements of CHSH
correlations on replicas of the same state, with at least four
different partitionings (into L and R sets) of the Majorana
degrees of freedom. The CHSH inequality will be broken
for at least one of these partitionings.
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