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Short-range charge-density wave correlations are ubiquitous in underdoped cuprates. They are largely
confined to the copper-oxygen planes and typically oscillate out of phase fromone unit cell to the next in the c
direction. Recently, it was found that a considerably longer-range charge-density wave order develops in
YBa2Cu3O6þx above a sharply defined crossovermagnetic field. This order ismore three-dimensional and is
in-phase along the c axis. Here, we show that such behavior is a consequence of the conflicting ordering
tendencies induced by the disorder potential and the Coulomb interaction, where themagnetic field acts to tip
the scales from the former to the latter.We base our conclusion on analytic large-N analysis andMonte Carlo
simulations of a nonlinear sigmamodel of competing superconducting and charge-density wave orders. Our
results are in agreement with the observed phenomenology in the cuprates, and we discuss their implications
to other members of this family, which have not been measured yet at high magnetic fields.
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The cuprate high-temperature superconductors are in a
delicate state of balance between various electronic orders
[1]. In particular, experiments have revealed a subtle
interplay between the superconducting (SC) and charge-
density wave (CDW) orders. Much of the evidence for the
latter, coming from x-ray scattering [2–18] and nuclear
magnetic resonance (NMR) measurements [19], points at
short-range, in-plane, CDW order which is in competition
with superconductivity. Concretely, the intensity of the
CDW scattering peak grows as the system is cooled
towards the SC transition temperature, Tc, and then
decreases or saturates upon entering the SC phase.
Furthermore, the CDW signal is enhanced when a magnetic
field is used to partially quench superconductivity.
However, recent x-ray scattering measurements of

YBa2Cu3O6þx (YBCO) [20–22] have detected additional
Bragg peaks that are different in several respects from the
signal described above. First, the new peaks are much
sharper, thus corresponding to considerably longer-ranged
CDWcorrelations. Second,whereas both the short-range and
long-range CDW peaks share the same incommensurate in-
planewavevector, the latter appear only along the b direction
and at integer c-axis wave vectors (measured in reciprocal
lattice units), l. This stands in contrast to the bidirectional
nature and the half-integer l of the former. Third, as also
found by NMR [23,24] and ultrasound measurements [25],
the longer-range CDW order sets in only above a magnetic
field H3D ≈ 15 T, and at temperatures below T3D ≈ 50 K.
The short-range correlations, however, appear already at zero
field and survive up to about Tch ¼ 150 K.
Previously, aspects of competing SC and CDW orders

were studied via Ginzburg-Landau and nonlinear sigma
models (NLSMs) [26–33]. Those directly related to recent
experiments include the CDW temperature dependence
[29], the effects of disorder [30,31], and of a magnetic field

[31–33]. However, a framework in which to understand the
complete phenomenology, especially the relation between
short- and long-range CDW order in YBCO, is lacking.
Here, we offer such a scheme by including in our recent
NLSM [31] the structure and couplings of YBCO, by
elucidating the different effects of the disorder on the chain
layers and on the CuO2 planes, and by going beyond the
interplane mean-field approximation. The gained insights
are then applied to other cuprates.
We use analytical large-N and replica techniques along-

sideMonte Carlo (MC) simulations to show that the physics
is driven by opposing forces.While the Coulomb interaction
causes the CDWorder to change sign from one plane to the
next within a CuO2 bilayer, its relative phase between
consecutive unit cells in the c direction is frustrated. On
the one hand, the disordered dopant potential on the chain
layer tends to induce the same CDW configuration on the
two adjacent CuO2 bilayers. On the other hand, such an
arrangement is costly from the point of view of their mutual
capacitive energy, which is minimized by having them host
out-of-phase CDWs.
At zero magnetic field the disorder prevails. CDW

puddles that nucleate at locally favorable potential regions
on the nearest CuO2 planes to the chain layer tend to be in
phase to each other and opposite to the CDW order that
develops on the other CuO2 plane within their bilayer. This
leads to a CDW structure factor that is centered near half-
integer l with a c-axis correlation length, ξc, of about one
lattice constant. The in-plane correlation lengths, ξa;b, are
longer but still extend over only few wave periods. For
disorder fluctuations that are larger than the slight anisotropy
induced by the chains, which benefits b-axis CDW, the
nucleatedCDWregions are distributed evenly between thea
and b directions, thus leading to scattering peaks in both
directions [34,35].
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A magnetic field introduces vortices into the system at
which superconductivity is suppressed and the CDW
amplitude is significantly larger than its typical value
without the field [36]. This in turn implies that the
interlayer Coulomb interaction and the chain-induced
anisotropy play a more important role in the energetic
balance governing these regions. As an outcome, the CDW
halos formed around a vortex line tend to order with integer
l in the c direction and orient preferentially, although not
exclusively, along the b axis. The disorder, on its part,
interferes with the establishment of interhalo coherence,
both along the vortex and, more importantly, between
different vortices. However, as the field is made stronger,
vortices move closer together until correlations between the
b-oriented halos start rapidly increasing. Our calculations
indicate that this growth would eventually turn into true
long-range order at a critical field. Such a transition is
possible since the chain disorder couples to the gradient of
the integer-l CDWorder, thereby reducing the lower critical
dimension to dL ¼ 2. In contrast, any disorder on the CuO2

layers, for which dL ¼ 4 [37], would smear the transition
into a crossover. Nevertheless, as long as this disorder is not
too strong the high-field state will still exhibit unidirec-
tional integer-l CDW correlations persisting over long
distances in all three dimensions.
The model.—Our NLSM of YBCO consists of Nc

bilayers, see Fig. 1, hosting complex SC and CDW order
parameters, ψμjðrÞ and Φa;b

μj ðrÞ. The latter describe density
variations δρμj ¼ eiQa·rΦa

μjðrÞ þ eiQb·rΦb
μjðrÞ þ c:c:, along

the a and b directions with incommensurate wave vectors
Qa;b. Here, j is the bilayer index and μ ¼ 0, 1 corresponds
to the bottom (top) layer within a bilayer. Focusing on
T < Tch, we assume the existence of some type of local
order and the competition between its components, as
encapsulated by the constraints [29–31]

jψμjj2 þ jΦμjj2 ¼ 1; ð1Þ

where Φμj ¼ ðΦa
μj;Φb

μjÞT . The Hamiltonian reads

H ¼
X
μ¼0;1

XNc

j¼1

Hμj þ
ρs
2

XNc

j¼1

Z
d2r½ ~UΦ†

0jΦ1j

þ UΦ†
1jΦ0jþ1 − ~Jψ�

0jψ1j − Jψ�
1jψ0jþ1

þ V†
jðγΦ0j þΦ1j þΦ0jþ1 þ γΦ1jþ1Þ þ H:c:�; ð2Þ

with the SC stiffness, ρs, setting the overall energy
scale. We model the Coulomb interaction between CDW
fields within a bilayer by a local coupling ~U, and denote the
intrabilayer Josephson tunneling amplitude by ~J. The
(weaker) Coulomb interaction and Josephson coupling
between nearest-neighbor CuO2 layers belonging to adja-
cent unit cells are denoted by U and J, respectively. The
disorder due to the doped oxygens on the chain layers

couples via Coulomb interaction to the CDW fields. We
include its interaction with the neighboring bilayers,
assuming that the coupling to the outer CuO2 planes is
reduced by a factor γ compared to the coupling to the inner
CuO2 planes. The disorder is described by independent
random Gaussian fields Vj ¼ ðV1

j þ iV2
j ; V

3
j þ iV4

jÞT , sat-
isfying Vα

j ðrÞ ¼ 0 and Vα
j ðrÞVβ

j0 ðr0Þ ¼ V2δαβδjj0δðr − r0Þ,
with the overline signifying disorder averaging. Within a
layer the physics is governed by

Hμj ¼
ρs
2

Z
d2r½jð∇þ 2ieAÞψμjj2 þ λj∇Φμjj2

þ gjΦμjj2 þ ΔgjΦa
μjj2 þ ð ~V†

μjΦμj þ H:c:Þ�; ð3Þ

where λρs is the CDW stiffness and gρs is the energy
density penalty for CDWordering. TheΔg term reflects our
assumption that the chain potential favors ordering along
the b axis, either directly or via amplification by nematic

0 0.2 0.4 0.6 0.8 1 1.2
0

1

2

3

4

5

6

7

0

0.1

0.2

0.3

0.4

(a)

(b)

FIG. 1. The CDW structure factor at the a and b incommen-
surate peaks as function of c-axis wave vector, l, for T ¼ 0.2ρs
and various magnetic fields. The inset depicts the YBCO
unit cell. Only copper atoms (brown balls) and oxygen atoms
(blue balls) are shown. The CuO2 planes (light blue) host the SC
and CDW orders. The doped oxygens go into the (orange) CuOx
chain layers and are the main source of disorder.
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interactions between the CDW components [29,30,38]. We
consider the extreme type-II limit where the magnetic field,
B, is uniform and points in the c direction. Therefore, we
include only its orbital coupling to the SC order. Finally,
~Vμj is the disorder potential on the CuO2 layers, which we
model by Gaussian random fields with zero mean and
~Vα
μjðrÞ ~Vβ

μ0j0 ðr0Þ ¼ ~V2δαβδμμ0δjj0δðr − r0Þ.
Zero field.—Our main interest lies in k-space (measured

from Qa;b) CDW correlations encapsulated by the matrix

Gα
μμ0 ðq; lÞ ¼

1

2NcA

Z
d2rd2r0

X
jj0

e−i½q·ðr−r0Þþ2πðj−j0Þl�

× hΦα
μjðrÞΦ�α

μ0j0 ðr0Þi; ð4Þ

with A the layer area. To make analytical progress we
increase the number of independent components of Φa;b

from two to large N=2, assume T ≪ ρs, and use a saddle-
point approximation [39]. For B ¼ 0, and γ ¼ ~V2 ¼ 0,
U ≪ ~U we find (see Ref. [39] for the general result)

Gα
00ð0; lÞ ¼ Gα

11ð0; lÞ ¼
T
ρs

ϵα
ϵ2α − ϵ2⊥ðlÞ

þ V2

½ϵα þ ϵ⊥ðlÞ�2
þ 4V2ϵα ~Usin2πl

½ϵ2α − ϵ2⊥ðlÞ�2
; ð5Þ

Gα
01ð0; lÞ ¼ G�α

10ð0; lÞ

¼ −
T
ρs

~U
ϵ2α − ϵ2⊥ðlÞ

þ V2
½ðϵα − ~UÞ cos πl − iðϵα þ ~UÞ sin πl�2

½ϵ2α − ϵ2⊥ðlÞ�2
;

ð6Þ

where ϵα ¼ gþ Δgδαa þ J þ ~J, and ϵ⊥ðlÞ ¼ ½U2 þ ~U2þ
2U ~U cos 2πl�1=2. Two ordering tendencies are apparent in
Eqs. (5),(6). While the temperature terms reach a maximum
at integer l, the disorder terms peak at half-integer l as long
as ϵα > 3U þ ~U, and dominate the correlation matrix if
V2 > 2UT=ρs, which is our case of interest. A small Δg=g
makes ϵa > ϵb and introduces a slight tendency towards
ordering along the b axis.
To go beyond the limitations of the saddle-point appro-

ximation we used MC simulations of the lattice version
of Eqs. (1)–(3). The results are for a system of size
64 × 64 × 32 (16 bilayers), which is open in the a
direction, periodic in the b and c directions and whose
parameters are ga20 ¼ 1.1, Δga20 ¼ 0.1, ~Ja20 ¼ 0.15, Ja20 ¼
0.015, ~Ua20 ¼ 0.85, Ua20 ¼ 0.12, V2a20 ¼ 0.1, γ ¼ 0.15,
λ ¼ 1. Here, a0 is the in-plane lattice constant of the coarse
grained model, which we assume is roughly the observed
CDW wavelength, i.e., about 3 Cu-Cu spacings. Each data
point was averaged over 50–70 disorder realizations [39].

In order to establish contact with the x-ray scattering
experiments we obtained the CDW structure factor
Sαðq; lÞ by convolving G with the measured CDW form
factors [17,39]. Figure 1 depicts the l dependence of the
structure factor at the in-plane peaks Sa;bðlÞ ¼ Sa;bð0; lÞ.
We find that for B ¼ 0 both Sa and Sb exhibit a broad
maximum centered around l ¼ 0.6–0.7, whose asymmetry
is largely due to the l dependence of the form factors. The
correlation lengths ξb;c ¼ 1=σb;c, extracted from fits to
e−q

2=2σ2 , are both of order one lattice constant, see Fig. 2,
and the peak height reaches a maximum slightly above
Tc ≃ 0.42ρs, see Fig. 3(a), all qualitatively consistent with
experiments.
The effects of B.—The suppression of superconductivity

insidemagnetically induced vortices facilitates CDWnucle-
ation there. At low B these localized modes form a narrow
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FIG. 2. A magnetic field strongly enhances the l ¼ 1 CDW
structure factor peak in the b direction but only weakly affects
the l ¼ 1=2 signal. Inset: in-plane, ξb, and out-of-plane, ξc,
correlation lengths. Results are for T ¼ 0.2ρs.
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FIG. 3. (a) Low-temperature high-field saturation of the l¼1=2
CDW b-peak vs (b) increase of the l ¼ 1 signal. (c) In-plane and
out-of-plane l ¼ 1 correlation lengths at B ¼ 0.1B0.
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band due to their small overlap and appear in tandem with
the more extended CDW states, which are already present at
B ¼ 0 and produce the l ¼ 1=2 correlations. Their contri-
bution to G is similar to Eqs. (5),(6) apart of two mod-
ifications that determine its B dependence [39]. First is an
overall B-linear factor reflecting the number of vortices.
Second, ϵα is given by the bottom of the vortex band, which
drifts down with B as CDW halos move closer together.
Consequently, the maximum of the disorder terms shifts
towards integer l and the entire G increases in magnitude.
The effect, however, is very sensitive to the small anisotropy,
Δg. OurMC results, shown in Figs. 1 and 2, demonstrate that
theCDWcore regions orient predominantly along theb axis,
causing Sb to form a rapidly growing peak near l ¼ 1 for
fields beyond B3D ¼ 0.06–0.07B0. Since B0 ¼ ϕ0=2πa20 ≃
250 T, where ϕ0 ¼ π=e is the flux quantum, this crossover
scale corresponds to 15–18 T for the set of parameters used
by us. At the same time Fig. 1 shows that Sa is only weakly
modified by the presence of the field.
The agreement of the calculated high-field signal with

the observed x-ray phenomenology [20–22] extends
beyond its unidirectionality and sharp B dependence.
Figure 2 shows that the increase of Sbðl ¼ 1Þ is accom-
panied by a substantial growth of the l ¼ 1 correlation
lengths. At B ¼ 0.11B0, the highest field we could handle
without significant finite-size effects, ξc extends over five
c-axis lattice constants and ξb ¼ 40a0 is found within the
planes. In contrast, the l ¼ 1=2 correlation lengths change
very little with B and remain short. The dichotomy between
the two types of correlations is also reflected by their T
dependence, depicted in Fig. 3. While the T ¼ 0.5ρs peak
of the l ¼ 1=2 signal turns into a low-temperature satu-
ration in the presence of high magnetic fields [3], Sbðl ¼ 1Þ
and its associated correlation lengths exhibit a rapid upturn
below T3D ¼ 0.5ρs at large B.
Transition to long-range order.—The following Imry-

Ma argument [37] shows that in the absence of in-plane
disorder the integer-l CDW can become long-ranged.
Consider a domain of linear size L of such a CDW. If
the order is constant, the interaction of the chain disorder
with its neighboring CuO2 planes cancels out. However, if
the order varies as 1=L along the c axis, the averaged
squared interaction scales, in d dimensions, as Ld−2 and can
lead to a typical energy gain of Ld=2−1. Since the elastic
energy to create the domains scales as Ld−2 their
proliferation become favorable only in d ≤ 2. Our
large-N analysis reflects this physics [39]. For ~V2 ¼ 0

and V2 ≪ ðr0UÞ2 < U ≪ ~U we find that ξc diverges at

TCDW

ρs
¼ κr20

ffiffiffiffiffiffi
tU

p
−
V2

2U
; ð7Þ

where r0 is the vortex core radius, t ∼ r−20 e−b
ffiffiffiffiffiffiffiffiffiffiffi
ϕ0=Br20

p
and κ,

b are constants. Hence, the clean system orders for any

small magnetic field at low-enough temperatures. In the
presence of chain disorder a transition occurs only above a
critical field, which for T ¼ 0 is approximately

BCDWr20
ϕ0

≈ ln−2
�
κ2r20U

�
2U
V2

�
2
�
: ð8Þ

Similar expressions for the case of stronger disorder can be
found in Ref. [39].
The effects of in-plane disorder.—Contrary to the chain

disorder, the in-plane disorder couples to each layer
separately, leads to a typical energy gain which scales as
Ld=2, and thus prevents long-range order at d ≤ 4 [37].
Indeed, our saddle-point equations [39] do not admit a
diverging ξc when ~V2 > 0. Figure 4 shows that as ~V2=V2

approaches 1 the rapid increase of the l ¼ 1 correlations is
averted. We therefore infer that in the physical systems
~V2 ≪ V2.
The sensitivity to Δg.—It is difficult to ascertain the

magnitude of the anisotropy in g. A proxy might be the
resistivity anisotropy, which is roughly ρa=ρb ≈ 1.5 in
the relevant YBCO samples [40]. Much larger values have
been measured for the ratio of the Nernst coefficients [41].
The presented MC results are for Δg=g ¼ 9% and we have
checked that deviations from a unidirectional l ¼ 1 signal
commence only around Δg=g ¼ 3%.
Discussion.—Let us conclude by pointing out few

consequences of our model. First, since the enhancement
of CDW by a magnetic field is driven by the suppression of
superconductivity, one is led to infer the existence of local
SC order as long as CDW correlations continue to increase
with B. Surprisingly, in ortho-VIII YBCO [22] the l ¼ 1
scattering intensity and correlation volume grow up to
H ¼ 32 T, well in excess of the resistive critical field
Hc2 ¼ 24 T [42]. Hence, an interesting possibility arises
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FIG. 4. Suppression of the l ¼ 1 CDW b peak by in-plane
disorder, ~V, as revealed by its dependence on magnetic field
(at T ¼ 0.2ρs) and on temperature (at B ¼ 0.1B0).
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that in this system local SC order continues to exist long
after global superconductivity is lost.
Secondly, like in YBCO the disorder due to doped

oxygens in HgBa2CuO4þδ resides on planes (HgO) [13]
shared by consecutive unit cells along the c axis. The
arguments presented above would then imply that in this
single-layer compound low-field CDW correlations should
broadly peak near integer l. Zero-field measurements [12]
found CDW peaks at l ¼ 1.12 and l ¼ 1.25, but exper-
imental constraints make it currently impossible to deter-
mine whether these are the true maxima. In a magnetic field
the interaction between CDW halos on neighboring planes
is expected to move the scattering peaks towards half-
integer l. Since HgBa2CuO4þδ is tetragonal, with no dopant
order or signs of nematicity, the signal would likely remain
bidirectional. On the other hand, in the La2−xSrxCuO4 unit
cell, each of the two CuO2 planes is separately affected, at
least to first approximation, by the Sr disorder on its
adjacent LaO layers. Furthermore, consecutive CuO2

planes are offset by half a lattice constant and Coulomb
interactions between next-nearest-neighbor planes domi-
nate and lead to half-integer-l peaks at low fields [10,11].
We then expect a high field to strengthen and sharpen the
peaks without shifting their l.
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