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Based on first-principles calculations and effective model analysis, we propose that the WC-type HfC, in
the absence of spin-orbit coupling (SOC), can host a three-dimensional nodal chain semimetal state.
Distinguished from the previous material IrF4 [T. Bzdusek et al., Nature 538, 75 (2016)], the nodal chain
here is protected by mirror reflection symmetries of a simple space group, while in IrF4 the nonsymmorphic
space group with a glide plane is a necessity. Moreover, in the presence of SOC, the nodal chain in WC-
type HfC evolves into Weyl points. In the Brillouin zone, a total of 30 pairs of Weyl points in three types are
obtained through the first-principles calculations. Besides, the surface states and the pattern of the surface
Fermi arcs connecting these Weyl points are studied, which may be measured by future experiments.
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Introduction.—Materials with novel Fermi surface have
stimulated significant interest in the field of solid state
physics [1–5]. The symmetries of crystals give the con-
straints to the band structure of quasiparticles. Thismay lead
the quasiparticles near the Fermi energy to behave like Dirac
fermions or Weyl fermions that first come up within high-
energy physics, or some other novel quasiparticles that have
no high-energy correspondence. For example, topological
nontrivial semimetals can host three- [4–7], four- [8,9], six-
[3], or eightfold [3,10] degeneracy band-crossing points
which are protected by special crystalline symmetries on
high symmetrical crystal momentum points or along high
symmetry lines. The twofold degeneracy bands’ crossing
points, namely, Weyl points [11–18], are protected by the
lattice translational symmetry without other additional
crystalline symmetries. Particularly, in a certain case, in
the nodal line [19–21] and nodal chain semimetals [1], the
bands’ crossing points are not discretely located in the
Brillouin zone (BZ), but they form closed loops. So far, three
types of nodal line semimetals have been proposed. Type A
is with mirror reflection symmetry [22–27], type B is with
the coexistence of time-reversal symmetry and space inver-
sion symmetry [28–42], while type C is with a nonsym-
morphic space group with glide plane or screw axes
symmetries [1,34,43]. The novel band structures lead to
exotic properties, including the surface Fermi arc states
[11,44], chiral anomaly in Dirac and Weyl semimetal states
[44–46], and drum-head-like surface states proposed in
nodal line and nodal chain semimetals [28,29,47].
In the present Letter we propose that the WC-type HfC

can host a three-dimensional nodal chain in the BZ when
spin-orbit coupling is ignored. The nodal chain is com-
posed of nodal lines, which belong to the type A nodal line
structure. These nodal lines are protected by the mirror

reflection symmetry in the kz ¼ 0 and ky ¼ 0 planes. This
is remarkably distinguished from the nodal chain known in
IrF4 [1], which is protected by the glide plane in the
nonsymmorphic space group. The proposed design scheme
of the nodal chain structure in HfC may be useful for
designing the nodal chain structure in photonic and
phononic crystal systems.
Similar to TaAs and ZrTe [4,13], in the presence of spin-

orbit coupling (SOC), HfC can open a gap along the nodal
chain, which leads to three types of Weyl node pairs off of
the mirror planes. Because of the time-reversal and crys-
talline symmetries, there are 30 pairs of Weyl nodes in total.
Here, the surface states and the patterns of the surface
Fermi arcs connecting the Weyl points with different Fermi
energy are studied.
Crystal structure of HfC.—The WC-type HfC crystal-

lizes in the hexagonal space group P6̄m2 (No. 187). Hf and
C atoms occupy the 1d ð1

3
; 2
3
; 1
2
Þ and 1a (0,0,0) Wyckoff

positions as shown in Figs. 1(a) and 1(b). The lattice
constants are a ¼ b ¼ 3.267 Å and c ¼ 2.942 Å [48]. All
the results discussed in the following are from the calcu-
lations with this structure.
Band structure of HfC.—The band structures calculated

within the generalized gradient approximation (GGA) are
shown in Fig. 2(a). It clearly shows that two band-crossing
structures exist near the Fermi energy. One crosses around
the Γ point and the other one crosses around the M point.
The fat-band structure shows that the two crossing bands
around Γ point are dominated byHf∶dxy andC∶pz orbitals
for the valence band and conduction band, respectively.
While the band crossings around theM point are dominated
by the Hf∶dxz and C∶py orbitals for the valence band
and conduction band, respectively. The band-crossing
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structures near the Γ and theM points are confirmed by the
nonlocal Heyd-Scuseria-Ernzerhof (HSE06) hybrid func-
tional calculations [49]. The calculated Fermi surface is
shown in Figs. 2(b) and 2(c), where the surface with blue
color comes from the conduction bands and the red part
comes from the valence bands. Two types of ring structures
exist in the Fermi surface. The first type of rings lie in the
kz ¼ 0 plane and surround the Γ point, the second type of
rings lie in the ky ¼ 0 plane and surround theM point. The
lotus-root-like Fermi surface wraps the bands’ crossing
loops, namely, the nodal chain, as shown in Fig. 3(b),
which lie in the mirror planes that will be discussed below.

Nodal chain in HfC.—We first prove the existence of a
nodal ring encircling the Γ point and lying in the kz ¼ 0
plane. The symmetry at the Γ point is characterized by
the D3h symmetry group, which includes a C3 rotation
symmetry around z axis, C2 rotation symmetry around x
axis, mirror symmetry My∶ðx; y; zÞ → ðx;−y; zÞ and
Mz∶ðx; y; zÞ → ðx; y;−zÞ, and time-reversal symmetry. A
minimal model for the two crossing bands around Γ point
can be written as the following two-band k · pHamiltonian:

HΓ
0ðkÞ ¼

X

i¼x;y;z

diðkÞσi; ð1Þ

where diðkÞ are real functions and the vector k is relative to
the Γ point. We have ignored the term proportional to the
identity matrix since it is irrelevant in studying the band
touching. The time-reversal symmetry operator is repre-
sented by T ¼ K, where K is the complex conjugate, in the
absence of SOC. Time-reversal symmetry requires that

THΓ
0ðkÞT−1 ¼ HΓ

0ð−kÞ; ð2Þ

which places a constraint on diðkÞ so that dyðkÞ is an odd
function of k, while dx;zðkÞ are even functions of k and
dzðkÞ can be generally written as

dzðkÞ ¼ c0 þ c1k2x þ c2k2y þ c3k2z ; ð3Þ

FIG. 2. (a) Band structures of WC-HfC without SOC. Two
band-crossing structures, one around the Γ point and the other
one around the M point, exist near the Fermi energy. (b) Side
view and (c) top view of the Fermi surface of WC-HfC, which
consists of electron pockets (blue) and hole pockets (red), and
forms a lotus-root-like structure.

FIG. 3. (a) The band structure of HfC calculated within the
GGA including spin-orbit coupling (SOC). (b) 3D view of the
nodal chain (in the absence of SOC) and Weyl points (with SOC)
in the BZ. The red and blue points indicate the Weyl point with
chirality χ ¼ þ1 and χ ¼ −1, respectively. (c) Side view from
(100) and (d) top view from (001) directions for the nodal chain
and Weyl points. Once the SOC is turned on, the nodal chains are
gapped and give rise to 30 pairs of Weyl points off the mirror
planes.

FIG. 1. (a) The primitive cell of WC-type HfC and its (b) top
view and side view. Hf and C atoms occupy the 1d ð1

3
; 2
3
; 1
2
Þ and 1a

(0,0,0) Wyckoff positions. (c) The bulk Brillouin zone and its
projection onto the (010) and (001) direction. The high sym-
metrical crystal momenta and kz ¼ 0, ky ¼ 0 mirror planes are
indicated.
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up to the second order of k. The parameters ci can be
derived by fitting the dispersions to those of first-principles
calculations [55]. The signs of these parameters are the key
factors for the existence of nodal rings which can be
obtained by checking the band dispersions as shown in
Fig. 2(a). The two bands near the Fermi energy with the
inverted structure along the Γ-M (kx) and Γ-K (ky)
directions lead to c0 > 0 and c1;2 < 0. While the band
dispersions in the Γ-A (kz) direction are in normal order,
which indicates that c3 > 0. Because the two considered
bands (dxy and pz) have opposite mirror eigenvalues for the
kz ¼ 0 mirror reflection, Mz may be represented by
Mz ¼ σz. The mirror reflection symmetry indicates that

MzHΓ
0ðkx; ky; kzÞM−1

z ¼ HΓ
0ðkx; ky;−kzÞ; ð4Þ

which leads to

dx;yðkx; ky; kzÞ ¼ −dx;yðkx; ky;−kzÞ; ð5Þ
dzðkx; ky; kzÞ ¼ dzðkx; ky;−kzÞ: ð6Þ

For the mirror symmetry in the ky ¼ 0 plane, we may write
the mirror operator My ¼ −σz. This symmetry places
additional constraints on di,

dx;yðkx; ky; kzÞ ¼ −dx;yðkx;−ky; kzÞ; ð7Þ
dzðkx; ky; kzÞ ¼ dzðkx;−ky; kzÞ: ð8Þ

Equations (5) and (6) indicate that on the plane kz ¼ 0,
dx;yðkx; ky; kzÞ vanish. The solutions of dzðkx; ky; 0Þ ¼ 0

determine the bands crossing points on the kz ¼ 0 plane.
Referring to the formula of dz shown in Eq. (3), we have
c0 þ c1k2x þ c2k2y ¼ 0, with c0 > 0 and c1;2 < 0, which
leads the band-crossing points to form a circle in the
kx − ky plane, namely, the nodal ring circling the Γ point as
shown in Fig. 3(b). In the ky ¼ 0 plane, Eqs. (7) and (8)
show that dx;y vanish and the equation dzðkx; 0; kzÞ ¼ 0

leads to c0 þ c1k2x þ c3k2z ¼ 0. Because c0, c3 > 0 and
c1 < 0, the solutions form hyperbolic lines crossing the ky
axis and embracing the M, not a circle surrounding the Γ
point. These node lines are part of the nodal ring around the
M point that will be discussed later. The last two symmetry
operators, C3 and C2 rotations, which place additional
symmetrical constraints on diðkx; ky; kzÞ, only change the
shape of the nodal rings but not affect its existence.
The existence of a nodal ring in the ky ¼ 0 plane

encircling the M point can be proved with a similar
argument. We give the details below. The little group at
the M point is C2v. It includes the C2 rotation along the x
axis, the mirror reflection My: ðx; y; zÞ → ðx;−y; zÞ, and
the mirror reflectionMz: ðx; y; zÞ → ðx; y;−zÞ. The general
two bands model around the M point is given as

HM
0 ðkÞ ¼

X

i¼x;y;z

giðkÞσi; ð9Þ

where giðkÞ is a real function and vector k is related to the
M point. The time-reversal symmetry leads to gx;zðkÞ being
even and gyðkÞ being an odd function of k. Generally,
gzðkÞ may be written as

gzðkÞ ¼ a0 þ a1k2x þ a2k2y þ a3k2z ; ð10Þ

up to the second order of k. The bands inversion along
M-Γ (kx) and M-L (kz) directions lead to a0 > 0 and
a1;3 < 0. While in the M-K (ky) direction, the two bands
near the Fermi energy are in normal order which indicates
a2 > 0. The two crossing bands near the M point (dxz and
py) with opposite mirror eigenvalues indicate that the mirror
reflection My may be presented by My ¼ σz, which lead to

gx;yðkx; ky; kzÞ ¼ −gx;yðkx;−ky; kzÞ; ð11Þ

gzðkx; ky; kzÞ ¼ gzðkx;−ky; kzÞ: ð12Þ

From Eqs. (11) and (12), we know that the solutions of
gzðkx; 0; kzÞ ¼ a0 þ a1k2x þ a3k2z ¼ 0 determine the band
crossing positions, which form a close circle circling theM
point in the kx-kz plane, namely, the nodal ring as shown in
Fig. 3 in green. The C2 rotations constrain the shape of the
nodal rings but keep the existence of it. Themirror symmetry
on the kz ¼ 0 plane leads to a part of the nodal line
embracing the Γ point as discussed above. Therefore, we
prove that there are two types of nodal rings, the red one and
the green one as shown in Fig. 3, which touch at some point
along the Γ-M direction and form a nodal chain structure in
the whole BZ.
Weyl nodes in HfC.—Generally, in the presence of SOC,

the nodal line structure has the possibility of decaying into
Weyl points [13,14]. The appearance of Weyl points
depends on the symmetries of the crystal structure, the
atomic orbital components of the bands forming the nodal
lines, and the strength of the spin-orbit interaction. We
derive the effective SOC Hamiltonian for HfC and show the
existence of Weyl points in HfC with the proper strength of
the SOC in the Supplemental Material [49]. In order to
search the possible band closing points in HfC, we have
generated atomiclike Wannier functions for Hf 5d and C 2p
orbitals using the scheme described in Refs. [56–58]. The
Wannier function without and with SOC are given in
Ref. [49]. In the presence of SOC, the bands’ structure
in Fig. 3 shows that the nodal points along Γ-M, M-L, and
M-A are fully gapped. By careful checking of the bands’
structure away form the high symmetry-lines, we find that
there are three types, 30 pairs, of band-crossing points,
namely, the Weyl points, in the first BZ. We have located
the positions and energies of the three types of Weyl nodes
as listed in Table I. All others can be found from the listed
position in Table I by the time reversal and crystal
symmetries as shown in Fig. 3(b). By checking the
Berry curvature near these Weyl points, the chirality of
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each Weyl points can be determined [49]. The red and blue
colors indicate the Weyl point with chirality χ ¼ þ1 and
χ ¼ −1, respectively.
Surface state.—Based on the tight-binding Hamiltonian

generated by the previously obtained Wannier functions,
we have computed the (001) surface states for HfC as
shown in Fig. 4. The projections of Weyl nodes are
indicated as black points in Figs. 4(b)–4(d). Because the
projections of Weyl nodes on the (001) surface are formed
by a pair of Weyl points with opposite chirality, which does
not guarantee the existence of the Fermi arcs, nor forbid
their appearance. By tuning the chemical potential to cross
the three types of Weyl points, it can be seen that there is
one “in” and one “out” Fermi arc connecting each projec-
tion of Weyl points as shown in Figs. 4(b)–4(d). For
instance, if the chemical potential is set at the W1 type
of Weyl points, an extremely long Fermi arc links all the
projections of the W1 type of Weyl points and forms an
inward curved hexagon shape as shown in Fig. 4(b). The
(100) surface states are given in Ref. [49].

Conclusions.—In this Letter we report the nodal chain
structure in WC-type HfC without spin-orbit coupling.
Based on first-principles calculation and model analysis
we confirm that two types of nodal rings circling theΓ andM
points, respectively, connect with each other in the Γ-M
direction and form a nodal chain structure. Our finding is
remarkably distinguished from the nodal chain discussed in
Ref. [1], where a nonsymmorphic space group with glide
plane symmetry is necessary. In our Letter, the discovered
nodal chain is protected by mirror symmetry, which may
happened in simple space groups for a spinless system. This
propertymakes it possible to design the nodal chain states in
weak SOC electronic systems, photonic crystal systems, and
phononic crystal systems. After taking the SOC into con-
sideration, the nodal chain structure degenerates into 30
pairs ofWeyl points.We study the surface states on the (001)
and (100) surfaces and show the patterns for the Fermi arcs
connecting the Weyl points with different Fermi energy.
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