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We derive a many-particle entanglement criterion for mixed states using a relation between single-mode
and many-particle nonclassicalities. The criterion relies on the measurement of collective spin observables.
It works very well not only in the vicinity of the Dicke states, but also for the superpositions of Dicke states:
superradiant ground states of finite or infinite number of particles and time evolution of single-photon
superradiance from an extended sample where random phases appear. We also obtain a criterion for
ensemble-field entanglement, which is successful for such kinds of states. We also observe an interesting
phenomenon: even though the collective excitation of this many-particle system has a sub-Poissonian
character, which results in entanglement, the wave function displays bunching.
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Quantum technologies, such as quantum information,
computation, and metrology, necessitate the presence of
entanglement. Many-particle entanglement plays a key role
in these technologies [1,2]. For instance, entanglement can
speed up computations and can increase the response time of
devices. Entanglement can also reduce the noise of spin
observables, e.g., in squeezed spin states (SSSs) [3], oritcan
create sub-shot-noise fluctuations, e.g., in Dicke states [4,5].

Single-photon superradiant or subradiant states, super-
positions of Dicke states, have drawn great interest in the last
decade due to their potential applications in ultrafast data
readout [6] and long-lived data storage [7]. When the extent
(L) of an ensemble is much larger than the wavelength (1) of
the light, L > 1, random phases between the emitters create
collective states known as timed-Dicke states [8]. The nature
of timed-Dicke states is much different than the Dicke states
and the superradiant states of a small ensemble (L < A).
Recently, several experiments were conducted to explore the
behavior of the radiation from such samples [9-11].

In an ensemble of spins, e.g., cold atoms or nitrogen-
vacancy centers [12], it is usually not possible to address
individual spins. So, searching for entanglement criteria
based on the measurements of the collective spin is neces-
sary. Such criteria and inseparability quantifications are
demonstrated to work well for SSSs [13—-16] and in the
vicinity of the Dicke states [17,18]. An entanglement
criterion for superradiant (timed-Dicke) states is also
necessary.

In this Letter, we derive a many-particle entanglement
(MPE) criterion (£, < 0) which works very well for
superradiant states both in the Dicke limit (L < 1) and
when the collective state is a superposition of single-atom
excitations with random phases (positions) in the L > 4
limit. Criteria working in the vicinity of Dicke states [17]
and for SSSs [13] fail in the superradiant states.
Simulations show that &, also works as a quantifier for
superradiant states. We also present a criterion for
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ensemble-field entanglement (y,.,), Which is quite suc-
cessful for such states.

We determine the form of the MPE criterion &,.,, from a
single-mode nonclassicality (SMNc) condition as follows.
First, we realize that criteria for three kinds of nonclassi-
calities, (i) MPE, (ii)) SMNc, and (iii) two-mode entangle-
ment (TME) are intimately connected to each other. They
can be derived from each other [19-21].

Second, we notice that two SMNCc criteria, (a.ii) quad-
rature squeezing (AX) [22,23] and (b.ii) number squeezing
(sub-Poissonian, A7 < (72)'/?) [24] form two distinct
classes. They address reduced uncertainty in electric or
magnetic fields and number of photons, respectively. MPE
and TME criteria of each class are related to (a.ii) and (b.ii) as
follows. (a.i) Spin-squeezing criterion (&) for MPE [13]
and (a.iii) Duan-Giedke-Cirac-Zoller (DGCZ) criterion for
TME [25] can be transformed into the (a.ii) quadrature-
squeezing (SMNCc) criterion, via Holstein-Primakoff (HP)
[26] and beam-splitter (BS) [27-29] transformations,
respectively [19-21]. Similarly, the (b.iii) Hillery-Zubairy
(HZ) criterion [30], which is successful in identifying TME
of superpositions of Fock states [31], transforms into the
(b.ii) number-squeezing condition [24] via BS transforma-
tion [19-21]. So, criteria, enumerated as (a.i)—(a.iii) and
(b.i)—(b.iii) form two distinct groups (classes). For a better
visualization, see the Supplemental Material [32].

One can realize that the MPE criterion (&,.,,) is missing in
group (b), i.e., (b.1). We use the HP transformation and guess
the form of &, from (b.ii), the number-squeezing condition,
as follows. We consider an ensemble of N two-level
particles. We show that in the N — oo limit, inseparability
of a symmteric many-particle state implies the nonclassi-
cality of collective (single-mode) excitations (¢,) of the
ensemble. This observation enables us to utilize the HP

transformation, e.g., S, = 6:69 =¢h/N=¢le, > VN&!
[23,26], to establish a connection between many-particle

© 2017 American Physical Society


https://doi.org/10.1103/PhysRevLett.119.033601
https://doi.org/10.1103/PhysRevLett.119.033601
https://doi.org/10.1103/PhysRevLett.119.033601
https://doi.org/10.1103/PhysRevLett.119.033601

PRL 119, 033601 (2017)

PHYSICAL REVIEW LETTERS

week ending
21 JULY 2017

observables S'i’z and the single-mode operator ¢,. Here, &,
(¢,) creates (annihilates) a particle in the excited (ground)
state [23]. Taking into account the relation between many-
particle and single-mode states, a MPE criterion in terms of
:S’i,z becomes a SMNc criterion in terms of the ¢, operator.

In group (a), AS, — A(&} + ¢,) = A%, leads to quad-
rature squeezing in the N — oo limit. Noting the analogy,
A(8,8.) = A(ele,) = An,, we raise the following ques-
tion. If we examine the uncertainty of R = S’+$'_, 1e.,
((AR)?) = (R?) — (R)2, will we be able to obtain an
inseparability criterion for many-particle systems?

We obtain a criterion (£,.,,) Which works better than our
expectations. The strength of violation of this criterion
(énew < 0, or larger squeezing in ((AR)?)) accompanies
the superradiant phase transition both for a finite and
infinite number of particles; see Fig. 2. &, also correctly
predicts the temporal behavior of the entanglement of
(timed) single-photon superradiance [8,33,34], see Fig. 4,
for N = 2000 atoms placed randomly in a sphere larger than
a wavelength [33,34]. The positions of the atoms induce
random phases between different single-atom excited
states; see Eq. (6) and above. We further test &, for
2000 superposition states, where coefficients in front of
the Dicke states are assigned randomly. Additionally, we
show that our criterion for ensemble-field entanglement,
Hoew < 0, also works very well for superradiantlike states,
Figs. 3 and 4.

Superradiant to normal phase transition can be realized
in Bose-Einstein condensates (BECs) by optically tuning
the spin-orbit coupling strength [35,36]. Such a setup is a
good candidate for continuous monitoring of &, [5], with
respect to the varying coupling parameter, for the super-
positions of symmetric Dicke (superradiant) states, Fig. 2.
Our simulations for superpostions of single-atom excited
states with random phases, Fig. 4, show that &,.,, can reveal
the entanglement in recent experiments on single-photon
superradiance [9] and subradiance [11] in extended samples
of atoms. Different subradiant states can possess different
amounts of MPE [7]. Hence, regarding the long-lived data
storage, &, can be helpful in obtaining information
about different superpositions of dark states. &, can also
be adapted to monitor if spin singlet (Cooper) pairings
of electrons are broken into separable states in super-
conducting structures [37,38]. There are ongoing efforts for
entangling more than 2 quantum emitters (QEs) near metal
nanostructures via single-plasmon excitations [39,40].
Analogous to squeezing (quadrature) transfer from light
to an ensemble [41], ongoing experiments can be visualized
as number squeezing ((A#n)?) transfer to the ensemble of
QEs. Since {((A#n)?) squeezing is in group (b), &y is
expected to work well for these many-body states.

In our simulations, we additionally observe the following
two interesting phenomena. The wave function operator
(r) of a condensate becomes bunched (super-Poissonian)

above a critical atom-field coupling (g > g..); see Fig. 2(a)
in the Supplemental Material [32]. This is opposite of the
sub-Poissonian behavior of the collective (¢,) excitations
of the N-particle system [Fig. 2(b)] and the scattered field
[see Fig. 2(b) in Supplemental Material]. Such a behavior
also occurs in the ground state of an interacting BEC
(without a field). Bunching and MPE emerge mutually
when interaction (collisions) per particle exceeds the exci-
tation (recoil) energy, Ui, /N > hwey; see Supplemental
Material VI [32]. Incidentally, experiments on BECs
[42-47] show that a condensate responds to an excitation
collectively when the energy of the excitation Aw.,. is
sufficiently less than the interaction energy per atoms
Uint/N = Us fd3r|W<r)|4/N

In the following, we first demonstrate the relation
between single-mode and many-particle nonclassicalities.
Next, we derive &, and p,.,. We test them for Dicke
states (Fig. 1), superradiant states in the Dicke limit (Figs. 2
and 3), and for the single-photon emission with random
phases (Fig. 4).

Relation among nonclassicalities.—Criteria for the three
kinds of nonclassicalities (i)—(iii) can be connected via BS
and HP transformations as follows [19-21]. SMNc cri-
terion can be transformed into TME criterion using a BS
and vice versa [27-29]. Although nonclassicality can be
transformed into TME partially [48—50], this relation can
be utilized for converting TME witnesses [29,51] into
SMNc criteria [19-21]. Such a relation is also encountered
between TME and MPE in Ref. [52]. It is shown that the
spin-squeezing (MPE) criterion [13] cannot be satisfied
unless the two-modes describing this N-particle two-level
system are entangled.

It is possible to obtain such a link also between (i) MPE
and (ii) SMNc [20,26]. The Dicke state |N,n,), in an
ensemble of N two-level particles, is a symmetric super-
position of all possible combinations (fl\’ ) of N-particle

states, where n, of them are excited [24]. Thus, a Dicke
state is a strongly entangled state. There is a particular
subset of symmetric Dicke states called atomic coherent
states (ACSs) [24,53], [éacs)y = Do —o @ (ne)IN, 1),
Despite |N,n,), |éacs)y 18 separable. When N — oo,
the Dicke state |N,n,) mimics the n,th Fock state of
the single-mode ¢, [54,55]. What is more, coefficients of
ACS become the coefficients of a coherent state |a) =

® a"/v/n!|n) in this limit [54]. Since ACS is a
separable state, both [4c5)y and |a) possess no
nonclassicality.

On the other hand, superposition of ACSs and coherent
states, i.e., [yy) = {:lKi|§XZZS>N and |y) = >0 kifal)),
are inseparable and nonclassical for » > 2 [56]. Therefore,
in this mapping, inseparability of |y ) implies nonclassi-
cality of the single-mode state |y). It is more convenient to
work in terms of operators (observables). Invoking the HP
transformation [26], collective spin observables can be
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mapped onto the single-mode operators, e.g., S . = VN el.
This mapping is shown to transform the (a.i) spin-
squeezing criterion into the (a.ii) quadrature-squeezing
condition [20]. Similar to Ref. [20], here we realize that,
(bi) R = 3’+3’_ transforms to 6:82, whose uncertainty
leads to (b.ii) Mandels Q parameter.

Because of the presence of this intimate link between the
three kinds of nonclassicalities, one can group the criteria
into two [57]. (a) In the first group we can place the spin-
squeezing criterion [13] for MPE, the quadrature-squeezing
condition for single-mode states [22,23], and the DGCZ
[25] criterion (and its product form [59]) with the Simon-
Peres-Horodecki (SPH) [60,61] criterion for TME. (b) The
second group contains the HZ criterion [30] (which is a
subset of conditions by Shchukin and Vogel [58]) for two-
mode states, Mandel’s Q parameter as the SMNc, and a
MPE criterion (&) we derive below.

In the following, we find the MPE criterion missing in
group (b) by examining the uncertainty of the operator
R=3.5.

Many-particle entanglement.—Derivation of &, fol-
lows arguments similar to the spin-squeezing condition by
Sorensen et al. [13]. Nevertheless, longer expressions show
up due to the calculation of higher order moments. A many-
particle system is separable if the N-particle density matrix
(DM) can be written in the form

p=> P @pY ® ... @) (1)
k

where ﬁgk) is the DM of the ith particle and P, is the
classical probability for mixed states. Uncertainty of the
R =38.8_ operator becomes larger than ((AR)%) >
SUP((R?), = (R)?) if we use the Cauchy-Schwartz
inequality S°,Pi(R)? > (3 Pe(Ri))%. We express the
collective operators in terms of the single atom spins
30 eg, R=8,8 = Moo 1502 We evaluate
the difference (R*), — (R)? using many Cauchy-Schwartz
inequalities and relations among single particle operators;
see the Supplemental Material II [32]. We show that
the DM (1) satisfies the inequality > ,Pp(R*);—
S Pr(R)? > ny. We conclude that ((AR)?) > yy for a
separable state. So, we define the parameter

énew = <(A7’é’)2>p — 1IN, (2)

whose negativity (£, < 0) witnesses the inseparability
of the many-particle system. 7y is a relatively long
expression of collective spins presented in Eq. (43) of
the Supplemental Material II [32].

In Fig. 1, we test &, on Dicke states for N = 16
particles (or S =38). |S,m =FS), alternatively the
IN,n, =0) and |N,n, = N) [23] states are separable.
They are |g;, g5, ..., gy) and |e;, e,, ..., ey) in the single
particle basis, where g; (e;) means that the ith particle is in

1

osl “puan linear entropy (Q)

o5k nev%/ criterion
8 -6 -4 -2 0 2 4 6 8
Dicke states |S,m)

new

FIG. 1. Linear entropy Q [63,64], many-particle entanglement
criterion by Duan [17], and the new many-particle inseparability
criterion &, successfully predict the entanglement in Dicke
states |S, m). Q, Epyan > 0, and &, < 0 imply entanglement.

the ground (excited) state [24,53]. The number of terms, so
the inseparability, increases up to |S,m = 0). Linear
entropy [62—66], an entanglement monotone [67], follows
the expected result, such that it increases up to the |S,m =
0) state. Our criterion &,.,—((AR)?) is more squeezed for
more negative values of &,.,—also follows the similar
trend. Duan recently introduced a new criterion [15,17,18],
which not only serves for detecting the inseparability but it
also reports that (if &p,,, > 1) at least n number of particles
are entangled [68]. In Fig. 1, we scaled &p,,, with the
number 17. Hence, for m = 0O it witnesses that at least 16
(all of the) particles are entangled. Duan’s criterion is
priceless for use in quantum teleportation [70] and in the
research connecting gravitation and entanglement [71-73],
since it quantifies the depth of entanglement.

In Fig. 2, we calculate &, for the ground state of the
Dicke Hamiltonian

A

H = ho,,S. + ho,a’a+ g/VN(S, +8_)(@a" +a) (3)

c ) ) "
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4 -
=] P
g = S+(S,)
0
05 1 15 2
5 o005} (b)
§
E’ 0
©
£ -005}
[}
2 01}
g
8015}
g
© -02}
£
025 - .
05 1 15 2
g/,
FIG. 2. (a) The number of photons and the excitation of the

ensemble in the ground state of the Dicke Hamiltonian (3). Above
the critical atom-photon coupling strength, g > g., superradiant
phase transition occurs. (b) Many-particle entanglement. Linear
entropy Q and the new criterion &, (squeezing in ((AR)?))
accompanies the order parameters of the phase transition. Q > 0
and Eqpin, Epew < 0 imply entanglement. &py,, (not plotted) cannot
witness the entanglement.
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in the thermodynamic limit (N — oo0) [26]. We also simu-
late for finite N in the symmetric subspace [74]. Here, g is
the atom-photon coupling strength where for g > g. =
VOeg®q /2 the superradiant phase is observed [75].

Ehew DOt only successfully predicts the presence of the
many-particle inseparability, but also its negativity (squeez-
ing in ((AR)?)) accompanies the order parameters ((a'a)
and <3’Z>) of the transition. In Fig. 2(b), we observe that
value of the linear entropy Q (an entanglement monotone
[67]) also accompanies the transition [64—66]. The spin-
squeezing criterion of Sorensen et al. [13] cannot witness
the inseparability where i, < 0 implies the entanglement.
The criterion of Duan [15,17,18], not plotted in Fig. 2(b),
does not exceed 1 (no entanglement) for the superradiant
ground state which is a superposition of many Dicke states.

In both Fig. 1 and Fig. 2(b), linear entropy Q and &,
exhibit parallel behavior. So, we became curious if this is
true also for random states. For N = 16, in the 2'©
dimensional space, we generated random states and exam-
ined if &, and Q display parallel behavior. Even though
&,.w managed to detect the inseparability of all 2000 states,
when Q > 0, the two did not exhibit parallel behavior in
general.

Ensemble-field entanglement.—Commonly used two-
mode criteria can be put in a stronger form using the
Schrodinger-Robertson (SR) inequality and the partial
tranpose of the operators [76]. For instance, the product
form of the DGCZ criterion [59,77], belonging to group (a),
can be put in a stronger form by using the variances
Hl =X, + % and H2 = Py — p» in the SR inequality [76].
Similarly, a stronger form of the HZ criterion, in group
(b), can be obtained using the H, = &i&2+a;&1 and
H, = i(aja, — aja,) in the SR inequality; see Eq. (11)
in Ref. [76].

References [78—80] show that it is possible to obtain a
criterion for the ensemble-field entanglement by making
the substitutions x; — S and p; — S in H), 2 Similar to
Refs. [78-80], we perform the substitutions al — S+ and

a; — S_in Hi,z,

H =8,a,+8a) and H,=i(S,a,-8._al), (4)
and obtain the parameter

poew = ((AH))%) = 2(5.)) (((AH2)%) = 2(5.))
—[(=8,8_+28.aa")P - (AH\AHL):. - (5)

where uSR, < 0 witnesses the presence of the ensemble-
field entanglement.

In Fig. 3, we plot 5%, for a finite or infinite number of
particles. We observe that negativity of uyx,, squeezing in
the product (5), accompanies the order parameters given in
Fig. 2(a). For the purposes of comparison, we also calculate
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FIG. 3. Ensemble-field entanglement in the ground state of the
Dicke Hamiltonian (3) for finite or infinite number of particles.
u < 0 witnesses the entanglement iz is obtained from the
HZ [30] criterion. SR, is obtained from the stronger form of the
HZ criterion [76].

uiZ . We perform the substitution @] — S, in the HZ
criterion [30], [(a3a5%)|?> > (a]%a 2213&%) which is weaker
than Ref. [76]. In Fig. 3, we see that u}1Z, cannot witness the
ensemble-field entanglement for g > 1.9¢g,.. The ensemble-
field version of the DGCZ criterion [78-80], ypgcz, cannot
reveal the presence of entanglement at all.

Single-photon superradiance is one of the few (almost)
exactly solvable many-body systems [33,34] and it is
gaining importance due to its technological applications
[6,7]. The temporal behavior of a timed-Dicke state [8],
prepared initially in the state [y(0)) = Y%, e*om|gy,
92, ---€, ..., gn), can be given as [33,34]

N
= Zﬁj(l)|gl-~€j~-£m>io>

=

+ ZYk(f)|91--gN>|1k>- (6)

The solutions of #;(¢) and yy (¢) are studied in Refs. [33,34]
explicitly. We test our criteria &,.,, and p,., also for the
single-photon superradiance of 2000 atoms randomly
placed at positions r;; see Fig. 3 in the Supplemental
Material [32]. The spatial extent of the ensemble is 10 times
larger than a wavelength Ay = 27/k.

In Fig. 4, we observe that the initial many-particle
entanglement is lost after r > 1/T"y, where the collective

FIG. 4. Temporal behavior of many-particle entanglement
(€4ew) and ensemble-field entanglement (u,.,,) for single-photon
superradiance of N = 2000 atoms placed randomly in a sphere
larger than wavelength. (y,.,, is scaled for visual purposes.)
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decay rate I'y ~ Ny can be much larger than the single atom
decay rate y. This is something expected from Eq. (6), since
the particles decay to the separable state, where f;(t) ~

e T [33,34]. We also examine the entanglement of the
ensemble with the central mode (k). Initially pe,, =0
since 7, (0) = 0. For ¢ > 0, u,.,, Witnesses the inseparabil-
ity as §;(t) and y (¢) are mixed in |y (1)). Att =4 /Ty, ppey
approaches to zero again since the system ends up with the
7k states eventually.

Finally, we anticipate that derivations, ((AR)?), leading
to &,.w can be utilized for calculating the entanglement
depth [17] of the system, using the methods in
Refs. [17,69,81].

I gratefully thank M. Suhail Zubairy for his hospitality at
Texas A&M University, as well as Moochan (Barnabas)
Kim and Marlan O. Scully for discussions. I thank Anatoly
A. Svidzinsky for his help on single-photon superradiance.
I acknowledge the financial support from TUBITAK
Project Grant No. 114F170.

“metasgin @hacettepe.edu.tr

[1] V. Vedral, Quantum entanglement, Nat. Phys. 10, 256
(2014).

[2] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Entangle-
ment in many-body systems, Rev. Mod. Phys. 80, 517
(2008).

[3] M. Kitagawa and M. Ueda, Squeezed spin states, Phys. Rev.
A 47, 5138 (1993).

[4] R. Krischek, C. Schwemmer, W. Wieczorek, H. Weinfurter,
P. Hyllus, L. Pezzé, and A. Smerzi, Useful Multiparticle
Entanglement and Sub-Shot-Noise Sensitivity in Experi-
mental Phase Estimation, Phys. Rev. Lett. 107, 080504
(2011).

[5] 1. Apellaniz, B. Liicke, J. Peise, C. Klempt, and G. T6th,
Detecting metrologically useful entanglement in the vicinity
of dicke states, New J. Phys. 17, 083027 (2015).

[6] M. O. Scully and A. A Svidzinsky, The super of super-
radiance, Science 325, 1510 (2009).

[7]1 M. O. Scully, Single Photon Subradiance: Quantum Control
of Spontaneous Emission and Ultrafast Readout, Phys. Rev.
Lett. 115, 243602 (2015).

[8] M.O. Scully, E.S. Fry, C.H. Raymond Ooi, and K.
Wédkiewicz, Directed Spontaneous Emission from an
Extended Ensemble of n Atoms: Timing is Everything,
Phys. Rev. Lett. 96, 010501 (2006).

[9] S.J. Roof, K.J. Kemp, M.D. Havey, and 1. M. Sokolov,
Observation of Single-Photon Superradiance and the
Cooperative Lamb Shift in an Extended Sample of Cold
Atoms, Phys. Rev. Lett. 117, 073003 (2016).

[10] M. O. Aratjo, I. Kresi¢, R. Kaiser, and W. Guerin, Super-
radiance in a Large and Dilute Cloud of Cold Atoms in the
Linear-Optics Regime, Phys. Rev. Lett. 117, 073002 (2016).

[11] W. Guerin, M. O. Aratijo, and R. Kaiser, Subradiance in a
Large Cloud of Cold Atoms, Phys. Rev. Lett. 116, 083601
(2016).

[12] W.L. Yang, Y. Hu, Z. Q. Yin, Z.J. Deng, and M. Feng,
Entanglement of nitrogen-vacancy-center ensembles using
transmission line resonators and a superconducting phase
qubit, Phys. Rev. A 83, 022302 (2011).

[13] A. Sgrensen, L.-M. Duan, J. 1. Cirac, and P. Zoller, Many-
particle entanglement with Bose-Einstein condensates,
Nature (London) 409, 63 (2001).

[14] A.S. Sgrensen and K. Mglmer, Entanglement and Extreme
Spin Squeezing, Phys. Rev. Lett. 86, 4431 (2001).

[15] G. Téth, C. Knapp, O. Giihne, and H.J. Briegel, Spin
squeezing and entanglement, Phys. Rev. A 79, 042334
(2009).

[16] L. Dellantonio, S. Das, J. Appel, and A. Sgndberg Sgrensen,
Multi-partite entanglement detection with non symmetric
probing, Phys. Rev. A 95, 040301 (2017).

[17] L.-M. Duan, Entanglement Detection in the Vicinity of
Arbitrary Dicke States, Phys. Rev. Lett. 107, 180502 (2011).

[18] B. Liicke, J. Peise, G. Vitagliano, J. Arlt, L. Santos, G. Téth,
and C. Klempt, Detecting Multiparticle Entanglement of
Dicke States, Phys. Rev. Lett. 112, 155304 (2014).

[19] M. Hillery and M. Suhail Zubairy, Entanglement conditions
for two-mode states: Applications, Phys. Rev. A 74, 032333
(2006).

[20] M.E. Tasgin, Single-mode nonclassicality criteria via
holstein-primakoff transformation, arXiv:1502.00988.

[21] M. E. Tasgin, Single-mode nonclassicality measure from
simon-peres-horodecki criterion, arXiv:1502.00992.

[22] C. Tsung Lee, Measure of the nonclassicality of non-
classical states, Phys. Rev. A 44, R2775 (1991).

[23] M.O. Scully and M.S. Zubairy, Quantum Optics
(Cambridge University Press, New York, 1997).

[24] L. Mandel and E. Wolf, Optical Coherence and Quantum
Optics (Cambridge University Press, Cambridge, England,
1995).

[25] L. M. Duan, G. Giedke, J.I. Cirac, and P. Zoller, Insepa-
rability Criterion for Continuous Variable Systems, Phys.
Rev. Lett. 84, 2722 (2000).

[26] C. Emary and T. Brandes, Chaos and the quantum phase
transition in the dicke model, Phys. Rev. E 67, 066203
(2003).

[27] M. S. Kim, W. Son, V. BuZek, and P. L. Knight, Entangle-
ment by a beam splitter: Nonclassicality as a prerequisite for
entanglement, Phys. Rev. A 65, 032323 (2002).

[28] W. Xiang-bin, Theorem for the beam-splitter entangler,
Phys. Rev. A 66, 024303 (2002).

[29] J. K. Asbéth, J. Calsamiglia, and H. Ritsch, Computable
Measure of Nonclassicality for Light, Phys. Rev. Lett. 94,
173602 (2005).

[30] M. Hillery and M. S. Zubairy, Entanglement Conditions for
Two-Mode States, Phys. Rev. Lett. 96, 050503 (2006).

[31] H. Nha and J. Kim, Entanglement criteria via the uncertainty
relations in SU (2) and SU (1, 1) algebras: Detection of
non-gaussian entangled states, Phys. Rev. A 74, 012317
(20006).

[32] See  Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevLett.119.033601 for (i) a
chart visualizing the relation among the nonclassicalities,
(ii) derivation of ¢&,., and a stronger SMNc criterion,
(iii) calculation of ¢,,, for single-photon superradiance
and the ground state of an interacting BEC.

033601-5


https://doi.org/10.1038/nphys2904
https://doi.org/10.1038/nphys2904
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/PhysRevA.47.5138
https://doi.org/10.1103/PhysRevA.47.5138
https://doi.org/10.1103/PhysRevLett.107.080504
https://doi.org/10.1103/PhysRevLett.107.080504
https://doi.org/10.1088/1367-2630/17/8/083027
https://doi.org/10.1126/science.1176695
https://doi.org/10.1103/PhysRevLett.115.243602
https://doi.org/10.1103/PhysRevLett.115.243602
https://doi.org/10.1103/PhysRevLett.96.010501
https://doi.org/10.1103/PhysRevLett.117.073003
https://doi.org/10.1103/PhysRevLett.117.073002
https://doi.org/10.1103/PhysRevLett.116.083601
https://doi.org/10.1103/PhysRevLett.116.083601
https://doi.org/10.1103/PhysRevA.83.022302
https://doi.org/10.1038/35051038
https://doi.org/10.1103/PhysRevLett.86.4431
https://doi.org/10.1103/PhysRevA.79.042334
https://doi.org/10.1103/PhysRevA.79.042334
https://doi.org/10.1103/PhysRevA.95.040301
https://doi.org/10.1103/PhysRevLett.107.180502
https://doi.org/10.1103/PhysRevLett.112.155304
https://doi.org/10.1103/PhysRevA.74.032333
https://doi.org/10.1103/PhysRevA.74.032333
http://arXiv.org/abs/1502.00988
http://arXiv.org/abs/1502.00992
https://doi.org/10.1103/PhysRevA.44.R2775
https://doi.org/10.1103/PhysRevLett.84.2722
https://doi.org/10.1103/PhysRevLett.84.2722
https://doi.org/10.1103/PhysRevE.67.066203
https://doi.org/10.1103/PhysRevE.67.066203
https://doi.org/10.1103/PhysRevA.65.032323
https://doi.org/10.1103/PhysRevA.66.024303
https://doi.org/10.1103/PhysRevLett.94.173602
https://doi.org/10.1103/PhysRevLett.94.173602
https://doi.org/10.1103/PhysRevLett.96.050503
https://doi.org/10.1103/PhysRevA.74.012317
https://doi.org/10.1103/PhysRevA.74.012317
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601

PRL 119, 033601 (2017)

PHYSICAL REVIEW LETTERS

week ending
21 JULY 2017

[33] A. Svidzinsky and J.-T. Chang, Cooperative spontaneous
emission as a many-body eigenvalue problem, Phys. Rev. A
77, 043833 (2008).

[34] A.A. Svidzinsky, J.-T. Chang, and M. O. Scully, Co-
operative spontaneous emission of n atoms: Many-body
eigenstates, the effect of virtual lamb shift processes, and
analogy with radiation of n classical oscillators, Phys. Rev.
A 81, 053821 (2010).

[35] C. Hamner, C. Qu, Y. Zhang, JiaJia Chang, M. Gong, C.
Zhang, and Peter Engels, Dicke-type phase transition in a
spin-orbit-coupled Bose-Einstein condensate, Nat. Com-
mun. 5, 4023 (2014).

[36] Y. Zhang, G. Chen, and C. Zhang, Tunable spin-orbit
coupling and quantum phase transition in a trapped Bose-
Einstein condensate, Sci. Rep. 3, 1937 (2013).

[37] A. Cottet, T. Kontos, and A. Levy Yeyati, Subradiant split
cooper pairs, Phys. Rev. Lett. 108, 166803 (2012).

[38] H.Y. Huang, C.J. Jia, Z. Y. Chen, K. Wohlfeld, B. Moritz,
T.P. Devereaux, W.B. Wu, J. Okamoto, W.S. Lee, M.
Hashimoto et al., Raman and fluorescence characteristics of
resonant inelastic x-ray scattering from doped supercon-
ducting cuprates, Sci. Rep. 6, 19657 (2016).

[39] A. Castellini, H. R. Jauslin, G. C. D. Francs, A. Messina,
and S. Guerin, Proceedings of the Quantum Nanophotonics
2017, Feb. 26—Mar. 03, Centro de Ciencias de Benasque
Pedro Pascual, Benasque, Spain; J. D. Pino, J. Feist, J.J.
Garca-Ripoll, and F.J. Garcia-Vidal, Proceedings of the
Quantum Nanophotonics 2017, Feb. 26—Mar. 03, Centro
de Ciencias de Benasque Pedro Pascual, Benasque, Spain;
M. Fox, Proceedings of the Quantum Nanophotonics 2017,
Feb. 26—Mar. 03, Centro de Ciencias de Benasque Pedro
Pascual, Benasque, Spain.

[40] B. Rousseaux, D. Dzsotjan, G. Colas des Francs, H.R.
Jauslin, C. Couteau, and S. Guérin, Adiabatic passage
mediated by plasmons: A route towards a decoherence-free
quantum plasmonic platform, Phys. Rev.B 93, 045422
(2016).

[41] J. Hald, J. L. Sgrensen, C. Schori, and E. S. Polzik, Spin
Squeezed Atoms: A Macroscopic Entangled Ensemble
Created by Light, Phys. Rev. Lett. 83, 1319 (1999).

[42] J. Stenger, S. Inouye, A. P. Chikkatur, D. M. Stamper-Kurn,
D. E. Pritchard, and W. Ketterle, Bragg Spectroscopy of a
Bose-Einstein Condensate, Phys. Rev. Lett. 82,4569 (1999).

[43] D. M. Stamper-Kurn, A. P. Chikkatur, A. Gorlitz, S. Inouye,
S. Gupta, D. E. Pritchard, and W. Ketterle, Excitation of
Phonons in a Bose-Einstein Condensate by Light Scattering,
Phys. Rev. Lett. 83, 2876 (1999).

[44] M. F. Andersen, C. Ryu, P. Cladé, V. Natarajan, A. Vaziri, K.
Helmerson, and W.D. Phillips, Quantized Rotation of
Atoms from Photons with Orbital Angular Momentum,
Phys. Rev. Lett. 97, 170406 (2006).

[45] K. C. Wright, L. S. Leslie, and N. P. Bigelow, Optical control
of the internal and external angular momentum of a Bose-
Einstein condensate, Phys. Rev. A 77, 041601(R) (2008).

[46] M. E. Taggin, O. E. Miistecaplioglu, and L. You, Creation of
a vortex in a Bose-Einstein condensate by superradiant
scattering, Phys. Rev. A 84, 063628 (2011).

[47] P. Das, M. E. Tasgin, and O. E. Miistecaplioglu, Collectively
induced many-vortices topology via rotatory Dicke quan-
tum phase transition, New J. Phys. 18, 093022 (2016).

[48] W. Ge, M. E. Tasgin, and M. Suhail Zubairy, Conservation
relation of nonclassicality and entanglement for gaussian
states in a beam splitter, Phys. Rev. A 92, 052328 (2015).

[49] I. 1. Arkhipov, J. Pefina Jr., J. Svozilik, and A. Miranowicz,
Nonclassicality invariant of general two-mode Gaussian
states, Sci. Rep. 6, 26523 (2016).

[50] I.1. Arkhipov, J. Pefina Jr, J. Pefina, and A. Miranowicz,
Interplay of nonclassicality and entanglement of two-mode
Gaussian fields generated in optical parametric processes,
Phys. Rev. A 94, 013807 (2016).

[51] R. Tahira, M. Ikram, H. Nha, and M. S. Zubairy, Entangle-
ment of Gaussian states using a beam splitter, Phys. Rev. A
79, 023816 (2009).

[52] B.J. Dalton, L. Heaney, J. Goold, B. M. Garraway, and Th.
Busch, New spin squeezing and other entanglement tests for
two mode systems of identical bosons, New J. Phys. 16,
013026 (2014).

[53] E. T. Arecchi, E. Courtens, R. Gilmore, and H. Thomas,
Atomic coherent states in quantum optics, Phys. Rev. A 6,
2211 (1972).

[54] J. M. Radcliffe, Some properties of coherent spin states,
J. Phys. A: Gen. Phys. 4, 313 (1971).

[55] J.R. Klauder and Bo-Sture Skagerstam, Applications in
Physics and Mathematical Physics (World Scientific,
Singapore, 1985).

[56] W. Vogel and J. Sperling, Unified quantification of non-
classicality and entanglement, Phys. Rev. A 89, 052302
(2014).

[57] The grouping does not necessarily contain all of the criteria
present in the literature for our purposes. There exist also
some hybrid criteria [58].

[58] E. Shchukin and W. Vogel, Inseparability Criteria for
Continuous Bipartite Quantum States, Phys. Rev. Lett.
95, 230502 (2005).

[59] S. Mancini, V. Giovannetti, D. Vitali, and P. Tombesi,
Entangling Macroscopic Oscillators Exploiting Radiation
Pressure, Phys. Rev. Lett. 88, 120401 (2002).

[60] R. Simon, Peres-Horodecki Separability Criterion for Con-
tinuous Variable Systems, Phys. Rev. Lett. 84, 2726 (2000).

[61] M. B. Plenio, Logarithmic Negativity: A Full Entanglement
Monotone that is not Convex, Phys. Rev. Lett. 95, 090503
(2005).

[62] G. K. Brennen, An observable measure of entanglement for
pure states of multi-qubit systems, arXiv:quant-ph/0305094.

[63] D. A. Meyer and N.R. Wallach, Global entanglement in
multiparticle systems, arXiv:quant-ph/0108104.

[64] N. Lambert, C. Emary, and T. Brandes, Entanglement and
entropy in a spin-boson quantum phase transition, Phys.
Rev. A 71, 053804 (2005).

[65] J. Vidal and S. Dusuel, Finite-size scaling exponents in the
dicke model, Europhys. Lett. 74, 817 (2006).

[66] J. Vidal, S. Dusuel, and T. Barthel, Entanglement entropy in
collective models, J. Stat. Mech. (2007) PO1015.

[67] C. Emary, A bipartite class of entanglement monotones for
n-qubit pure states, J. Phys. A 37, 8293 (2004).

[68] Examination of ((AR)?) in Refs. [17,69] could yield a
successful calculation of the entanglement depth for super-
radiantlike states.

[69] A.S. Sgrensen and K. Mglmer, Entanglement and Extreme
Spin Squeezing, Phys. Rev. Lett. 86, 4431 (2001).

033601-6


https://doi.org/10.1103/PhysRevA.77.043833
https://doi.org/10.1103/PhysRevA.77.043833
https://doi.org/10.1103/PhysRevA.81.053821
https://doi.org/10.1103/PhysRevA.81.053821
https://doi.org/10.1038/ncomms5023
https://doi.org/10.1038/ncomms5023
https://doi.org/10.1038/srep01937
https://doi.org/10.1103/PhysRevLett.108.166803
https://doi.org/10.1038/srep19657
https://doi.org/10.1103/PhysRevB.93.045422
https://doi.org/10.1103/PhysRevB.93.045422
https://doi.org/10.1103/PhysRevLett.83.1319
https://doi.org/10.1103/PhysRevLett.82.4569
https://doi.org/10.1103/PhysRevLett.83.2876
https://doi.org/10.1103/PhysRevLett.97.170406
https://doi.org/10.1103/PhysRevA.77.041601
https://doi.org/10.1103/PhysRevA.84.063628
https://doi.org/10.1088/1367-2630/18/9/093022
https://doi.org/10.1103/PhysRevA.92.052328
https://doi.org/10.1038/srep26523
https://doi.org/10.1103/PhysRevA.94.013807
https://doi.org/10.1103/PhysRevA.79.023816
https://doi.org/10.1103/PhysRevA.79.023816
https://doi.org/10.1088/1367-2630/16/1/013026
https://doi.org/10.1088/1367-2630/16/1/013026
https://doi.org/10.1103/PhysRevA.6.2211
https://doi.org/10.1103/PhysRevA.6.2211
https://doi.org/10.1088/0305-4470/4/3/009
https://doi.org/10.1103/PhysRevA.89.052302
https://doi.org/10.1103/PhysRevA.89.052302
https://doi.org/10.1103/PhysRevLett.95.230502
https://doi.org/10.1103/PhysRevLett.95.230502
https://doi.org/10.1103/PhysRevLett.88.120401
https://doi.org/10.1103/PhysRevLett.84.2726
https://doi.org/10.1103/PhysRevLett.95.090503
https://doi.org/10.1103/PhysRevLett.95.090503
http://arXiv.org/abs/quant-ph/0305094
http://arXiv.org/abs/quant-ph/0108104
https://doi.org/10.1103/PhysRevA.71.053804
https://doi.org/10.1103/PhysRevA.71.053804
https://doi.org/10.1209/epl/i2006-10041-9
https://doi.org/10.1088/1742-5468/2007/01/P01015
https://doi.org/10.1088/0305-4470/37/34/008
https://doi.org/10.1103/PhysRevLett.86.4431

PRL 119, 033601 (2017)

PHYSICAL REVIEW LETTERS

week ending
21 JULY 2017

[70] S. Pirandola, J. Eisert, C. Weedbrook, A. Furusawa, and
S. L. Braunstein, Advances in quantum teleportation, Nat.
Photonics 9, 641 (2015).

[711 J. Sonner, Holographic Schwinger Effect and the
Geometry of Entanglement, Phys. Rev. Lett. 111, 211603
(2013).

[72] K. Jensen and A. Karch, Holographic Dual of an Einstein-
Podolsky-Rosen Pair Has a Wormhole, Phys. Rev. Lett. 111,
211602 (2013).

[73] J. Maldacena and L. Susskind, Cool horizons for entangled
black holes, Fortschr. Phys. 61, 781 (2013).

[74] M. E. Tasgmn and P. Meystre, Spin squeezing with coherent
light via entanglement swapping, Phys. Rev. A 83, 053848
(2011).

[75] We obtain the similar results when rotating wave approxi-
mation applied on the Hamiltonian (3).

[76] H. Nha and M. Suhail Zubairy, Uncertainty Inequalities as
Entanglement Criteria for Negative Partial-Transpose States,
Phys. Rev. Lett. 101, 130402 (2008).

[77] G.S. Agarwal and A. Biswas, Inseparability inequalities for
higher order moments for bipartite systems, New J. Phys. 7,
211 (2005).

[78] M. G. Raymer, A. C. Funk, B. C. Sanders, and H. De Guise,
Separability criterion for separate quantum systems, Phys.
Rev. A 67, 052104 (2003).

[79] B. Julsgaard, A. Kozhekin, and E. S. Polzik, Experimental
long-lived entanglement of two macroscopic objects, Nature
(London) 413, 400 (2001).

[80] C. A. Muschik, E.S. Polzik, and J.I. Cirac, Dissipatively
driven entanglement of two macroscopic atomic ensembles,
Phys. Rev. A 83, 052312 (2011).

[81] See  Supplemental Material at  http:/link.aps.org/
supplemental/10.1103/PhysRevLett.119.033601, which in-
cludes Refs. [82—89].

[82] D.F. Walls et al., Squeezed states of light, Nature (London)
306, 141 (1983).

[83] L. Mandel, Sub-poissonian photon statistics in resonance
fluorescence, Opt. Lett. 4, 205 (1979).

[84] S. Inouye, A. P. Chikkatur, D. M. Stamper-Kurn, J. Stenger,
D.E. Pritchard, and W. Ketterle, Superradiant Rayleigh
scattering from a Bose-Einstein condensate, Science 285,
571 (1999).

[85] M.G. Moore and P. Meystre, Theory of Superradiant
Scattering of Laser Light from Bose-Einstein Condensates,
Phys. Rev. Lett. 83, 5202 (1999).

[86] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger,
Dicke quantum phase transition with a superfluid gas in an
optical cavity, Nature (London) 464, 1301 (2010).

[87] D. Nagy, G. Kénya, G. Szirmai, and P. Domokos, Dicke-
Model Phase Transition in the Quantum Motion of a
Bose-Einstein Condensate in an Optical Cavity, Phys.
Rev. Lett. 104, 130401 (2010).

[88] M. E. Tasgin, Ph. D. thesis, Bilkent University, Turkey.

[89] R. Graham and D. Walls, Spectrum of Light Scattered from
a Weakly Interacting Bose-Einstein Condensed Gas, Phys.
Rev. Lett. 76, 1774 (1996).

033601-7


https://doi.org/10.1038/nphoton.2015.154
https://doi.org/10.1038/nphoton.2015.154
https://doi.org/10.1103/PhysRevLett.111.211603
https://doi.org/10.1103/PhysRevLett.111.211603
https://doi.org/10.1103/PhysRevLett.111.211602
https://doi.org/10.1103/PhysRevLett.111.211602
https://doi.org/10.1002/prop.201300020
https://doi.org/10.1103/PhysRevA.83.053848
https://doi.org/10.1103/PhysRevA.83.053848
https://doi.org/10.1103/PhysRevLett.101.130402
https://doi.org/10.1088/1367-2630/7/1/211
https://doi.org/10.1088/1367-2630/7/1/211
https://doi.org/10.1103/PhysRevA.67.052104
https://doi.org/10.1103/PhysRevA.67.052104
https://doi.org/10.1038/35096524
https://doi.org/10.1038/35096524
https://doi.org/10.1103/PhysRevA.83.052312
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
http://link.aps.org/supplemental/10.1103/PhysRevLett.119.033601
https://doi.org/10.1038/306141a0
https://doi.org/10.1038/306141a0
https://doi.org/10.1364/OL.4.000205
https://doi.org/10.1126/science.285.5427.571
https://doi.org/10.1126/science.285.5427.571
https://doi.org/10.1103/PhysRevLett.83.5202
https://doi.org/10.1038/nature09009
https://doi.org/10.1103/PhysRevLett.104.130401
https://doi.org/10.1103/PhysRevLett.104.130401
https://doi.org/10.1103/PhysRevLett.76.1774
https://doi.org/10.1103/PhysRevLett.76.1774

