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We consider the problem of characterizing the set of input-output correlations that can be generated by
an arbitrarily given quantum measurement. Our main result is to provide a closed-form, full characteri-
zation of such a set for any qubit measurement, and to discuss its geometrical interpretation. As
applications, we further specify our results to the cases of real and complex symmetric, informationally
complete measurements and mutually unbiased bases of a qubit, in the presence of isotropic noise. Our
results provide the optimal device-independent tests of quantum measurements.
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In operational quantum theory, it is a natural question to
ask whether a given data sample, provided in the form of a
conditional probability distribution representing the mea-
sured input-output correlation, is compatible with a par-
ticular hypothesis about the theoretical model underlying
the experiment. A theoretical model can be more or less
specific: for example, it could consist only of a general
hypothesis about the theory describing the physics, as in the
case in Bell tests [1-3], or it could be extremely detailed, as
in the case of a tomographic reconstruction [4-6]. More
generally, a hypothesis could be specific about a portion of
the underlying model, while leaving the remaining ele-
ments completely uncharacterized.

Here, we address hypotheses about the measurement
producing the final outcomes of the experiment. This is the
problem of characterizing the set S(x) of all input-output
correlations p,, = Tr[p,z,] compatible with an arbitrarily
given quantum measurement 7 := {z,} (i.e., the hypoth-
esis) and any family of input quantum states {p, }, namely,

py\I:Tr[pw my] 37: Y. (1)

We first note that a correlation p is compatible with
measurement z if and only if for any fixed x there exists
a state p, such that p,), = Tr[p,x,]. Hence, S(x) is fully
characterized by the range of 7, namely, the set S;(x) of
output distributions g, = Tr[pz,| generated by 7 for vary-
ing input state p. This is in stark contrast with the analogous
problem of characterizing the set of correlations compatible
with a given quantum channel, which in general requires
more than one input [7].

Our main result is a closed-form characterization of the
range S| (), and hence of the set S(x) of all compatible
correlations, when the hypothesis 7 is a qubit measurement.
It turns out that an output distribution ¢, belongs to S, () if
and only if
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where 1 is the identity matrix, 7 is the vector 7 :=  Tr[z,],
Q is the matrix Q, , = 1Tr(r, x, | - ;Tr[x, |Tr[x, ], and
()" represents the Moore-Penrose pseudoinverse [8].
Imposing the system of equalities in Eq. (2) causes linear
dependencies—if any—among measurement elements 7,
to emerge as linear constraints on the probabilities. Such
linear dependencies are present, for example, in any over-
complete measurement. Provided that these constraints are
satisfied, the inequality in Eq. (2) recasts—through the
transformation Q+—the set of distributions compatible
with 7 as an ellipsoid centered on distribution ¢. This in
particular provides a simple and clear geometrical repre-
sentation for the range of any qubit measurement.

As an application of our general results, we further
simplify Eq. (2) for some relevant classes of qubit measure-
ments, i.e., symmetric informationally complete (SIC) mea-
surements [9] and mutually unbiased bases (MUBs) [10],
both in the real and complex cases, and in the presence of
isotropic noise. SIC measurements play a fundamental role in
quantum tomography [4-6], quantum communication
[11-17], and foundations of quantum theory [18-22], while
MUBS are pivotal elements in quantum cryptography [23],
entropic uncertainty relations [24-26], and the locking of
classical information in quantum states [27].

Our results represent a further step towards characteriz-
ing timelike correlations compatible with quantum theory
through device-independent (DI) tests [7]. The aim of DI
tests is that of falsifying hypotheses about the underlying
physical system, which is considered accessible only
through the classical input-output correlations it generates.
In particular, no assumptions are made about the under-
lying physical system or how such correlations have been
generated. This approach has been considered in the
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previous literature for the problems of falsifying hypotheses
about the dimension [28-31] or the average entropy [32] of
the input ensemble.

However, while here we provide a full characterization of
S(r) [in particular, for the qubit case, the ellipsoid described
in Eq. (2) can be plotted], the application of previous results
[28-32] would allow one to probe S(x) along a fixed radial
direction only. In this sense, our results provide optimal DI
tests of quantum measurements, aimed at falsifying the
hypothesis that an observed input-output correlation p,, is
generated by a given quantum measurement {7, }.

Characterization of S(x).—We make use of standard
results in quantum information theory [33]. Any quantum
state p is most generally described by a density matrix,
namely, a positive semidefinite unit-trace operator. Any
quantum measurement z is most generally described
by a positive operator-valued measure (POVM) 7:={z,},
namely, a set of positive semidefinite operators such that
Doy = 1.

For any POVM 7 := {x,}/~, where n denotes the
number of elements, the set S(z) of compatible input-
output correlations is formally defined as S(z):=
U, S, (), where S,,(x) denotes the set of compatible
conditional probability distributions p == {p,,}, upon the
input of any set of m unknown states {p,}, that is,

Su(m) = {pl 3 {p}¥Zgs.t.py. = Trlpumy]}.

First, we notice that, for any fixed m, S,,(x) is convex:
indeed, for any two sets {p,} and {c,} of m states, the
conditional probability distribution {p,, := ATr[o7,] +
(1 =A)Trp,zy| = Tr[(Ao, + (1 = A)p,)m,]} belongs to
S,,(x), since {Ao, + (1 — A)p, } is itself a set of m states.

Therefore, as a consequence of the hyperplane separation
theorem [34], it is possible to detect any conditional
probability p lying outside the set S,,(z) through the
violation of an inequality involving a linear function of p
[35]. More explicitly, p € S,,(z) if and only if

rqu[Tr[pr} - W(z,w)] <0, (3)
where the maximum is over any real matrix w (with the
same dimensions as p), referred to as a witness, and
W(m,w) is defined as max,es, (- Tr[w’g] and is referred
to as a witness threshold. Notice that Eq. (3) corresponds to
an unconstrained maximin optimization problem.

As a preliminary remark, let us discuss two properties of
Eq. (3) that will be relevant in the following. Since W (z, w) is
a positive homogeneous function, i.e., W(z,aw) =aW(z,w)
for any a > 0, the rescaling transformation w — aw for any
a > 0 leaves Eq. (3) invariant. Moreover, by direct compu-
tation it follows that Eq. (3) is invariant under the shifting

transformation w — w', where w' , == w, , + k,, for any k.
Let us first solve the optimization appearing in the
definition of W(x,w). One has

W(m,w) = supZTr [px <wa)”y>}

{px} X
< Z sup Tr {px (wa }ﬂ'y>:|
x Ant
where the inequality is saturated if and only if
{px = |¢p) (.|}, where {|¢,)} are the eigenvectors cor-

responding to the largest eigenvalue of ) w, 7. In this
case one has Tr[p,(D_ Wy 7,)] = Amax (D, Wi, 7y), where
Amax (+) denotes the largest eigenvalue of (-). Notice that
Amax (+) 18 @ convex function [34]. Then, our first prelimi-
nary result immediately follows.

Proposition 1. (Witness threshold) For any POVM z
and any witness w, the witness threshold W(x,w) is
given by

W) = Y (an> 4)

Proposition 1 recasts the optimization in Eq. (3) as an
unconstrained concave maximization problem over any
witness w.

The transformation w — w’, where w', ; = u,w, , with u
a probability distribution, i.e., ||¢|l; =1 and ¢ > O [here
and in the following |||, = (3°;v¥)"/? denotes the p
norm of vector v], maps Eq. (3) into

rr:gx max Z My {Zpﬂxwx y — Amax (Z:Wx,y”yﬂ <0

lully =

where the maximum over probability distributions u is of
course attained when y, = 6, ,+ with

X" = arg max max [ E PyWey — lmax< g Wx’yﬂ'y>:| .
y y

To summarize, the above calculation shows that the opti-
mization of the witness w can be done independently for
each x. We therefore obtain our second preliminary result.

Proposition 2. For any given POVM 7 := {z, }, a condi-
tional probability distribution p,|, belongs to S(x) if and
only if, for any fixed x = X, g, := {p,z} belongs to S; (7).

Because of Proposition 2, without loss of generality we
solve the optimization problem in Eq. (3) when m = 1.
Hence, in the following we will consider output distributions
q = {q,} rather than input-output distributions p = {py, }.

Range of qubit measurements.—In what follows, we
restrict our attention to the case of qubit POVM z. Let
t€R"” and S € R™ be defined by ¢, := Tr[z,]/2 and
Sy j = Trlz,0,]/2, where {c } ', are the Pauli matrices

vt
{61 =X,0,=7Y,03, =2} for some fixed computational
basis, so one has 7, = 1,1+ > ;_, S, 104. Naturally, our
result will be independent of the particular choice of the
computational basis. With this parametrization, the witness

threshold in Eq. (4) becomes
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Wz, w) = tTw + ||STw||,.
Accordingly, Eq. (3) becomes

max((g — #)"w — [|STwllo] <0. (5)

For any w such that (g — #)"w # 0, leta := |(¢ — t)Tw| and
w = alw, and let w = w otherwise. The transformation
w — w' leaves Eq. (3) invariant. So Eq. (5) becomes

max (g —1)7w — [ISTwll,] < 0. (6)

(g-0Tw=+1,0

If (¢q—1t)Tw=—1, 0, one has that Eq. (6) is trivially
satisfied. Thus, we focus in the following on the case
(g — 1)Tw = 1, when Eq. (6) becomes

min [ISTwl3 > 1. (7)

(q—t)Tw:I

The optimization in Eq. (7) is an equality-constrained
quadratic problem. Its solution leads to our second main
result.

Theorem 1 (Range of qubit measurements) An output
distribution ¢ := {q,} belongs to the range S;(x) of any
given qubit measurement 7 := {z,} if and only if

{ (1-070)(¢g—1) =0,
(q=0T0%(qg—1) <1,

where 1 is the identity matrix, 7 is the vector 7, := 1 Tr(z,],
Q is the matrix Q, , =3 Tr[x, 7, | — 1 Tr[x, |Tr[z, ], and
()" represents the Moore-Penrose pseudoinverse.

Before proceeding to prove Theorem 1, let us discuss the
role of the matrix Q and provide a geometrical interpretation.

The matrix Q, which has a form resembling a covariance
matrix, quantifies the statistical overlap of POVM elements.
Indeed, as proved in Proposition 3 in the Supplemental
Material [36], element Q,, ,, is minimized and equal to —1/4
if #, and 7z, arerank-1, unit-trace, orthogonal effects. Also,
element Q,, ,, is maximized and equal to 1/4 if y, = y, and
my, isarank-1, unit-trace effect. Finally, element O, | = Oif
m,, and «, are both proportional to the identity operator.

Let us first focus on the system of equalities in Eq. (8).
Denoting by / the maximum number of linearly independent
elements in {7, }, the number of equations in the system is
n — [+ 1, each identifying an (n — 1)-dimensional hyper-
plane. This comes from the fact that, by definition, one has
rankQtQ = [ — 1, which also implies rank(1-Q"Q)=
n—I+1. Moreover, when all POVM elements are linearly
independent, namely, n = [, the only equation in the system
is ||¢ll; = |lzll; = 1. This follows by explicit computation:
in this case, (1 — Q" Q) turns out to coincide with the rank-1
projector along the vector with all unit entries. Hence, in
general, the system of equalities in Eq. (8) represents linear
dependencies among POVM elements {7, }.

(8)

Let us now focus on the inequality in Eq. (8), which
represents an n-dimensional degenerate (hyper)ellipsoid
centered on probability 7. More precisely, the inequality
represents the Cartesian product of R"~® with a three-
dimensional ellipsoid, or R"~? with a two-dimensional
ellipse, or R"~! with a one-dimensional segment, depend-
ing on whether / =4, 3, 2, respectively. Accordingly, the
solution of Eq. (8) is an ellipsoid, an ellipse, or a segment,
respectively, embedded in R”.

We now turn to the proof of Theorem 1.

Proof.-—By explicit computation, it immediately follows
that matrix Q defined in the statement can be written in
terms of matrix S in Eq. (7) as Q = SS”. Indeed, using the
decomposition 7, = 1,1+ >3 | S, 0, one immediately
has %Tr[ﬂ)’oﬂyl] = Iy ly, + Zi:l SyokSy k-

Equality-constrained quadratic problems can be solved
explicitly [8,34]. In the case of Eq. (7) we thus have

{w =—10*(q—1)+(1-0"Q).
Mg=0"0 (g—1)=(¢g—1)(1-QTQ)v -1,

where 4 is a Lagrange multiplier and v is an arbitrary vector.
Notice that (g —)TQ" (¢ —1t) >0 since Q" >0 and

that (¢ — )T (1 - Q0"Q)(¢—1) >0 since (1-Q"Q) is a

projector. We need to distinguish four cases in Egs. (9).
First  case. Llet (¢q—-1)T0%(¢q—1t)>0 and

(g—1)T(1-0"Q)(g—1) > 0. Upon taking

_ (1-0'0)¢-1)
(a-07(1-0"Q)(g—1)

one has 2 = 0 and w = v. Therefore, [|STw||3 = 0; namely,
probability ¢ is incompatible with POVM .

Second case. Let (q—1)TQ"(q—1t)=0 and
(g—0)T(1-0"0)(g—1) > 0. Upon taking v again as
above, one has that A is undetermined and w = v.
Therefore, ||STwl||3 = 0; namely, probability ¢ is incom-
patible with POVM 7.

Third  case. Let (q—1)TQ%(¢q—1)>0 and
(g—0)T(1-070)(¢g—1)=0. Upon taking v =0 one
has

©)

1

r=- (q—1)"Q" (g —1)

and

__ 0'(g-1)
(q—1)"Q" (g —1)°

Therefore, one has
IS"wIi3 = [(g = 1"Q* (g = 1]

namely, probability ¢g is compatible with POVM 7z only if
Egs. (8) are satisfied.
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Fourth case. Let (g —1)TQ" (¢ —1) =0 and (¢ —1)Tx
(1-0%0)(q—1) =0. Condition (¢ —1)TQ"(g—1)=0
implies |S* (g — t)|, = 0 and thus (¢ — ) = 0 and thus
Q0" (qg—1) =0 and thus Q*Q(g — t) = 0. For the final
implication we used the fact that from the definition of
the Moore-Penrose pseudoinverse and the symmetry of
Q it follows that QTQ = (Q*Q)T = QT(QT)" = QO*.
Condition (¢—1)T(1-07Q)(¢—1) =0 implies (1-
0"0)(g—1)=0 since T — Q" Q is a projector. Therefore,
altogether they imply the following system

{ 0"0(qg—1) =0,
(1-070)(g-1)=0.

This system in turn implies ¢ = ¢ and therefore probability
g is compatible with POVM 7z (upon input of 1/d).

Therefore, (¢ —1)T(1—0"Q)(q — 1) =0 is necessary
for probability p to be compatible with POVM z. Notice
also that (¢—16)7(1-Q"Q)(g—1) =0 if and only if
(1-070)(q —t) =0. Therefore, probability p is com-
patible with POVM 7 if and only if Eqgs. (8) are satisfied.[]

Applications.—We have provided a full characterization
of S(z) in terms of S;(x) for any POVM in Proposition 2,
and a closed-form full characterization of S;(z) for any
qubit POVM in Theorem 1. As an application, let us now
specify our general results to the depolarized version Dz (7)
of any qubit SIC POVM or MUB 7 := {7, }.

We first recall that the depolarizing channel D,,
modeling isotropic noise, is defined as D;:p —
Ap + (1 =2A)Tr[p]d~'1 for any state p, and Dz denotes
channel D in the Heisenberg picture, i.e., Tr[D,(p)x,] =

Tr[pD](x,)] for any state p and any effect 7.

An informationally complete rank-1 POVM {z,} such
that (z,|m,) = N, and |(z,|my,)|* = N3C2, for some N,
and C, that depend only on the dimension d, is called SIC.
By trivial computation, it follows that N, = 2(d + 1)~}
and C; = (d —1)(d*> + d — 2)7" for real SIC POVMs, and
Ny=d " and C;, = (d+1)~! for complex SIC POVMs.
In the qubit case, the only real and complex SIC POVMs
are, up to unitaries and antiunitaries, the trine and tetra-
hedral POVMs, respectively.

Then, the following result follows from Theorem 1, as
shown in the Supplemental Material [36].

Corollary 1. An output probability distribution
q = {q,} belongs to the set S, (D/T1 (r)) if and only if

2
gl <=2,

if 7 is a real SIC measurement, and
2 +3
12

if 7 is a complex SIC measurement.

llgll3 <

An informationally complete rank-1 POVM {z_,}
such that {|z,,)} is an orthonormal basis for any f,
<ﬂz.t|ﬂz,t> =Ny, and |<7rz’,t’|”1~t>|2 = NEIC%J for 1 # 7, for
some N, and C, that depend only on the dimension d, is
called a mutually unbiased basis (MUB). By trivial
computation, it follows that N, = |d/2 + 1|~ and C, =
d~! for real MUBs, and N; = (d + 1)~! and C,; = d~! for
complex MUBs. In the qubit case, the only real and
complex MUBs are, up to unitaries and antiunitaries, the
square and octahedral POVMs, respectively.

Then, the following result follows from Theorem 3, as
shown in the Supplemental Material [36].

Corollary 2. An output probability distribution g =

{g,} belongs to the set S;(D}(x)) if and only if

{q2y+q2y+l:%’ y:0’1’
2
llall? <452,

if 7 is a real MUB, and

{ 4oy + oy =3, y=0,12,
gl <452
if 7 is a complex MUB.

Conclusion and outlooks.—We addressed the problem of
characterizing the set S(z) of input-output correlations
compatible with any given POVM 7z, upon the input of
any set of states. We provided as preliminary results a
complete characterization of S(x) in terms of S;(x), i.e.,
the range of =z, only. This is in stark contrast with the
analogous scenario with respect to quantum channels, which
in general requires more than one input [7]. Our main result
was to conclusively settle the problem for qubit POVMs, by
deriving a full characterization of the range S(z) for any
given qubit POVM 7, geometrically interpreted as an ellip-
soid embedded in an n-dimensional real space. As applica-
tions, we explicitly discussed the particular cases of qubit real
and complex SIC POVMs and MUBs in the presence of
isotropic noise. Our results represent a further step towards the
characterization of timelike correlations compatible with
quantum theory [7]. In this sense, our results provide the
optimal device-independent test of quantum measurements.

An important problem left open is that of providing a
closed-form full characterization of the range S(z) for
POVMs in dimensions higher than 2. An interesting related
problem is that of characterizing the set of correlations
compatible with a given family of states, rather than a given
POVM. Finally, we would like to mention a possible
application of our results in the context of clean POVMs
[37], where it has been shown that, for any two POVMs =
and II, whenever S;(z) € S;(IT), one has that 7 = L(II)
for some linear map £ that is positive on the support of II.
The implications of Theorem 1 in this context will be
addressed by the present authors in a forthcoming work.

Remarkably, any observed input-output correlation fal-
sifies some hypothesized POVMs. Thus, the presented
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results are particularly suitable for experimental implemen-
tation, for example, by using the techniques and statistical
analysis discussed in Refs. [29,30], including an analysis of
the effects of finite statistics.
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