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We study experimentally second-harmonic generation from arrays of split-ring resonators at oblique
incidence and find conditions of more than 30-fold enhancement of the emitted second harmonic with respect
to normal incidence. We show that these conditions agree well with a nonlinear Rayleigh-Wood anomaly
relation and the existence of a surface lattice resonance at the second harmonic. The existence of a nonlinear
surface lattice resonance is theoretically confirmed by extending the coupled dipole approximation to the
nonlinear case. We further show that the localized surface plasmon modes that collectively contribute to the
surface lattice resonance are inherently darkmodes that become highly bright due to the collective interaction.
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The artificial structural nonlinearity of metallic nano-
particles has been shown recently to enable nonlinear optical
conversionwith large effective nonlinear coefficients and in a
variety of light manipulation schemes [1–10]. The interest in
this field was stimulated by Sir John Pendry’s prediction of
high nonlinearities of structuredmaterials [11]. The ability to
obtain controlled nonlinearity by modifying the geometry of
nanostructured materials opens the door to new fundamental
studies in the realm of nonlinear optics. Several studies have
been performed in recent years on trying to unveil the
fundamental mechanisms for the measured artificial non-
linearity, mainly focusing on the single plasmonic nano-
particle [1,12,13]. It was shown that the strong quadratic
nonlinearity origins from a combination of several effects
[12–16], including local symmetry breaking on the interface
of the nanostructure, the field enhancement due to excitation
of localized surface plasmons resonances (LSPRs), asym-
metry of the nanostructurewhich leads to efficient generation
of nonlinear currents in a bright emission mode at the
nonlinear output, and good spatial overlap between the
localized modes participating in the nonlinear interaction.
It was also shown that the single nanostructure second-

harmonic (SH) emission can be substantially modified
when placed at an array of similar particles, with depend-
ence on the lattice symmetry, orientation, and spac-
ing [2,3,17]. In the subdiffraction regime, where the
lattice spacing is sufficiently small to allow only zero-
order forward and backward scattering of the fundamental
frequency (FF) and the generated nonlinear beams, the net
nonlinear optical response stems predominantly from the
single particle nonlinearity, with near-field influenced
variations due to the coupling between adjacent nano-
particles. Richer control of the optical response due to
lattice structure can be achieved at the photonic regime of
the SH, i.e., for lattice spacing that allows higher order
diffraction of the SH wavelength [6]. While both regimes
were much explored, the boundary in between, where the

SH light diffracts on the surface and long range collective
interactions play a vital role in the optical response, has
received less attention to date.
In the linear case, the condition of diffraction into a

surface wave is known as the Rayleigh anomaly (RA) [18].
It was shown that arrays of metallic nanoparticles show
sharp spectral features when the RA condition crosses a
LSPR condition due to hybridization of the surface and
localized resonances, which results in a so-called surface
lattice resonance (SLR) [19–21]. In the past decade linear
dynamics of SLRs have been explored extensively in
lattices made out of different shapes of the constituent
metallic nanostructures [19–25], different lattice sym-
metries [26], and at different frequency ranges from the
visible and near infrared [19–27] to the THz frequen-
cies [28,29]. They have also shown a potential in various
fields including sensing [30], generation of coherent light
sources [31], nonlocal coupling of the magneto-optical
response of magnetic nanoparticles [32,33], and for solid-
state lighting [34]. The case of nonlinear diffraction from
metallic gratings has also been studied extensively [35–37].
However, the effect of SLRs on the nonlinear optical
response of nanostructured materials has been studied
only in a minute amount of works. In a recent work by
Kauranen’s group, tenfold enhancement of second-har-
monic generation (SHG) was measured due to the existence
of SLR at the FF [38]. Yet, the dynamics of the nonlinear
response due to nonlinear collective interactions, i.e., SLR
at the generated nonlinear mode, has remained unexplored.
In this study we experimentally demonstrate, for the first

time to our knowledge, nonlinear SLR (NL-SLR) as a result
of nonlinear RA (NL-RA) coupled to a localized mode in
rectangular arrays of split-ring resonators (SRRs). We derive
a theoretical expression for the NL-SLR condition by
extending the coupled dipole approximation to the nonlinear
case. The resulting extension for the collective nonlinear
quadratic response takes a similar form to Miller’s rule.
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We also show analogy between our nonlinear results and
the famous Wood’s anomalies observed in 1902 for linear
diffraction from metallic gratings [39]. Specifically, we
observe sharp resonant response due to the nonlinear
excitation of the surface lattice waves. This results in more
than 30-fold enhancement of the SHGwith respect to normal
incidence, due to the coherent nonlinear interaction between
the isolated nanoparticles as the condition of the NL-SLR
is satisfied. In addition we observe abrupt change in
the collected nonlinear light from both spectral sides of
the calculated NL-RA condition. Finally, we show that the
NL-SLR and its corresponding linear SLR rise from hybridi-
zation of a lattice mode and a dark localized surface plasmon
(LSP) mode, in contrast to most of the previous reports of
SLRs [19–23,26–28], showing that the plasmonic mode that
contributes to the SLR is a bright dipole mode.
To study the optical response associated with SLRs on

nanoparticles arrays the coupled dipole approximation
(CDA) [40,41] method is often used. This model aims
to find the collective optical response through the presen-
tation of effective polarizability of each of the particles in
the presence of the array, αeff , which is a function of the
single particle polarizability αs, its radiation pattern, and the
array geometry. The polarization at the ith nanoparticle is

Pi ¼ αsEloc;i; ð1Þ
where Eloc;i is the local electric field at the ith particle
location, which is composed of the applied field, Eapp, and
the scattered field from all other dipoles,

Eloc;i ¼ Eapp þ
X

j≠i
AijαsEloc;j: ð2Þ

Aij is the dipole interaction matrix that depends on
geometrical parameters and on the wave vector and
describes the interaction between the ith and jth dipoles.
Considering higher multipole interactions can be done by
modifying Aij accordingly. By substituting Eq. (2) into
Eq. (1) a set of linear equations can be attained, which can
be solved numerically to obtain the polarization at each
array site. At the specific case of normal incidence, the
above relations can be simplified by assuming that the

local electric fields at all array sites are the same,
Eloc;i ¼ Eloc;j ≡ Eloc. Then by defining the retarded dipole
sum as S≡P

j≠iAij, the expression for the local field is
obtained:

Eloc ¼
Eapp

1 − Sαs
; ð3Þ

where S is a complex parameter that has a resonance in the
vicinity of the RAs condition. By requiring that the
interparticle influence will be taken into account through
effective polarizability, i.e., fulfilling the relation Pi ¼
αeffEapp, we get

αeff ¼
αs

1 − Sαs
: ð4Þ

From this formula it is possible to obtain insights on the
SLR condition. We expect a strong response at the vicinity
of the LSPR as a result of the proportionality of the array
polarizability to the single particle polarizability. In addi-
tion, when the real part of 1=αs − S vanishes we expect
resonance due to the lattice effect.
Here, we extend the above linear derivation to the

nonlinear case of three-wave mixing (TWM) and introduce
an expression for the effective second-order nonlinear
polarizability, βeff , which accounts for the array effect.
For an array being irradiated with two light beams of
frequencies ω1 and ω2 the polarization at ω3 ¼ ω1 � ω2 of
the ith nanoparticle can be expressed as

Piðω3Þ ¼
1

2
βsEloc;iðω1ÞEloc;iðω2Þ þ αsEloc;iðω3Þ; ð5Þ

where, βs is the single particle second-order nonlinear
polarizability. Eloc;iðωkÞ for k ¼ 1, 2 follows the same
relation as in Eq. (2) and Eloc;iðω3Þ is composed of the
scattered light at ω3 from all the j ≠ i lattice sites,

Eloc;iðω3Þ ¼
X

j≠i
Aijðω3Þpiðω3Þ: ð6Þ

Considering again the case of normal incidence and
requiring that the array effect will be manifested through
the presentation of effective quadratic polarizability, we get

βeffðω3;ω1;ω2Þ ¼
βsðω3;ω1;ω2Þ

½1 − Sðω1Þαsðω1Þ�½1 − Sðω2Þαsðω2Þ�½1 − Sðω3Þαsðω3Þ�
: ð7Þ

This result for the nonlinear polarizability βeff takes a
similar form to that of the quadratic susceptibility described
by the local Miller’s rule [42,43], whereas the localized
resonances that give rise to the enhanced χð2Þ in Miller’s
rule are replaced by the linear and nonlinear SLR con-
ditions, RefSðωkÞαsðωkÞg ¼ 1 and RefSðω3Þαsðω3Þg ¼ 1,
respectively. Therefore, this result accounts for a more
general case where, in addition to local resonances, there

can also be collective lattice resonances. When the lattice
spacing affords only diffraction at ω3 we expect SðωkÞ ≈ 0
and enhancement of the nonlinear polarizability will be
when the LSPR at ω3 and the NL-RA, manifested by
αsðω3Þ and by Sðω3Þ, respectively, will get into close
proximity.
To find the condition of NL-RA that describes the

nonlinear generation of waves traveling at a grazing angle
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to the surface, the linear RA condition can be generalized to
the nonlinear case. The linear condition stated in terms of
momentum conservation is given by

k⃗∥ þ G⃗m1;m2
¼ k⃗s; ð8Þ

where k⃗∥ is parallel to the surface component of the

incident wave vector k⃗ ¼ ½2π · nðλÞ=λ�k̂, nðλÞ is the refrac-
tive index, G⃗m1;m2

¼ m1b⃗1 þm2b⃗2 is a general reciprocal
lattice vector that is a linear combination of the primitive

lattice vectors, and k⃗s ¼ jk⃗jk̂s is the surface scattered wave.
The vectors k̂ and k̂S are unit vectors specifying the
directions of the incident wave vector and the scattered
surface wave vector.
Extending the RA momentum conservation requirement

to the nonlinear Raman-Nath diffraction regime [44] for
TWM gives

ðk⃗1Þ∥ þ ðk⃗2Þ∥ þ G⃗m1;m2
¼ k⃗3;s; ð9Þ

where ki (i ¼ 1, 2,3) corresponds to the beam at ωi.
In the particular case of SHG studied here ω1 ¼ ω2 ¼ ω

and ω3 ¼ 2ω. In addition, the incident angle θ varies
only in the y-z plane [Fig. 1(a)], and m1 ¼ 0, which sets
G⃗m1;m2

¼ m2ð2π=dyÞŷ, where dy is the y spacing of the
lattice. In this case the wavelengths satisfying the linear
RAs condition of spatial order h0; m2i are

λh0;m2i ¼ nðλÞdy
jm2j

½1 − sgnðm2Þ sinðθÞ�: ð10Þ

Relating to the same configuration the FF wavelengths
that satisfy the NL-RA condition are

λh0;m2i
FF ¼ 2dy

jm2j
½nðλ2Þ − nðλ1Þsgnðm2Þ sinðθÞ�: ð11Þ

In order to experimentally examine the nonlinear
interaction due to NL-RA and NL-SLR we fabricated a

50 μm × 50 μm rectangular array of gold SRRs with
subwavelength x spacing of dx ¼ 270 nm and larger y
spacing of dy ¼ 800 nm, which support the existence of
the NL-RA, without supporting the linear RA of the FF
[Figs. 1(a) and 1(b)]. Each SRR had a 180 nm base length,
180 nm arms length, 40 nm arms width, and thickness of
30 nm [Fig. 1(c)]. The samplewas covered by immersion oil
(n ¼ 1.51), to obtain a symmetric refractive index envi-
ronment, which enables the SLRs to arise stronger [19], and
was placed on a rotational stage. A tunable femtosecond
source (∼140 fs width at 80 MHz) was used as the FF,
spanning wavelengths between 1270–1580 nm (see
Supplemental Material [45]). Spectral filters blocked
residual SH from the OPO, and a half-wave plate and
polarizer were used to control the power and polarization of
the input FF. The incident beam waist was ∼50 μmwith an
average power of∼200 mW. The emission from the sample
was collected with an X20 objective lens, filtered to remove
transmitted FF, and directed to an imaging spectrometer.
The SH emission was verified to origin from the array and
not from the substrate.
First, we examined the zero-order SH emission spectra

from the array [Fig. 2(a)]. The incident light was x polarized
and the collected SH light was y polarized. The SH spectra
show different magnitudes of collected SH due to different
physical phenomena related to h0; 1i NL-RA, h0; 1i
NL-SLR, and a dark LSP mode.
The h0; 1i NL-RA, calculated according to Eq. (11), is

marked by the black dots in Fig. 2(a). We see two separate
regimes for wavelengths longer than ∼1400 nm, distin-
guished by the NL-RA condition. The region on the right-
hand side of the plot, where2ðk1Þjj þ G0;1 > k2, shows about
twice as bright SH compared to the region on the left-hand

FIG. 1. (a) Illustration of the studied SRRs array, incident
angle, and polarization. The incident light wave vector lies in the
y-z plane at an angle θ relative to the normal to the surface.
(b) Scanning electron microscope image of the fabricated sample.
The inset shows a single SRR. (c) Illustration of the physical
dimensions of each SRR.

FIG. 2. Second-harmonic emission, NL-RA and NL-SLR.
(a) Log scale of the measured zero-order SHG emission vs the
FF wavelengths and the incident angle. The black dots indicate
the NL-RA of h0; 1i order calculated according to Eq. (11), and
the magenta dots indicate the strongest measured response at each
wavelength. The arrows diagrams demonstrate the existing
diffraction modes in both sides of the NL-RA. (b) SHG enhance-
ment along the position of strongest measured emission relative
to normal incidence.
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side. This difference in collected SH can be attributed to
rearrangements of energy distribution between the radiating
modes as the h0; 1imode onsets or disappears, in analogy to
Wood’s linear observation from 1902 [15]. For wavelengths
shorter than ∼1350 nm strong sharp resonance behavior
(∼35 nm full width at half maximum) is shown at the vicinity
of the NL-RA condition. We have found that this resonance
behavior is the nonlinear analogue to the traditional linear
SLR. It can be seen that this NL-SLR deviates from the
calculated NL-RA for wavelengths approaching 1350 nm.
This is due to the coupling of the nonlinear lattice mode to a
nonlinear dark localized mode that exists in the wavelength
rangeof∼1350–1400 nm.The interactionbetween the lattice
and localized modes leads to enhancement of the collected
SHcompared to normal incidence that reaches a peak value of
31 around FF wavelength of 1340 nm [Fig. 2(b)].
To demonstrate that the observed phenomena are NL-RA

and NL-SLR we measured also the linear interaction at FF
and SHwavelength regimes. In Fig. 3(b) we show the linear
angle dependent spectral transmittance at the FF wave-
length regime for x-polarized light. This transmittance
reveals no resonant behavior, with uniform values of
∼90% all over the region of interest. The transmission
spectra at the SH range [Fig. 3(a)] for y-polarized light
reveals two different resonant dips in transmission. One
relatively broad appearing around constant wavelengths of
∼675–700 nm, and another narrow dispersive resonance
[Fig. 3(c)]. It can be seen that the narrow mode exists
slightly below the marked h0; 1i linear RA condition and
bends when reaching the broad mode. This optical response
is due to coupling between the localized and lattice
resonances and existence of a hybrid SLR mode. Here
we find that in contrast to most of the previous reports of
SLRs [19–23,26–28], the interacting localized mode is not
a bright dipole mode but a dark [24] double-quadrupole
(DQ) mode on the SRR’s arms [Fig. 4(a)]. This dark mode
can be accessed only at oblique incidence, as seen in

Fig. 3(a), in agreement with theory. We believe that the
participation of the dark mode in the collective surface
response is enabled by coupling of the dark mode to
z-oriented dipoles in the nanoparticles as discussed in
Refs. [46,47].
The dark quadrupole nature of the LSP can be deduced

from the measured linear and nonlinear angle dependent
behavior of the LSPR. To verify it, we compare the
experimental linear and nonlinear measurements to the
theoretical far-field dynamics of perfect quadrupole and
dipole modes. Figures 4(a) and 4(b) illustrate schematically
the charge distribution of the quadrupole and dipole modes
on the arms of the SRR, respectively. Far-field radiation
patterns of perfect quadrupole and dipole modes are also
shown in Figs. 4(a) and 4(b), respectively. These theoretical
radiation patterns were used to calculate the expected linear
transmission and nonlinear emission as a function of the
incidence angle. The comparison between the theoretical
calculations and measurements is shown in Figs. 4(c)
and 4(d) for the linear and nonlinear cases, respectively.
This comparison shows a good agreement with the behav-
ior of a dark quadrupole mode. The deviation of the fitted
quadrupole curve from the measurements at the angle range
of ∼25–28 degrees in Fig. 4(d) is due to the fact that the
mode dependent calculations do not account for the
coherent coupling effect.
In addition, we performed finite element simulations

(Comsol) to examine numerically the excited modes
dynamics. The dielectric permittivity of gold was taken

FIG. 3. Linear transmission measurements. Angle and wave-
length dependent zero-order transmission of the sample at (a) the
SH wavelengths range and y polarization, and (b) the FF
wavelengths range and x polarization. The black dots at (a) in-
dicate the h0; 1i RA order calculated according to Eq. (10). (c) A
cross section of the transmission at (a) for angle of 28.3 degrees
[blue dashed line in (a)].

FIG. 4. Schematic charge distribution and calculated far-field
radiation patterns of (a) quadrupole and (b) dipole modes, in the
x-y plane. These modes exist in our nanostructures in wavelength
range of 675–700 and 950–1070 nm, respectively. Angle depen-
dent (c) transmission and (d) SH emission was calculated for
quadrupole (green) and dipole (blue) modes. The measured data
(red dots) agree with the behavior of a quadrupole mode for both
cases. The measured data in (c) and (d) were taken by averaging
the response at the wavelengths range of the quadrupole mode.
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from Ref. [48] and for the surrounding medium we used
ϵ ¼ 2.3. Periodic boundary conditions and perfectly
matched layers were set along the array transverse and
longitudinal directions, respectively. Figure 5(a) shows the
surface charge distribution along the optical cycle on the
SRR for oblique excitation at 30° and wavelength of 700 nm,
which supports the excitation of a localized DQmode. It can
be seen that the evolution of the charge distribution along the
optical cycle in this case shows a standing wave behavior as
expected from a LSP. Figure 5(b) presents the case of
excitation in the SLR conditions (angle 27°, wavelength
644 nm) which shows the transition to a propagating wave
behavior with wavelength λ=n.
To conclude, we have demonstrated experimentally and

theoretically the existence of NL-RA and NL-SLR in arrays
of metal nanoparticles. The NL-RA condition is followed
by abrupt variation in the brightness of the collinear SHG
that agrees with energy rearrangement due to vanishing or
onsets of the nonlinear diffraction orders. Furthermore, the
NL-SLR leads to very strong and spectrally narrow
enhancement of the collinear SHG. Our theoretical deri-
vation shows that the nonlinear polarizability of the nano-
particles in the array takes a form which is similar to
Miller’s rule and resonantly depends on the collective
nonlinear interaction. Finally, we also show that in the
current case, the localized mode that hybridizes with the
lattice mode to generate the NL-SLR is inherently a dark
mode, which is accessible only at oblique incidence. This
work reveals new dynamics of nonlinear-nonlocal inter-
actions in arrays of metallic nanoparticles and opens the
door to use such nonlocal interactions to strongly modify
and enhance the effective nonlinearity of these artificial
optical materials. The specific effect studied here of
NL-SLR on SHG can be extended to study and enhance
TWM processes and higher order nonlinear processes,
which may find use in improving nanoscale multiphoton
imaging, nonlinear conversion, nonlinear sensing and
spectroscopy.
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