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Real-time access to the internal ultrafast dynamics of complex dissipative optical systems opens new
explorations of pulse-pulse interactions and dynamic patterns. We present the first direct experimental
evidence of the internal motion of a dissipative optical soliton molecule generated in a passively mode-
locked erbium-doped fiber laser. We map the internal motion of a soliton pair molecule by using a
dispersive Fourier-transform imaging technique, revealing different categories of internal pulsations,
including vibrationlike and phase drifting dynamics. Our experiments agree well with numerical
predictions and bring insights to the analogy between self-organized states of lights and states of the matter.
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The soliton is a universal concept applicable to a large
class of solitary wave propagation effects that can be
observed in most branches of nonlinear science, from fluid
dynamics and biology to plasma physics and photonics [1].
Because of the progress in optical materials and laser
technologies, as well as the relative simplicity of optical
schemes, solitons in nonlinear optics have been the subject of
constant research and constitute a fertile land for promoting
analogies into other scientific areas [2]. From the 1990s, the
concept of optical solitary waves was progressively extended
to propagation media including gain and loss, namely,
dissipative systems [3-5]. Dissipative solitons in photonics
can be defined as localized formations of an electromagnetic
field that are balanced through the energy exchange with the
environment in the presence of nonlinearity, dispersion, and/
or diffraction. In addition to answering a span of real-world
applications, echoing the deployment of fiber amplifiers and
the acceleration of fiber laser research, dissipative solitons
emerged as a new soliton concept associated with distinct
attributes [4,6]. Once given the parameters of the propagation
medium, dissipative solitons will generally be endowed with
afixed profile. This feature is of great practical interest for the
design of stable pulse sources such as mode-locked lasers.
Reciprocally, mode-locked lasers constitute a powerful test
bed for the investigation of dissipative soliton dynamics [6].

In the frame of nonlinear dynamics, the fixed profile of a
dissipative soliton results from the existence of a fixed-point
attractor. Besides single solitons, multisoliton patterns [7,8]
can also be formed, when the rate of energy supply into the
system is increased. As a matter of fact, multiple pulsing is a
common behavior among passively mode-locked fiber lasers
[9]. When several dissipative solitons coexist in a laser cavity,
they will always interact, considering the variety of inter-
actions schemes and the virtually infinite time to manifest
them. Coherent interactions based on pulse overlap can lead
to the self-assembly of stable multisoliton bound states [7,8],
also termed soliton molecules [6,10]. Indeed, the analogy
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with matter molecules is, by certain aspects, particularly
striking. Soliton molecules can form or dissociate [11]. They
can existin various isomers, considering the relative temporal
separation and phase difference between adjacent pulses as
internal dynamical degrees of freedom [12]. While soliton
pairs constitute the central soliton molecule case [13,14],
solitons macromolecules and crystals comprising ~103
dissipative solitons can also self-assemble [15].

From the applied perspective, soliton molecules are
being considered as a way to provide robust upper bits
for multilevel encoding in optical communications [10].
From the point of view of fundamental physics, it is
fascinating to explore how far the analogy with matter
molecules could be developed. In this respect, vibrations
and pulsations constitute vivid possible expressions of the
dynamics of dissipative soliton molecules. Vibrating sol-
iton pairs have been theoretically investigated: In principle,
they result from a Hopf-type bifurcation that triggers an
oscillation of the internal degrees of freedom of the soliton
pair molecule [16-18]. The period of oscillation, albeit
significantly larger than the cavity round-trip time, remains
small compared to the acquisition time of the spectral
and autocorrelation measurements that have been used so
far to characterize the ultrafast dynamics of soliton mol-
ecules. In previous ultrafast fiber laser experiments, indirect
signatures based on time-averaged experimental measure-
ments have been attributed to vibrating soliton pairs
[16,19-21]. However, the proof of the existence of internal
motion of soliton molecules is still lacking to date and calls
for advanced ultrafast characterization approaches.

The development of advanced methods to visualize, in
real time, ultrafast processes such as atomic motion or
hydrogen bonding occurring in chemical or biological
structures is attracting great attention [22]. In photonics,
the dispersive Fourier-transform (DFT) measurement tech-
nique has recently permitted one to experimentally resolve
complex ultrafast nonlinear phenomena, from stochastic
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fluctuations in modulation instability to optical rogue
waves and soliton explosions in ultrafast fiber lasers
[23-25]. The principle of the DFT technique consists of
stretching a train of optical pulses in a dispersive medium
that cumulates a group-velocity dispersion large enough to
map the spectrum of each optical pulse into a temporal
waveform, which is a conceptual analogue to the far-field
limit in paraxial diffraction [26].

In this Letter, we provide the first unambiguous exper-
imental measurements that prove the existence of internal
motion within ultrafast soliton pair molecules. Based on a
relatively simple yet powerful DFT technique, our mea-
surements reveal the evolution of the relative phase and/or
temporal separation between the two bound solitons, along
each cavity round trip. We highlight two markedly different
categories of soliton molecular dynamics. The first one is a
combined oscillation of both the relative soliton phase and
temporal separation, which makes a vivid analogy with the
vibrations of a matter diatomic molecule. The second one
mainly consists of a sliding relative phase and is therefore a
distinct feature of optical soliton molecules. Both exper-
imental cases are supported by detailed numerical simu-
lations of the fiber laser ultrafast dynamics.

Since our characterization of the internal motion of a
soliton molecule is based on the analysis of successive,
shot-to-shot, optical spectra, it is instructive to present the
correspondence between the internal degrees of freedom of
the soliton molecule and the distinct spectral features. The
soliton pair molecule consists of two bound solitons, whose
temporal separation z and relative phase ¢ may oscillate, as
in our case, with the number of cavity round trips n. Let us
consider a simple example of the sum of two identical
Gaussian pulses, s(t) =yt + (z/2)] + ylt — (z/2)]e?,
with y being a Gaussian envelope and ¢ the time in the
comoving reference frame. The spectral intensity /(@) to be
recorded will be

I(@) = |S(@)2 = 4]¥(w) Peos? (a)% i %) (1)
where W(w) and S(w) are the Fourier transforms of y(¢)
and s(7), respectively. The stationary soliton pair molecule
is obtained when 7 and ¢ are constant. This leads to fixed
spectral fringes of high contrast that can be recorded by a
conventional optical spectrum analyzer (OSA), through
averaged measurements, the interfringe being inversely
proportional to the temporal separation [13,14].

When considering 7(z) = 7, + A, sin(z) and/or ¢(z) =
¢o + Ay sin(z), where z = 0.03zn, we model a harmoni-
cally vibrating soliton molecule instead. The oscillation in
¢ produces an overall oscillatory sliding of the spectral
fringes [see Fig. 1(a)], whereas that of 7 entails a breathing
of the spectral interfringe, as shown in Fig. 1(c). The
result of combined oscillations (z and ¢) is displayed in
Fig. 1(b). We also illustrate a case when the relative phase is
infinitely drifting away, with ¢(z) = —z + ¢y + A sin(z);
see Fig. 1(d). Observing these effects requires an advanced
real-time spectral characterization; otherwise, only faint

Round trip number
Round trip number

153 154 155 156 1.57 153 154 155 156 1.57
Wavelength [um] Wavelength [um]

0 0.2 04 06 0.8 1 0 0.2 04 06 0.8 1
L - —
500
N (©) .
9 400 g
£ €
3 =3
& 300 e
2 200 2 200
o o
o o
100 100
0 153 154 155 156 1.57 0 153 154 155 156 157
Wavelength [um] Wavelength [um]
FIG. 1. Analytical evolution of the spectral intensity profile

versus number of round trips (n) for two pulses copropagated
with (a) an oscillating phase (¢y ==x, Ay = 0.157), (b) an
oscillating phase and separation (¢y =7, Ay =0.5x,
A, = 1y/4), (c) an oscillating temporal separation (A, = 7/4),
and (d) a diverging sliding phase (¢y = 7, A, = 0.157). Pulse
duration, 0.6 ps; average temporal separation 7z, = 1 ps.

indirect information such as the blurring of spectral fringes
will hint at a nonstationary dynamics [16,19,21].

To experimentally investigate soliton molecule dynamics,
we built a mode-locked erbium-doped fiber ring laser
emitting at A= 1.55 ym, sketched in Fig. 2. The laser
cavity incorporates a 0.55-m-long erbium-doped silica
fiber (EDF, 110 dB/m absorption at 1530 nm, 4 um core
diameter), which is backward pumped by a 980 nm laser
diode. The other fibers are standard single-mode fibers
(SMF-28), with a total length of 3.45 m. The group velocity
dispersion at 1.55 um is +13.5 ps> km~! for the EDF and
—22.9 ps? km~! for the SMF, yielding an anomalous path-
averaged cavity dispersion 8, = —17.8 ps®> km~!. To mode-
lock the fiber laser, we use nonlinear polarization evolution
(NPE), which takes place in the fibers and is discriminated
by the intracavity polarizer (PBS) [14]. NPE provides a
virtual, quasi-instantaneous, saturable absorber effect whose
transfer function is readily tuned by adjusting the orientations
of the wave plates. As a consequence, a wide range of
ultrafast dynamics can be accessed in a reproducible way.

To perform DFT real-time measurements of the shot-to-
shot spectral evolution, the laser output was propagated
through a 1345-m-long normally dispersive fiber link
(DCF), providing a total accumulated dispersion of
163 ps®. The temporal optical intensity was detected by
a high-speed 45-GHz photodiode and recorded by a 6-GHz,
40-GSa/s real-time oscilloscope. This led to an electronic-
based spectral resolution of 0.16 THz (1.3 nm), which was
suitable to analyze ultrafast dynamics having a spectral
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FIG. 2. Experimental setup of the NPE-based mode-locked
fiber laser. OC, optical coupler; WDM, wavelength-division
multiplexer; PBS, polarizing beam splitter; ISO, polarization-
independent isolator; LD, 980-nm laser diode; HWP and QWP,
A/2 and A/4 wave plates, respectively; EDF, erbium-doped fiber;
SMEF, standard single-mode fiber (blue lines).

span exceeding 10 nm. In the following, we focus on
oscillating soliton pair molecules generated with a FWHM
duration of 0.66 ps and a temporal separation in the range
of 1.5-3.3 ps. The two-pulse ultrafast regime was con-
firmed by multishot second-order optical autocorrelation.

The onset of soliton molecule vibrations results from a
supercritical Hopf-type bifurcation between a stationary
(phase-locked) soliton pair (S-SP) and an oscillating soliton
pair (O-SP). One example, observed for a decreasing pump
power, is illustrated in the top panel in Fig. 3: Below
Pp =193 mW, the bifurcation occurs and the phase differ-
ence between the two solitons starts to periodically oscillate
with a continuously growing amplitude A, as Pp decreases,
until the transition back to stationary single pulse (S-SS)
dynamics takes place. Note that the S-SP to O-SP transition is
reversible, in contrast to the SS-SP transition that bears
hysteresis. The bottom panels in Fig. 3 illustrate the spectral
evolution as a function of cavity round trips, where the first
case (a) is placed in the S-SP regime, and the succeeding two
cases (b),(c) are in the O-SP regime. We also recall that the
vicinity of a multiple pulse transition, here SS-SP, as most
boundaries of stable domains, is prone to exhibit instabilities
and pulsations [6,27,28]. The large diversity of bifurcation
scenarios and modes of oscillating soliton molecules
strongly depends on the polarization controller settings.
We illustrate the latter by three different recordings shown
in Fig. 4, where panels (a), (b), and (d) display 2D contour
plots of hundreds of consecutive single-shot experimental
spectra. Figure 4(b) presents the dynamics of a vibrating
soliton molecule that combines the oscillations of both ¢» and
7, here with the same period of 430 round trips. The retrieved
intramolecular temporal separation is displayed as the
oscillating blue curve in Fig. 4(c). Figure 4(a) highlights
an internal motion of the soliton molecule dominated by the
oscillation of the relative phase, with a period of 80 cavity
round trips—similar to the O-SP dynamics displayed in
Fig. 3. These classes of soliton molecular dynamics were
numerically predicted in Refs. [16-18]. As a contrasting
case, we also prove the existence of a dynamics characterized
by the infinite divergence of the relative phase, similar to that
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FIG. 3. Top panel: Illustration of the experimental transition
between a stationary (S-SP) and an oscillating (O-SP) soliton
pair, occurring in the vicinity of the transition between soliton
pair (SP) and single soliton (SS) dynamics, when the pump
power (Pp) is decreased. S-SS, stationary single soliton. Bottom
panels: Corresponding 2D contour plots of the sequence of 500
consecutive single-shot laser spectra for (a) Pp =265 mW,
(b) Pp =175 mW, and (c) Pp = 147 mW.

illustrated in Fig. 1(d). Indeed, the analysis of the measure-
ments presented in Fig. 4(d) reveals a diverging relative
phase, without any significant modification of the temporal
separation [see the black curve in Fig. 4(c)]. Such diverging
phase dynamics was predicted in Ref. [18] and inferred
from ytterbium fiber laser experiments [19], albeit without
the confirmation from real-time measurements. We cross-
checked the calibration of the DFT real-time spectral
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FIG. 4. Experimental observation of soliton pair molecules
featuring [(a) and red curve] an oscillating phase; [(b) and blue
curve] vibrations; and [(c) and black curve] a diverging sliding
phase. Panels (a), (b), and (d): 2D contour plots of consecutive
single-shot laser spectra. Panel (c): Retrieved temporal separation
between two pulses 7 as a function of round trips.

243901-3



PRL 118, 243901 (2017)

PHYSICAL REVIEW LETTERS

week ending
16 JUNE 2017

0.03 0.03
(@) (b)

5 El
3,002 3,002
2 2
2 Z
0.01 §0.01
£ £

v A AWAL

Qb WAAN
1.54 155 156 1.57 1.58
Wavelength [um]

0
154 155 156 1.57 1.58
Wavelength [um]

FIG. 5. Comparison between the average spectrum recorded
by the OSA (blue curves) and the average spectrum calculated
from 1000 single-shot spectra (red curves), in the case of (a) a
stationary soliton pair and (b) a soliton pair molecule with a
diverging sliding phase. An example of a single-shot spectrum is
provided (gray curves).

measurements by comparing the average of 1000 consecu-
tive spectra, typically, with the averaged spectrum directly
obtained by the OSA; see Fig. 5. The agreement is
satisfactory, considering the limited dynamical range result-
ing from the digitization of the fast oscilloscope in DFT
measurements.

To confirm and better interpret these complex internal
dynamics of soliton molecules, we developed a piecewise
numerical propagation model, which takes into account the
different fiber segments that constitute the laser cavity,
while adopting a scalar effective approach to the saturable
absorber effect. In the fibers, propagation follows the
generalized nonlinear Schrodinger equation:

o i O

a—yZ/JrEﬂza—;f—@w = iy Py, (2)
where y is the Kerr nonlinearity coefficient and g is the gain
coefficient. The latter is null for the SMF, considered lossless.
In the EDF, the gain g includes saturation and spectral
response, as in Ref. [29]. It is therefore z-dependent on the
average signal and pumping powers, the average power
dynamics being described by standard rate equations solved
by the Runge-Kutta algorithm. We used measured dispersion
values for /3, and calculated nonlinear coefficients y = 3.6 x
103 W!imTtand 1.3 x 1073 W' m~! for EDF and SMF,
respectively. The saturable absorber (SA) was modeled
by the following instantaneous transfer function: 7=
Ty + ATP;/(P; + Pg,), where P; = |y;(z,)|? is the nor-
malized instantaneous input optical power. We took typically
Ty = 0.70 for the transmissivity at low signal and AT =
0.30 as the absorption contrast. We adjusted the mode-
locking conditions by tuning the saturation power Py
and the pump power Pp ., We obtained two 0.45 ps
FWHM pulses separated by 1.2-2.0 ps, in good agreement
with experiments.

The vibrating soliton pair molecule is achieved for
Py =9 W and Pp,,,, =42.5 mW. We also obtain the
soliton pair molecules that mainly experience a sliding
relative phase, in the form of oscillations (Pg, = 10 W,
Ppum = 47.5 mW) or infinite divergence (Pg, = 16 W,
Ppyum = 47.5 mW). Thus, when the saturation power
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FIG. 6. Numerical simulations of a soliton pair molecule with
[(a) and red curves] an oscillating phase; [(b) and blue curves]
vibration dynamics; [(d) and black curves] a diverging sliding
phase; (c) temporal separation 7; (e) phase difference ¢; and
(f) the amplitude of leading and trailing pulses, as a function of
cavity round trips.

level increases, the tendency is to move from oscillating
soliton pair dynamics toward a diverging phase slide.
The numerical results displayed in Fig. 6 reproduce quali-
tatively well our experimental observations. Figures 6(a),
6(b), and 6(d) show the spectral profiles as a function
of cavity round trips for the three types of investigated
soliton molecule dynamics. Figures 6(c) and 6(e) display
the evolutions of 7 and ¢, respectively, whereas Fig. 6(f)
plots the intensity of leading and trailing pulses versus
cavity round trips.

Numerical simulations present an additional feature, in
the form of an energy exchange among the two interacting
solitons that becomes important in the phase-dominated
dynamics of closely spaced pulses. This feature was also
identified numerically in Ref. [18], whereas it may not
occur for larger pulse spacing [16,17]. The possibility of
having large phase excursions (as well as chaos) in soliton
molecules is possible, to our understanding, in two pulse
interaction scenarios: strong interaction [27] or driven weak
interaction [30]. When the leading pulse is larger than the
trailing pulse, the difference of the phase velocities of
leading and trailing pulses is negative, so that the phase
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difference decreases, and vice versa. When the intensities
become equal, this produces the turning points of the
oscillatory phase dynamics. In the case of a soliton
molecule with diverging phase evolution, the intensity of
one of the two pulses remains larger during propagation
[Fig. 6(f), black curve], so that the relative phase will keep
on decreasing (increasing), as clearly shown in Fig. 6(e)
(black curve). This energy exchange feature illustrates the
great interest of numerical simulation, which provides
additional insight to the experimental characterization.
We note that the retrieval of low-contrast pulse amplitude
oscillation remains currently beyond the precision of our
measurement technique and is challenging future real-time
measurements.

In summary, in this Letter, we reported the first direct
observation of internal motion within dissipative optical
soliton molecules, through real-time, single-shot spectral
measurements allowed by the DFT method. By tuning the
cavity parameters, our ultrafast fiber laser generated, in a
reproducible way, soliton pair molecules of markedly
different internal dynamics, from stationary to pulsating
ones. Basing our characterization on the major degrees of
freedom, namely, the relative temporal separation and
phase between the two bound solitons, we could evidence
oscillating and vibrating soliton pairs, as well as a diverging
phase dynamics, confirming the existence of internal
dynamics previously anticipated. Our numerical simula-
tions confirmed these typical signatures while providing
additional insight and incentive for future investigations,
highlighting energy exchanges internal to the soliton
molecule. We believe that our results have provided an
additional building block for an appealing analogy between
soliton molecules and molecules of matter, which should
stimulate additional research on self-organization within
complex dissipative optical systems. For instance, soliton
molecule internal dynamics could be investigated in differ-
ent laser systems, such as in class-A cavity-extended
semiconductor lasers, where short pulsations of a different
nature, namely, polarization or 2z phase kinks, were
recently reported [31]. Finally, exploring the spatial ana-
logue of vibrating soliton molecules would be particularly
interesting, especially in the context of transverse 2D
dissipative structures observed in broad-area lasers [32].

We acknowledge support from CEFIPRA/IFCPAR
project 5104-2, LABEX Action (ANR-11-LABX-0001-
01), and Région Bourgogne. K. N. is funded by C.N.R.S.

*katarzyna.krupa@u-bourgogne.fr
"philippe.grelu @u-bourgogne. fr
[1] Th. Dauxois and M. Peyrard, Physics of Solitons
(Cambridge University Press, Cambridge, England, 2015).
[2] Y. Kivshar and G. P. Agrawal, Optical Solitons (Academic
Press, New York, 2003).
[3] N. Rosanov, Spatial Hysteresis and Optical Patterns
(Springer, Berlin, 2002).

[4] Dissipative Solitons, edited by N. Akhmediev and A.
Ankiewicz (Springer, Berlin, 2005).

[5] Nonlinear Optical Cavity Dynamics, edited by Ph. Grelu
(Wiley-VCH, Weinheim, 2016).

[6] Ph. Grelu and N. Akhmediev, Nat. Photonics 6, 84 (2012).

[7] B. A. Malomed, Phys. Rev. A 44, 6954 (1991).

[8] N.N. Akhmediev, A. Ankiewicz, and J. M. Soto-Crespo,
Phys. Rev. Lett. 79, 4047 (1997).

[9] M. Nakazawa, E. Yoshida, and Y. Kimura, Appl. Phys. Lett.
59, 2073 (1991).

[10] M. Stratmann, T. Pagel, and F. Mitschke, Phys. Rev. Lett.
95, 143902 (2005).

[11] V. Roy, M. Olivier, F. Babin, and M. Piché, Phys. Rev. Lett.
94, 203903 (2005).

[12] H. Leblond, A. Komarov, M. Salhi, A. Haboucha, and F.
Sanchez, J. Opt. A 8, 319 (2006).

[13] D.Y. Tang, W.S. Man, H. Y. Tam, and P. D. Drummond,
Phys. Rev. A 64, 033814 (2001).

[14] Ph. Grelu, F. Belhache, F. Gutty, and J. M. Soto-Crespo,
Opt. Lett. 27, 966 (2002).

[15] A. Haboucha, H. Leblond, M. Salhi, A. Komarov, and F.
Sanchez, Phys. Rev. A 78, 043806 (2008).

[16] M. Grapinet and Ph. Grelu, Opt. Lett. 31, 2115 (2006).

[17] J.M. Soto-Crespo, Ph. Grelu, N. Akhmediev, and N.
Devine, Phys. Rev. E 75, 016613 (2007).

[18] A. Zavyalov, R. Iliew, O. Egorov, and F. Lederer,
Phys. Rev. A 79, 053841 (2009); 80, 043829 (2009).

[19] B. Ortac, A. Zaviyalov, C. K. Nielsen, O. Egorov, R. Iliew,
J. Limpert, F. Lederer, and A. Tiinnermann, Opt. Lett. 35,
1578 (2010).

[20] X. Li, Y. Wang, W. Zhang, and W. Zhao, Laser Phys. Lett.
11, 075103 (2014).

[21] Ph. Wang, C. Bao, B. Fu, X. Xiao, Ph. Grelu, and C. Yang,
Opt. Lett. 41, 2254 (2016).

[22] J. Yang et al., Phys. Rev. Lett. 117, 153002 (2016); J. M.
Glownia et al., Phys. Rev. Lett. 117, 153003 (2016); D. A.
Horke, H. M. Watts, A. D. Smith, E. Jager, E. Springate, O.
Alexander, C. Cacho, R.T. Chapman, and R.S. Minns,
Phys. Rev. Lett. 117, 163002 (2016).

[23] D.R. Solli, G. Herink, B. Jalali, and C. Ropers, Nat.
Photonics 6, 463 (2012).

[24] C. Lecaplain and Ph. Grelu, Phys. Rev. A 90, 013805 (2014).

[25] A.F.G. Runge, N.G.R. Broderick, and M. Erkintalo,
Optica 2, 36 (2015).

[26] K. Goda and B. Jalali, Nat. Photonics 7, 102 (2013).

[27] N. Akhmediev, J. M. Soto-Crespo, and Ph. Grelu, Phys.
Lett. A 364, 413 (2007).

[28] B.G. Bale, K. Kieu, J. Nathan Kutz, and F. Wise, Opt.
Express 17, 23137 (2009); J. N. Kutz and B. Sandstede,
Opt. Express 16, 636 (2008).

[29] A.F. G. Runge, C. Aguergaray, R. Provo, M. Erkintalo, and
N. G. R. Broderick, Opt. Fiber Technol. 20, 657 (2014).

[30] D. Turaev, A. G. Vladimirov, and S. Zelik, Phys. Rev. E 75,
045601(R) (2007).

[31] F. Gustave, L. Columbo, G. Tissoni, M. Brambilla, F. Prati,
B. Kelleher, B. Tykalewicz, and S. Barland, Phys. Rev. Lett.
115, 043902 (2015); M. Marconi, J. Javaloyes, S. Barland,
S. Balle, and M. Giudici, Nat. Photonics 9, 450 (2015).

[32] B. Schapers, M. Feldmann, T. Ackemann, and W. Lange,
Phys. Rev. Lett. 85, 748 (2000); see also Ackemann et al.,
Chap. 3 in Ref. [5].

243901-5


https://doi.org/10.1038/nphoton.2011.345
https://doi.org/10.1103/PhysRevA.44.6954
https://doi.org/10.1103/PhysRevLett.79.4047
https://doi.org/10.1063/1.106134
https://doi.org/10.1063/1.106134
https://doi.org/10.1103/PhysRevLett.95.143902
https://doi.org/10.1103/PhysRevLett.95.143902
https://doi.org/10.1103/PhysRevLett.94.203903
https://doi.org/10.1103/PhysRevLett.94.203903
https://doi.org/10.1088/1464-4258/8/3/015
https://doi.org/10.1103/PhysRevA.64.033814
https://doi.org/10.1364/OL.27.000966
https://doi.org/10.1103/PhysRevA.78.043806
https://doi.org/10.1364/OL.31.002115
https://doi.org/10.1103/PhysRevE.75.016613
https://doi.org/10.1103/PhysRevA.79.053841
https://doi.org/10.1103/PhysRevA.80.043829
https://doi.org/10.1364/OL.35.001578
https://doi.org/10.1364/OL.35.001578
https://doi.org/10.1088/1612-2011/11/7/075103
https://doi.org/10.1088/1612-2011/11/7/075103
https://doi.org/10.1364/OL.41.002254
https://doi.org/10.1103/PhysRevLett.117.153002
https://doi.org/10.1103/PhysRevLett.117.153003
https://doi.org/10.1103/PhysRevLett.117.163002
https://doi.org/10.1038/nphoton.2012.126
https://doi.org/10.1038/nphoton.2012.126
https://doi.org/10.1103/PhysRevA.90.013805
https://doi.org/10.1364/OPTICA.2.000036
https://doi.org/10.1038/nphoton.2012.359
https://doi.org/10.1016/j.physleta.2006.12.011
https://doi.org/10.1016/j.physleta.2006.12.011
https://doi.org/10.1364/OE.17.023137
https://doi.org/10.1364/OE.17.023137
https://doi.org/10.1364/OE.16.000636
https://doi.org/10.1016/j.yofte.2014.07.010
https://doi.org/10.1103/PhysRevE.75.045601
https://doi.org/10.1103/PhysRevE.75.045601
https://doi.org/10.1103/PhysRevLett.115.043902
https://doi.org/10.1103/PhysRevLett.115.043902
https://doi.org/10.1038/nphoton.2015.92
https://doi.org/10.1103/PhysRevLett.85.748

