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We present simulations using finite-temperature density-functional-theory molecular dynamics to calculate
the dynamic electrical conductivity in warm dense aluminum. The comparison between exchange-correlation
functionals in the Perdew-Burke-Enzerhof and Heyd-Scuseria-Enzerhof (HSE) approximation indicates
evident differences in the density of states and the dc conductivity. The HSE calculations show excellent
agreement with experimental Linac Coherent Light Source x-ray plasmon scattering spectra revealing
plasmon damping below the widely used random phase approximation. These findings demonstrate non-
Drude-like behavior of the dynamic conductivity that needs to be taken into account to determine the optical
properties of warm dense matter.
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The understanding of dissipative effects in systems of
charged particles is one of the key problems in plasma
physics [1,2]. For dilute systems, the linearized Boltzmann
equation describes the transport properties adequately, and
damping of collective plasma modes can be understood by
collisionless dissipative processes known as Landau damp-
ing. However, for dense plasmas, a more complex behavior
beyond the established plasma models, e.g., Drude and
Landau, is anticipated due to strong correlations and
quantum effects inherent under those conditions.
The treatment of nonlinear effects is a particular funda-

mental challenge of mathematical and experimental plasma
physics [3–6]. For instance, the damping of the collective
electron density fluctuations (plasmons) will be modulated
by additional collisional dissipations in warm dense matter
(WDM). However, collisions and electronic excitations
have to be treated in such a regime within a suited
nonperturbative approach based on, e.g., density functional
theory (DFT). Therefore, a close connection between
dissipative effects and the damping behavior of plasmons
is expected in WDM which will become manifest in the
measurement and interpretation of thermal and electrical
conductivities in terms of, e.g., the Lorenz number. The
results are highly relevant for understanding the magnetic
field generation in the interior of planets [7–10] and the
study of fusion plasmas [11–13].
The challenge for the WDM regime is apparent from

long-standing discrepancies between theoretical models
and measurements of the electrical conductivity [14–25].
The theoretical studies are complex and include screened
Coulomb forces that dominate interactions between ions
while electrons are partially to fully degenerate. In par-
ticular, the electron-electron interactions result in nonlocal

Pauli repulsions that can be included in analytical models
[26,27] and simulations [25,28–30] externally. However,
their predictability suffers from the lack of accurate
physical models of these multibody interaction processes.
Thus, it is important to test recent theoretical studies
[31–38] with accurate measurements of, e.g., the dynamic
structure factor (DSF). The DSF is a central quantity for
calculating transport properties [39].
The Linac Coherent Light Source (LCLS) [40–42]

provides 1012 x-ray photons in a narrow bandwidth,
ΔE=E ¼ 10−4, per pulse allowing high signal-to-noise
measurements [26] of the DSF [22]. These precision
x-ray scattering studies determine the response of matter
produced by the x-ray beam itself or by laser drivers [42].
In the forward scattering regime, the scattering spectra
provide the collective plasmon (Langmuir) oscillations
[39,43]. These observations determine dissipative effects
including Landau damping and binary collisions. First
experimental studies [22] have demonstrated that existing
theoretical models using perturbative approximations
[43–46] are not suitable for describing the scattering data
[22]. These findings demonstrate the need to develop
theoretical models that go beyond the random phase
approximation (RPA) to accurately include electronic
excitations and nonlinear plasmon damping effects.
In this Letter, we perform density-functional-theory

molecular dynamic (DFT-MD) simulations of the dynamic
electrical conductivity of isochorically heated aluminum.
The simulations include electron-electron interactions
by the commonly used exchange-correlation (XC) func-
tional of Perdew, Burke, and Enzerhof (PBE) [47] and the
recently developed XC functional of Heyd, Scuseria, and
Enzerhof (HSE) [48]. The resulting conductivity of both
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functionals shows significant discrepancies. By comparing
with new accurate angularly and spectrally resolved
scattering measurements from LCLS, we found, for the
first time, a very good agreement between the complete
x-ray Thomson scattering spectrum including all contribu-
tions that validate our full scale simulations with HSE.
Moreover, our experimental data and simulations allow the
experimental observation and theoretical interpretation of
nonlinearly damped plasmons where the plasmon width is
smaller than predicted by the RPA indicating non-Drude
conductivities [49]. Previous investigations have studied
non-Drude behavior due to localization of bound atomic
states in expanding low-density plasmas [28,50]. In con-
trast, at solid density WDM conditions, we find that the
conductivity is affected by excitations in the conduction
band. This leads to a Cooper minimum [51] and nonlinear
plasmon damping that we observe via high-precision x-ray
Thomson scattering.
The dynamic electrical conductivity σðωÞ and the DSF

Seeðk;ωÞ are calculated from the ion number density and
the single electron wave functions [28,33,36,52,53]. Both
quantities are derived from DFT-MD, implemented within
the Vienna ab initio simulation package (VASP) [54–56]
which is well suited for the study of WDM. Here, the forces
between the particles are calculated according to the
Hellmann-Feynman theorem in each time step from the
DFT calculations of the electronic structure by solving
the Kohn-Sham equations. A projector augmented-wave
potential [57] is applied, which considers the two inner
K-shell electrons of the aluminum atom as frozen in the
core, whereas the eleven L- and M-shell electrons are
treated within the DFT framework. This potential allows
excitations ofM- and L-shell electrons. For the plane wave
expansion of the Kohn-Sham wave functions, we found
convergence at a cutoff energy of 500 eV. For the exchange
interactions and correlations, we use the approximation of
PBE [47] and HSE [48]. The latter replaces one quarter of
the short range PBE exchange with screened nonlocal Fock
exchange [38]. The ionic subsystem is propagated via a
classical MD algorithm. All MD simulations use 64 ions
and are realized for at least 10 000 time steps of 2 fs
duration after equilibration. The particle temperature is
controlled with a Nosé thermostat [58].
Figure 1 shows the dynamic electrical conductivity

derived from the DFT-MD simulations and the correspond-
ing Drude fit at a temperature of Ti ¼ Te ¼ 0.3 eV and
density of ρ ¼ 2.7 g=cm3. The calculations use the
Kubo-Greenwood formula [59,60] that applies electronic
interband transitions from DFT [52] evaluated at the
Baldereschi mean-value point [61]. The convergence of
our simulations regarding the k points is tested by using a
4 × 4 × 4 Monkhorst-Pack grid. The conductivity repre-
sents an average over 20 independent ionic configurations
obtained by MD simulations. For the Drude fits, we use
ReσðΔEÞ ¼ Re½ε0ω2

pl;e=ðν − iΔE=ℏÞ2�, with the plasma

frequency ωpl;e and the static relaxation frequency ν [30].
For energy transfers ΔE < 21 eV ¼ ΔEexcit, the conduc-
tivity is fit well by this approximation. However, for energy
transfers above ΔEexcit, electronic transitions within the
conduction band result in a non-Drude-like behavior [49],
cf. inset of Fig. 1. For higher energy transfers ΔE > 60 eV,
bound-to-free electron transitions occur. For the conditions
considered here, the dc conductivity σdc ¼ σðΔE → 0Þ is
strongly dependent on the XC functional used. Our con-
ductivities calculated from DFT by using the PBE functional
are in agreement with previous simulations [62]. However,
directly measured dc conductivities (σexpdc ¼ 2.22 × 106 S/m)
[63] can only be reproduced from our simulations by using
the HSE functional (σHSEdc ¼ 2.23 × 106 S/m), that was not
achieved previously by DFT-MD simulations [28,64]. The
differences in the conductivity values can be understood by
differences in the electronic density of states (DOS) and
resulting dissipative effects.
Figure 2 shows the DOS DðEÞ and the Fermi electron-

state occupation fðEÞ. Contrary to the PBE functional,
the DOS in the conduction band calculated with the HSE
functional is reduced at the Fermi edge and shifted to
smaller energies defining reduced kinetic electron energies
and dc conductivities. In the inset of Fig. 2, the DOS,

FIG. 1. Dynamic electrical conductivity in aluminum calcu-
lated from DFT-MD simulations at a temperature of Te ¼ Ti ¼
0.3 eV. The calculated conductivity is strongly dependent on the
XC functional. dc conductivities of comparable previous simu-
lations [62] (blue square) agree with our PBE DFT simulations
(gold line). In contrast, direct measurements [63] (black square)
can only be described by our HSE DFT conductivities (red line).
The non-Drude-like behavior, apparent in the inset, is caused
by electronic excitations, which become significant for energy
transfers ΔE > 21 eV ¼ ΔEexcit as indicated (broken line),
cf. Drude fit to the simulations (red and gold broken lines).
The Drude and non-Drude behavior are well separated by the
Cooper minimum [51].
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calculated with the HSE functional, shows L-shell electrons
in the s orbital (p orbital) that are downshifted by a total
energy of ΔEso ¼ 6.01 eV (ΔEpo ¼ 4.15 eV) when com-
pared to the PBE results. Consequently, the HSE calcu-
lations predict larger ionization energies consistent with
Ref. [65]. This ionization energy discrepancy explains the
energy shift between the HSE and PBE calculated bound-
free excitations observed in Fig. 1 at an energy of 68.9 eV
(64.65 eV) in case of HSE (PBE). Previous bound-free
excitation measurements on cold aluminum found energies
of 72.7 eV [49].
An important prediction of the non-Drude behavior seen in

the DFT-MD simulations are strong effects on the damping
of plasmons with energies in the range of ΔE ¼ 20 eV≈
ΔEexcit. Previous studies [22,43,66] calculated the plasmon
damping via the Mermin approximation (MA) together
with static local field corrections [67,68] applying collision
frequencies based onperturbative approximations [39,44,69].
Especially in strongly correlated systems, this analysis cannot
provide satisfactory agreement with the detailed shape of the
experimental scattering data [22].
Here, we apply our ab initio simulations in order to

calculate the corresponding x-ray scattering spectra via
the DSF that reflects the entire electronic structure and is
usually described by the Chihara formula [39,70–72]. The
elastic scattering contribution arises from weakly and
tightly bound electrons and is expressed in jNðkÞj2SiiðkÞ;
it is sensitive to the ionic structure factor SiiðkÞ and the
total electronic form factor NðkÞ. The total form factor
can be derived from our DFT-MD simulated ion number
density and single-electron wave functions [33,53]. The

autocorrelation function of the ion number density provides
the ionic structure factor [36]. Inelastic scattering on free
and bound electrons causes electronic state transitions,
that are included in our simulated dynamic electrical
conductivity σðωÞ. Applying the Kramers-Kronig relation,
it is transformed into a complex dielectric function
εDFTðω; k ¼ 0Þ [30] that defines the DSF via the fluc-
tuation-dissipation theorem [39,45]. Also, in order to
provide the DSF for finite wave numbers k, we apply
the Mermin dielectric function εM [73,74], valid for non-
equilibrium systems [27], by using the complex relaxation
frequency νDFTðωÞ. The latter is calculated from our
DFT-MD simulations by solving the equation εM(ω;k→0;

νDFTðωÞ)¼εDFT(ω;k→0;νDFTðωÞ) numerically [22].
Figure 3 shows the measured and calculated scattering

spectra for a wave number of k ¼ 1.27 Å−1. Each mea-
sured spectrum is an average of 2000 shots. The spectra
show an elastic scattering peak at the incident photon
energy of E ¼ 7.98 keV (ΔE ¼ 0), a pronounced
plasmon resonance, downshifted by an energy transfer of
15–20 eV, and a bound-free transition feature located at
ΔE < −60 eV. The plasmon scattering calculations use
the MA applying relaxation frequencies from the Born
approximation [22,44] and our DFT-MD simulations. The
bound-free transitions are derived directly from our DFT-
MD simulated electrical conductivities at k ¼ 0, see Fig. 1.
The elastic scattering, plasmon and bound-free transition
intensity are calculated without the use of any adjustments.
The ion temperature, Ti ¼ 930 K, is inferred from the

ion to plasmon feature intensity and is found to agree with
all data at different wave numbers. In addition, for these
simulations we use electron temperatures, Te ¼ 0.3 eV,
consistent with previous studies for similar conditions [22].
Here, the effect of nonequilibrium, Te ≠ Ti, is smaller than
that due to the choice of the XC functional.
Considering the spectra calculated with DFT-MD relax-

ation frequencies in Fig. 3(a), we observe an agreement
with the experimental data that is not achieved by the Born
approximation [22]. Although the measured plasmon peak
position agrees with results applying the Born approxima-
tion, the measured width is overestimated by these calcu-
lations. In contrast, our DFT-MD simulations show
excellent agreement with both the measured scattering
signal in the plasmon peak position and the width.
Moreover, in Fig. 3(b), our HSE DFT-MD results

achieve a good agreement with the measured bound-free
transition shape and plasmon to bound-free transition
intensity ratio. In comparison, the PBE DFT-MD simu-
lations show poor agreement with the data. This XC
functional dependence is caused by the DOS, cf. Fig. 2,
since the bound-free transition feature represents a
weighted map of the DOS.
Figure 4 shows the measured and calculated plasmon

width. Both the RPA that only includes Landau damping as
dissipative effect as well as the MA, considering additional

FIG. 2. DOS and Fermi occupation numbers in aluminum at a
temperature of Ti ¼ Te ¼ 0.3 eV. The DFT-MD simulations use
PBE and HSE functionals. The inset shows the conduction band
and the location of the L-shell electrons.
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binary collisions in Born approximation, overestimates the
plasmon width strongly. In contrast, the MA including
dissipative processes in the full many-body description of
DFT-MD agrees with the data for all wave numbers (red
curve). We conclude that the experimentally observed plas-
mon damping is reduced in comparison to the RPA due to
additional conduction band excitations that become signifi-
cant for energy transfers aboveΔEexcit ¼ 21 eV (broken line
in Figs. 1, 3).Note, that Landau damping (RPA) is still present
but is modified by frequency-dependent damping through
electron excitations. The inset shows the plasmon peak
position (dispersion) as a function of the wave number k.

The plasmon dispersion relation of the spectra applying
relaxation frequencies in Born approximation and from
DFT-MD simulations with HSE functionals agrees with
the data best. The RPA (Landau damping) overestimates
the dispersion for higher wave numbers [66].
In conclusion, we have calculated the electrical conduc-

tivity of warm dense aluminum at densities of ρ ¼
2.7 g=cm3 from DFT-MD simulations using PBE and
HSE XC functionals. The conductivities reveal non-
Drude-like behavior induced by electron excitations in the
conduction band. The conductivities yield the x-ray scatter-
ing spectra that compare well with measured data. The
plasmon damping derived from our DFT-MD simulations is
smaller compared to the widely used RPA. This deviation
has to be studied in future work in the context of nonlinear
Landau damping. On the other hand, the RPA and the MA
using Born collision frequencies calculate a larger plasmon
width due to an inaccurate description of dissipative proc-
esses in strongly coupled plasmas. This deficit shows that a
full many-body description as provided by DFT is needed to
reproduce highly accurate experimental measurements to
understand optical properties in WDM.
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FIG. 4. Measured (black squares) and calculated plasmon width
and peak position (inset) as a function of the wave number k for a
temperature of 0.3 eV and LCLS focal spot sizes of 10 μm. The
RPA (green line) neglects collisions but includes Landau damp-
ing. The MA considers collisions by using relaxation frequencies
from the Born approximation (blue line) and from DFT-MD
simulations with the HSE functional (red line).

FIG. 3. Measured and calculated scattering spectra of alumi-
num illustrating (a) the influence of the DFT-MD simulations and
(b) the dependence on the functional used within the DFT. The
inelastic scattering is calculated from a perturbative approxima-
tion MA (Born) and our DFT-MD simulations using HSE
and PBE functionals. The elastic scattering is calculated from
our PBE DFT-MD simulations [33,36,53]. The calculations are
convoluted with the source function.
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