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Engineering quantum states of light is at the basis of many quantum technologies such as quantum
cryptography, teleportation, or metrology among others. Though, single photons can be generated in many
scenarios, the efficient and reliable generation of complex single-mode multiphoton states is still a long-
standing goal in the field, as current methods either suffer from low fidelities or small probabilities. Here we
discuss several protocols which harness the strong and long-range atomic interactions induced by
waveguide QED to efficiently load excitations in a collection of atoms, which can then be triggered to
produce the desired multiphoton state. In order to boost the success probability and fidelity of each
excitation process, atoms are used to both generate the excitations in the rest, as well as to herald the
successful generation. Furthermore, to overcome the exponential scaling of the probability of success with
the number of excitations, we design a protocol to merge excitations that are present in different internal
atomic levels with a polynomial scaling.
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On-demand generation of optical propagating photons is
at the basis of many applications in quantum information
science, including multipartite teleportation [1], quantum
repeaters [2], cryptography [3,4], and metrology [5]. While
single photons are routinely produced in different exper-
imental setups [6], e.g., by using natural or artificial atoms
coupled to cavities or waveguides [7–12], single-mode
multiphoton states are much harder to generate [13].
Current methods are limited by either exponentially small
success probabilities or low fidelities. The enhancement of
light-matter interactions provided by quantum nanopho-
tonics opens up new avenues to create high-fidelity multi-
photon states. For example, m quantum emitters can be
strongly coupled to structured waveguides, which show
large Purcell factors, P1D, so that m atomic excitations can
be mapped to a waveguide mode with an error (or infidelity,
Im) scaling as m=P1D. However, the resulting state is not a
single mode, but a complex entangled state of several
modes [14], so that it cannot be directly used for quantum
information purposes. Single-mode multiphoton states can
be created by storing m collective excitations in N ≫ m
atoms, which are then mapped to a photonic state of the
waveguide. While the latter process can be achieved with
very low infidelity, scaling as m2=ðNP1DÞ [14,15], present
schemes for the first part scale like Im ∝ m=

ffiffiffiffiffiffiffiffi
P1D

p
[14], as

they still do not fully exploit the strong coupling to the
waveguide nor collective effects. This ultimately limits the
fidelity of the whole procedure.
In thisworkwe show how to overcome this limitationwith

new schemes for the heralded generation of m collective
excitations in N ≫ m atoms coupled to a waveguide.
The idea is to use the atoms to both create the excitations
one by one, and to herald the success of the process. In this

way, arbitrarily small infidelities, Im, can be obtained at the
expense of making the process nondeterministic. Depending
on the scheme, we find that the global probability of
success (or, inversely, the average number of operations,
Rm) decreases (increases) exponentially with m, and thus it
cannot be scaled to arbitrarily large photon production.
Finally, we also show how to overcome this exponential
law by using additional atomic states, atom number resolved
detection, and a specific protocol to merge excitations, while
keeping a low global infidelity, Im ∼ polyðmÞ=ðNP1DÞ.
Structured waveguide setups with trapped atoms offer

interesting characteristics that we exploit to design our
protocols, namely, (i) regions of large Purcell Factor
P1D ≫ 1, e.g., due to the reduced group velocity (vg) in
engineered dielectrics [9,16–19], with simultaneously
(ii) long-propagation lengths of the guided modes compared
to the characteristic wavelength (λa) that give rise to long-
range dissipative couplings [20].Moreover, as shown in, e.g.,
Ref. [20], in order to avoid dipole-dipole interactions and
fully exploit superradiance effects we assume (iii) the atoms
to be placed at distances zn ¼ nλa, with n ∈ N [21].
Choosing those positions, and assuming the time scales of
the waveguide modes are much faster than the atomic ones
(Born-Markov approximation), the waveguide induces an
effective dynamics of the atoms described by [22]

_ρ ¼ Γ1D

2
ð2SgeρSeg − SegSgeρ − ρSegSgeÞ ð1Þ

where ρ is the density matrix describing the atomic state,
Sαβ ¼ ðNÞ−1=2 PN

n¼1 σ
n
αβ are the collective spin operators and

denoting σnαβ ¼ jαinhβj the spin operator corresponding to
the nth atom. Finally, (iv) it is possible to read the collective
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atomic state efficiently through thewaveguide due to the short
time scales and large collection efficiencies. We use atomic
detection for heralding, which has reached accuracies of 10−4

[23] in trapped ion setups, where the collection efficiency is
not enhanced by the presence of a waveguide. Thus, we
assume perfect atomic detection, and consider P1D and N as
the resources to analyze the figures of merit of the proposal.
We analyze three different schemes adopting the following

strategy. First, we study the process of heralding the gen-
eration of a single collective excitation in an ensemble
already storing m excitations, i.e., jΨmi, denoted as target
ensemble, by measuring a given state of an auxiliary system,
e.g., jΦheri. The analysis begins by considering the initial
state of the combined system ρTð0Þ ¼ jΨmihΨmj ⊗ ρauxð0Þ,
where the auxiliary state is initialized in a state different from
jΦheri. Then, we apply our protocols consisting of a
combination of laser pulses plus the collective dissipation
of Eq. (1) induced by the waveguide, which evolves ρTð0Þ
after a time Tf to ρTðTfÞ. We characterize the heralding by
calculating both the probability of success (p) and the
corresponding error or infidelity (Im→mþ1) as follows:

p ¼ Tr½hΦherjρTðTfÞjΦheri�; ð2Þ

Im→mþ1 ¼ 1 −
hΨmþ1jhΦherjρTðTfÞjΦherijΨmþ1i

p
: ð3Þ

Finally, we analyze how to combine the heralded
single excitations to accumulate m excitations in the target
ensemble, characterizing the process by the average num-
ber of operations Rm one has to perform, together with the
final infidelities Im. To simplify the expressions along
the main text, we assume N ≫ m and P1D ≫ 1, though
complete expressions can be found in the Supplemental
Material [24].
Let us first analyze a protocol inspired in a method

originally devised to create long-distance entangled states
in atomic ensembles [25], that requires N atoms placed
close to a 1D waveguide [see Fig. 1(a)]. The atoms must
have the level structure depicted in Fig. 1(b), where the
transition e ↔ s is coupled to the guided modes at a rate
Γ1D and the transition g ↔ e is driven equally by a laser
with Rabi frequency Ω. The excited states e also radiate
into leaky modes (of the waveguide or outside) other than
the relevant one, that give rise to a decay rate Γ�, leading to
the Purcell factor P1D ¼ Γ1D=Γ�. The excitations are stored
in the states g and s, which are assumed to be decoherence-
free like any other hyperfine ground state. We assume to
start with m collective excitations in level s, i.e., jΦs

mi ∝
symfjsi⊗m ⊗ jgiN−mg, where sym denotes the symmetriz-
ing operator. The idea is to weakly excite the atoms in g to
level e with a short laser pulse of duration T ≪ 1=ðNΓ1DÞ
and if a photon in the waveguide is detected, it heralds the
addition of an excitation in state s, i.e., jΦs

mþ1i, with respect
to which the infidelity Im→mþ1 is defined. As all the atoms

are equally coupled to the waveguide, the excitation will be
collective.
Let us denote by x ¼ Ω

ffiffiffiffi
N

p
T=2 ≪ 1, so that right after

the pulse the state (up to a normalization constant) is
½1þ xSeg þ x2S2eg þOðx3Þ�jΦs

mi. After the pulse, the sys-
tem evolves under Eq. (1) and the interaction with the leaky
photonic bath (for a time t ≫ 1=Γ�), in which case the wave
function terms with excitations in e decay either to wave-
guide or leaky photons. If a waveguide photon is detected,
either it comes from the lowest order term, OðxÞ, in which
case the atomic state is the desired one, i.e., SsgjΦs

mi, or
from the double excited state, in which case we will prepare
the wrong state introducing an error. Emission of leaky
photons also produces errors, but of smaller order [24].
Denoting by η the detection efficiency, the success prob-
ability and infidelity in heralding the desired state (to
lowest order in x) reads

p ≈ ηx2
�
1 −

1

P1D

�
; Im→mþ1 ∝ ð1 − ηÞx2. ð4Þ

To create m excitations, one has to detect m consecutive
photons, leading to Rm ¼ p−m and Im ∝ mð1 − ηÞx2. The
error can be made arbitrarily small at the expense of
decreasing the success probability. Thus, if a high fidelity
is required themethod is practicable only for few excitations.
To reduceRm one can use an additional metastable state s1 in
which the heralded excitation is stored after each successful
addition. This can be done by combining, e.g., a two-photon

FIG. 1. (a) [(c)] Setup for the first [second and third] protocol:
N target atoms [one source and Nd detector atoms] are coupled
to the waveguide. Photon detection [atomic detection in the
detector ensemble] heralds the addition of collective excitations.
(b) Atomic level structure for the first protocol: Waveguide modes
are coupled to e ↔ s transition with an emission rate Γ1D.
Transition g ↔ e is driven by a Raman laser Ω and the
spontaneous emission rate to other modes is denoted by Γ�.
(d) Atomic level structure for second and third protocols:
Waveguide modes are coupled to the e1 ↔ g and e2 ↔ s
transition with an emission rate Γ1D. A two-photon transition
a1 ↔ e1 is driven by laser light via level a2 with effective Rabi
frequency Ωa. Transition a1 ↔ e2 is driven by another laser with
Rabi frequencyΩb. Coupling between levels s ↔ sn is given by a
Rabi frequency Ωc.
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Raman transition, to make a beam splitter transformation
between levels s and s1, and postselection conditioned on
no atomic detection in s. Then, assuming that m excitations
are stored in s1, we generate mþ 1 within the same level.
This strategy leads to Rm ∝ em=p [24,26].
To overcome the trade-off between probabilities and

fidelities coming from zero and double excitations, we
propose a protocol relying on a configuration depicted in
Fig. 1(c): the write field of the previous scheme is replaced
by a single source atom that guarantees the transfer
of at most a single excitation to the target ensemble.
Furthermore, in a second step,Nd detector atoms herald the
transfer of excitations, replacing the photon detector. Both
the source and detector atoms should be separated from the
target ensemble for independent addressing with external
fields. The protocol requires a level structure as shown in
Fig. 1(d) where two dipolar transitions e1 ↔ g and e2 ↔ s
are coupled to the same waveguide mode with Purcell
factor P1D that we set to be equal for simplicity. We require
the use of other hyperfine, auxiliary levels, a1, a2, s1. The
transition a1 ↔ e2 is connected by a laser, whereas the
a1 ↔ e1 is a two-photon transition mediated by a2, with
effective Rabi frequency Ωa, so that direct spontaneous
emission from e1 → a1 is forbidden [15,24,27,28]. The
level s1 is used to store excitations and decouple them from
the dynamics induced by the waveguide. We require that s1
is not connected to neither e1 nor e2 by a dipole transition,
so that it is only connected to s through microwave fields.
This protocol starts with the target ensemble jΦs

mit, and
with the source or detector atoms in a1=s respectively. The
heralded transfer of a single collective excitation consists of
several steps [Fig. 2]. The first one coherently transfers the
excitations from s → s1 in the target and detector ensemble
to protect them from the waveguide dynamics. The second
step uses a short laser pulse in the source atom to excite it to
state e1 and then switches on the lasers driving e1 ↔ a1 via
a two-photon transition in the target ensemble with (effec-
tive) Rabi frequency Ωa for a time Ta. Ideally, the source
atom exchanges the excitation with the target ensemble via
the waveguide, thus generating a collective excitation in the
a1 state of the target ensemble. After that, the laser Ωa is
turned off and one waits for a time t ≫ ðΓ�Þ−1 such that any
remaining population in the excited state decays. Third, we
apply π pulses to decouple the source atom, putting it in s1,

and moving the target and detector ensemble excitations
back to s. Another short pulse is applied to move the
collective excitation in the target ensemble from a1 to e2
and we switch on the laser Ωb driving the e2 ↔ a1
transition in the detector ensemble for a time Tb with
Rabi frequency Ωb. This transfers the collective excitation
in the target ensemble to s and creates a collective
excitation in a1 in the detector ensemble. At the end, a
measurement of state a1 of the detector atoms (through
fluorescence in the waveguide by exciting it to an optically
excited state) heralds the successful preparation of a
collective excitation in the target ensemble, i.e., jΦs

mþ1it,
with respect to which the infidelity Im→mþ1 is defined.
Let us analyze the protocol in detail. In the second step,

the evolution of the source or target atoms is described by a
master equation given by both the collective dissipation of
Eq. (1), individual dissipation from leaky modes, and the
unitary dynamics induced by the laser Ωa, which can be
analytically solved in the limit NP1D ≫ Ωa [24]. By
choosing the Rabi frequency Ωa ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NΓ1DΓ�p

, and Ta ¼
π=

ffiffiffiffiffiffiffiffiffiffiffiffi
Γ1DΓ�p

, the probability for the ensemble to end up in
the desired state after the second step, jgis ⊗ Sa1gjΦs1

mit, is
maximized pa ≈ e−π=

ffiffiffiffiffiffi
P1D

p
. Similarly, in the third step, the

evolution of the source or detector atoms can be analyti-
cally solved in the limit NdP1D ≫ Ωb, obtaining a prob-
ability to end up in the desired state SsgjΦs

mit ⊗ Sa1sjsi⊗Nd
d

given also by pb ≥ pa. Thus, the total probability of
success of the protocol and infidelity are given by

p≳ p2
a ≈ e−2π=

ffiffiffiffiffiffi
P1D

p
; Im→mþ1 ¼ 0; ð5Þ

as we rule out all the possible errors through postselection.
The only way the detector atoms arrive at a1 is that the steps
two and three have occurred as desired. Any spontaneous
emission in any of the atoms or photon absorption is
incompatible with that event. In case of unsuccessful
detection, we pump all the target atoms back to g and
restart the process, such that to accumulate m excitations,
one needs an average number of operations Rm ∝ p−m, but
still with Im ¼ 0. As p is close to 1 when N, Nd, P1D ≫ 1,
we can achieve a large number of excitations despite the
exponential scaling of Rm.
After this analysis, the question arises whether the

exponential number of operations is a fundamental problem
of probabilistic protocols. This leads to our third and final
scheme in which we design a protocol which circumvents
this exponential scaling with a judicious modification of the
previous protocol by using several additional atomic states
sn [see Fig. 1(d)] and atomic number resolved detection.
The idea is that with each successful detection, we transfer
the heralded collective excitation in s not to the same level
s1, but to one of several states fsng to then merge them
a posteriori with an adequate protocol that we explain
below. In contrast to our previous schemes, in case of
unsuccessful detection, i.e., the detector atoms were not
found in a1, the m excitations stored in fsngn are not

FIG. 2. Steps for the second protocol, with πc;t;d denoting the π
pulses for the population transfers within the source, target, or
detector atoms. The driven transitions to the excited states are
indicated by the Rabi frequencies Ωa;b. The final state is high-
lighted in yellow.
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destroyed, but only the one wewanted to add. We can pump
back the target atoms in s, a1 to g and try again. The price
one has to pay is that errors appear since one may not
recover the original collective state in the ensemble, i.e.,
because a spontaneous emission event occurred within the
target ensemble. One can show that the main source of
errors occurs when a collective excitation was indeed
produced in the ensemble, but not detected (because,
e.g., of spontaneous emission in the detector ensemble).
To reduce this error, we have to ensure that undetected
collective states return back to g coherently, which can be
done by exploiting the collective coupling to the waveguide
[24]. Moreover, to obtain the desired scaling of infidelity
(1=ðNP1DÞ), we also need to modify the third step of the
protocol for which then, only a single detector atom is
needed, Nd ¼ 1. It can be shown that once we are in

Sa1gjΦfsngn
m ijsid, the optimal strategy is to apply a fast π

pulse in the target atoms such that Se2gjΦfsngn
m it is prepared.

Then, the system is left free to interact only through the
collective dissipation of Eq. (1) for a time Tb ¼ 1=Γ1D.
This dynamics is terminated by applying another π pulse on
the target and detector atoms, which puts any possible
excited state back in a1. We find that the optimal proba-

bility for the system to be in SsgjΦfsngn
m it ⊗ ja1id is

pb ≈ 0.1ð1 − 1=P1DÞ. Finally, if we fail, we pump any
possible excitation of the target ensemble coherently back
to g and repeat the process until success, of the order of 1=p
times with p ¼ papb. Integrating the corresponding master
equation [24], identifying all errors and how they accu-
mulate in the repetitions, we arrive at an (averaged)
infidelity with the desired scaling:

Im→mþ1 ≲m=ðpNP1DÞ: ð6Þ
Thus, the problem reduces to merging the atomic excita-

tions distributed in the levelsfsngn. For example, if instead of
adding excitations one by one, we use log2m metastable
states sn, and adopt a treelike structure, we obtain a super-
polynomial scaling [24,29] in Rm ∝ mlog2 m=p to merge m
collective excitations in a single atomic level. The key step is
to double the number of excitations in each step using beam
splitter transformations and postselection conditioned on
atomic detection in one of the levels.
Finally, we go one step further by using number-resolved

atomic detection to obtain a polynomial scaling. The key
point is to realize that if we have n excitations stored in two
atomic levels, after applying a beam splitter transformation,
the probability to obtain exactly 2n excitations in one of
them (by detecting no excitation in the other) decays with
n; however, the probability of obtaining more than 3n=2 in
one level (by detecting p < n=2 in the other) is actually
bounded below by 1=3, independent of n [24]. Assuming
the worst case scenario in which after detecting q < m=2
excitations in one of the two levels, we assume that the
other state only goes up to 3n=2 excitations, that gives us an

upper bound for the number of operations [24]
Rm ≲m4.41 log3=2ðmÞ=p, that is already a polynomial. The
number of atomic levels, si, required to reach m excitations
scales logarithmically log3=2m, and the final infidelity scales
as Im ∝ polyðmÞ=ðNP1DÞ. We note that atomic detection
itself introduces errors; however, the aim of this scheme is to
show that polynomial scaling is possible, despite not being
currently the most efficient method.
State-of-the art technologies provide systems with

N ∼ 1–2 emitters coupled to engineered dielectrics [16–19,
30,31] with P1D ∼ 1–100. Advances in both fabrication and
trapping techniques foresee implementations with N ∼ 100
atoms and P1D ≳ 100 in the near future. Atomic internal
levels may be replaced by motional levels of each of the
atoms, if they are trapped in pseudoharmonic potentials [32],
since there can bemany of themat our disposal. Finite atomic
detection efficiency (ηd) adds up errors proportional to the
number of measurements ∼Rmð1 − ηdÞ. There are other
sources of errors not considered here and that will give
limitations to our proposal, such as decoherence of hyperfine
levels, laser fluctuations, retardation, which can be neglected
if Γ1DN ≪ vg=ðNλaÞ, and imperfect atomic cooling or
positioning, which can be controlled to a large extent but
has to be considered to achieve large fidelities (see Ref. [14]
where some of these errors were considered).
In conclusion, we present three probabilistic protocols to

generate heralded entangled atomic states that afterwards
can be mapped to photonic states at will with very high
fidelities. In particular, we show how to accumulate m
collective atomic excitations with infidelity Im ¼ 0 and an
exponential number of operations Rm ¼ p−m, p being the
heralding probability for adding a single excitation. We
design a protocol where p can be close to unity for systems
with N, P1D ≫ 1, which allows us to accumulate m ∼
20–50 excitations with systems P1D ∼ 102–103 using Rm ∼
104 operations with unit fidelity. Moreover, we present a
protocol with polynomial scaling in Rm by using number
resolved atomic detection and overall low infidelity
Im ∝ polyðmÞ=ðNP1DÞ. With suitable modification of the
level structure and using two guided modes, our protocols
can be extended to generate NOON-like states [33] and can
also be exported to other systems such as low-mode cavities
[30,31,34,35], superconducting circuits [36], or optical
fibers [37–41].
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