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We study a topological phase transition between a normal insulator and a quantum spin Hall insulator in
two-dimensional (2D) systems with time-reversal and twofold rotation symmetries. Contrary to the case of
ordinary time-reversal invariant systems, where a direct transition between two insulators is generally
predicted, we find that the topological phase transition in systems with an additional twofold rotation
symmetry is mediated by an emergent stable 2D Weyl semimetal phase between two insulators. Here the
central role is played by the so-called space-time inversion symmetry, the combination of time-reversal and
twofold rotation symmetries, which guarantees the quantization of the Berry phase around a 2D Weyl point
even in the presence of strong spin-orbit coupling. Pair creation and pair annihilation of Weyl points
accompanying partner exchange between different pairs induces a jump of a 2D Z, topological invariant
leading to a topological phase transition. According to our theory, the topological phase transition in
HgTe/CdTe quantum well structure is mediated by a stable 2D Weyl semimetal phase because the quantum
well, lacking inversion symmetry intrinsically, has twofold rotation about the growth direction. Namely, the
HgTe/CdTe quantum well can show 2D Weyl semimetallic behavior within a small but finite interval in the
thickness of HgTe layers between a normal insulator and a quantum spin Hall insulator. We also propose
that few-layer black phosphorus under perpendicular electric field is another candidate system to observe
the unconventional topological phase transition mechanism accompanied by the emerging 2D Weyl

semimetal phase protected by space-time inversion symmetry.
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Introduction.—Symmetry-protected topological phases
have become a quintessential notion in condensed matter
physics, after the discovery of time-reversal invariant
topological insulators [1-3] and topological crystalline
insulators [4]. Although the importance of symmetry to
protect bulk topological properties is widely recognized,
relatively little attention has been given to understanding
the role of symmetry for the description of topological
phase transition (TPT). Early studies on this issue have
focused on time-reversal 7 and inversion P, and have
shown that the nature of TPT in T-invariant three-
dimensional (3D) systems changes dramatically depending
on the presence or absence of P symmetry [5]. Namely,
when the system has both 7" and P symmetries, a direct
transition between a normal insulator (NI) and a Z,
topological insulator is possible when a band inversion
happens between two bands with opposite parities. This is
in contrast to noncentrosymmetric systems lacking P,
where the transition between a NI and a topological
insulator is generally mediated by a 3D Weyl semimetal
(WSM) phase in between. The intermediate stable semi-
metal phase can appear when the following two conditions
are satisfied. First, the codimension analysis for accidental
band crossing at a generic momentum should predict a
group of gapless solutions. Second, a gapless point in the
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semimetal phase should carry a quantized topological
invariant guaranteeing its stability.

In contrast to 3D, in two dimensions the codimension
analysis [6] predicts that there is always a direct transition
between a NI and a quantum spin Hall insulator (QSHI) even
in noncentrosymmetric systems [see Fig. 1(a)]. The reason is
that in a generic 2D system with a single tuning parameter m
(representing pressure, doping, etc.), an effective 2 x 2
Hamiltonian describing band crossing depends on three
independent variables (k.. k,, m) including two momenta k,,
and k,. To achieve a band crossing, however, because the
coefficients of three Pauli matrices associated with the
effective 2 x 2 Hamiltonian should vanish by adjusting
three variables, only a single gap-closing solution can be
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FIG. 1. Schematic phase diagram for a topological phase
transition in a time-reversal invariant 2D noncentrosymmetric
system. (a) Systems with only time-reversal symmetry. (b) Sys-
tems with an additional twofold rotation symmetry about an axis
perpendicular to the 2D plane.
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found. This unique gap-closing solution describes the
critical point for a direct transition between two gapped
insulators. The absence of a stable semimetal phase medi-
ating the transition between two insulators is consistent with
the fact that a gap-closing point does not carry a topological
invariant in a generic 7-invariant 2D system in the presence
of spin-orbit coupling.

In this Letter, we show that the TPT between a NI and a
QSHI is always mediated by an emerging 2D Weyl [7]
semimetal [see Fig. 1(b)], when a T-invariant noncentro-
symmetric 2D system is invariant under twofold rotation
C,, about an axis perpendicular to the 2D plane. The
intermediate 2D WSM is stable due to the 7 Berry phase
around a Weyl point (WP), which is quantized even in the
presence of spin-orbit coupling. Here the central role is
played by the so-called space-time inversion /gt which is
nothing but the combination of 7 and C,,; i.e., Isy = C),T.
Since Igp ensures the quantization of the Berry phase
around a 2D WP, the transition between an insulator and a
WSM is accompanied by pair creation and pair annihilation
of 2D WPs. Moreover, partner exchange between pairs of
WPs can induce the change of the Z, topological invariant;
thus, the 2D WSM can mediate a TPT. We propose two
candidate materials where the unconventional TPT medi-
ated by a 2D WSM can be realized. One is the HgTe/CdTe
quantum well where inversion is absent intrinsically [8—11]
and the TPT can be controlled by changing the thickness of
the HgTe layer. We expect that there can be a finite
thickness window where a stable 2D WSM appears
between a NI and a QSHI. We also propose that the
unconventional TPT can be observed in few-layer black
phosphorus under vertical electric field.

Band crossing in systems with Ig7.—C,, transforms a
spatial coordinate (x,y,z) to (—x,—y,z). Because the z
coordinate is invariant under C,,, for a layered 2D system
with a fixed z, C,, can be considered as an effective
inversion symmetry mapping (x,y) to (—x,—y). Thus, in
2D systems, Igy = C,,T transforms a space-time coordi-
nate (x,y,?) to (—x, —y, —f). In momentum space, on the
other hand, it is a local symmetry because the momentum
k = (k.. k,) remains invariant under /gr. As discussed in
Ref. [12], Igr has various intriguing properties. For
instance, because Berry curvature F,,(k) transforms to
—F (k) under Iy, F,, (k) vanishes locally unless there is a
singular gapless point, which guarantees the quantization of
7 Berry phase around a 2D WP. Moreover, since I3, = +1
irrespective of the presence or absence of spin-orbit
coupling, it does not require Kramers degeneracy at each
k. This can be contrasted to the case of PT, satisfying
(PT)?> = —1(+1) in the presence (absence) of spin-orbit
coupling. Especially, when (PT)? = —1, Kramers theorem
requires double degeneracy at each k. Because Berry phase
is not quantized in this case, a Dirac point is unstable [13].

Here we show that /gt also modifies the gap-closing
condition in an essential way, leading to an unconventional

TPT. Because each band is nondegenerate at a generic
momentum Kk in noncentrosymmetric Systems, an
accidental band crossing can be described by a 2 x 2
matrix Hamiltonian H (k) = fo(k.m) +3_,_.  _fi(k,m)o;,
where o, . indicates the two bands touching near the
Fermi level and m describes a tuning parameter such as
electric field, pressure, etc. Because /gt is antiunitary, it can
generally be represented by /g = UK, where U is a unitary
matrix and K denotes complex conjugation. By choosing a
suitable basis, one can obtain /g = K, as shown in the
Supplemental Material [14]. Then, the Iy symmetry
requires H*(k) = H(k), which leads to

H(k) :fO(k’m)+fx(k’m)ax +fz(kvm)az' (1)

Accidental gap-closing can happen if and only if
fx = f. = 0. Because there are three independent variables
(k. ky, m) while there are only two equations f, = f, =0
to be satisfied, one can expect a line of gapless solutions in
(ky,ky,m) space, which predicts an emerging 2D stable
semimetal [see Fig. 1(b)]. Near the critical point m = m,,
where accidental band crossing happens, the Hamiltonian
can generally be written as

H(q) = (Agi + m — m)o, + vq,0., (2)

which describes a gapped insulator (a 2D WSM) when m <
me (m > m,;) assuming A > 0. Because of T symmetry,
accidental band crossing happens at two momenta +k. Since
two WPs are created at each band-crossing point, the WSM
has four WPs in total. Moreover, when m becomes larger than
m,, four WPs migrate in momentum space, and eventually
they are annihilated pairwise at m = m,. Interestingly, when
pair creation and pair annihilation is accompanied by partner
switching between WP pairs, the two gapped phases medi-
ated by the WSM should have distinct topological properties
as shown below.

Change of Z, invariant via pair creation and pair
annihilation of 2D WPs.—The Z, invariant A of a
T-invariant 2D system can be written as [21]

A = Pp(z)—P7(0) mod 2, (3)

where Pp(k,) is the time-reversal polarization of a
T-invariant one-dimensional (1D) subsystem connecting
two time-reversal invariant momenta (TRIM) with given
k. = 0,z. For instance, Fig. 2(a) shows T-invariant 1D
subsystems passing two TRIMs with k, =0 or k, = 7,
respectively. For such a 1D subsystem, Pz is defined as

Pr=pP —P7=2P - P, (4)

where P, = P’ + P! is the charge polarization, and P/ and
P'' are the partial polarization associated with the
wave function u/,(k) and its Kramers partner u!/(—k) «
Tu!,(k) where n labels occupied bands. Namely, P/=/1/ =
Fk2mAI (k) with  AI(K) = i3, (b ) Ty k(1))
P/=IT can also be written as a summation of Wannier
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FIG. 2. (a) Two blue lines denote 1D T-invariant subsystems
passing two time-reversal invariant momenta with k, =0 or
k., = m, respectively. EBZ indicates the half Brillouin zone
bounded by these two T-invariant 1D subsystems. (b) A schematic
figure describing the motion of WPs and the associated change in
the topological invariant of a 7-invariant 1D subsystem. Red dots
indicate 2D WPs whose trajectories are described by red arrows.
The solid (dotted) line indicates the 1D subsystem before (after) a
gap closing due to the relevant WPs. Circledots and circletimes are
locations where pair creation and pair annihilation of WPs happen.
(c) A closed loop C encircling a 2D WP.

function centers such as P/~ = S} (R, n|r|R, n)f using

the Wannier function |R,n)/ = [(dk/2x)e *®="|u),(k))
[21-23]. In general, P, can take any real value, modulo an
integer, whereas P is an integral quantity whose magni-
tude is gauge dependent. Thus, in a generic 1D T-invariant
system, neither Py, P,, nor 2P! can serve as a topological
invariant.

However, in the presence of additional C,, symmetry,
2P" = Py + P, becomes a Z, topological invariant [14].
Namely, 2P’ becomes quantized and gauge-invariant mod-
ulo 2 when Ig; exists. Because C,, makes P! take a
quantized value, either O or % modulo an integer, 2P/
naturally becomes a Z, quantity. 2P’ is also proposed as a
Z, topological invariant in a T-invariant 1D system with
mirror symmetry in Ref. [24].

Now let us explain how the pair creation and pair
annihilation of 2D WPs can change the Z, invariant A
given by

A =2P'(z) = 2P'(0) — [P,(n) — P,(0)]. (5)

In an insulating phase, since the Chern number of the whole
system is zero, one can choose a continuous gauge in which

Pm) =P, 0) = [ kE@)=0. (6

where EBZ indicates the effective half-Brillouin zone
bounded by two T-invariant 1D systems defined above,
and we have used that Berry curvature F (k) = 0 due to /.
Thus, the change of A is simply given by JA =
5[2P! ()] — 5[2P'(0)]. Because 2P! is a topological invari-
ant, it can be changed only if an accidental gap closing
happens in the relevant 1D T-invariant subsystem. In the
process shown in Fig. 2(b) where 2D WPs pass through the
1D subsystem with k, = 0, we have

5A = —8[2P1(0)] = —% 7{ dk-AK),  (7)
c

where C is a closed loop encircling one WP shown in

Fig. 2(c). Since a 2D WP has 7z Berry phase, 0A =1

(6A = 0) if C encloses an odd (even) number of WPs.

Hence, the Z, invariant A can be changed by 1 via partner

exchange between two pairs of 2D WPs.

Model Hamiltonian.—To demonstrate the unconven-
tional TPT, we construct a simple model Hamiltonian, a
variant of the Bernevig-Hughes-Zhang (BHZ) model,
which was originally proposed to describe the quantum
spin Hall effect in a HgTe/CdTe quantum well [25,26].
The BHZ model is defined on a square lattice in which each
site has two s orbitals |s,?), |s,]) and two spin-orbit
coupled p orbitals |p, +ip,.1), |px —ipy.|). Nearest-
neighbor hopping between these four orbitals gives a tight-
binding Hamiltonian given by

Hygpz (k) =

where d(k)+id,(k)=A[sink,+isink,], ds(k)=-2B[2—
M/2B—cosk,—cosk,|, e(k)=C—2D[2—cosk,—cosk,],
and the Pauli matrices o, , . (s, .) denote the orbital (spin)
degrees of freedom. Hpyy describes a QSHI (NI) when
0<M/2B <2 (M/2B < 0). The TPT can also be under-
stood from the energy eigenvalues of Hgyy, E(k) =

) £/ (k )+ d5(k). The energy gap closes
when three equatlons dy =d, = d; =0 are simultane-
ously satisfied, which uniquely determines the three var-
iables (k,,k,,M/B) = (0,0,0) when M/B < 4.

Hayyyy is invariant under inversion P = o, fourfold rota-
tion about z axis Cy, = (o, + is,)/V/2, twofold rotation
about x, y axis Cy, = io,s,, Cy, = is,, and time reversal
T = is,K. However, the real HgTe system lacks P and Cy,

e(k) +d,(k)o,s, + dy(k)o, + d3(k)o,,  (8)

while retaining their product PC?LZ = S, symmetry as well as
T, Cyy, Gy, and Gy, = Cﬁz. In fact, once P is absent, a
constant term Aoys, is allowed. Then, the resulting
Hamiltonian Hygre (k) = Hpyz (k) + Aoys, is invariant
under 7, Gy, Cyy, Gy, and S,. The energy eigenvalues of

Hygro(k) are E(k) = e(k) £ \/ (/& + a3 + 2])* + &
Since gap closing requires only two conditions, d3 + d3 =
A2 and d5 = 0, to be satisfied, one can expect a line of gapless
solutions in (k,,k,, M/B) space describing a WSM.
Generally, the solution of each gap-closing condition forms
a closed loop in momentum space. In Fig. 3, we plot the
evolution in the shape of two loops that describe the momenta
satisfying d? + d5 = 22> and d; = 0, respectively. When
these two loops overlap, the band gap closes at the momen-
tum where the two loops touch; thus, the system becomes a
WSM. We find that, when (M /B) ., <M /B < (M/B) ., two
loops overlap at eight points, indicating an emergent WSM

having 8 WPs. Here (M/B),, =4—+/16—2(24/A)* and
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FIG. 3. Schematic figures describing the TPT in the BHZ model
including an inversion breaking term. Two loops in each panel
indicate the momenta where two gap-closing conditions, d2 + d3 =
42 (grey line) and d; = O (black line), respectively, are satisfied.
(@) M/B<(M/B),, relevant to a NL (b) M/B=(M/B),,.
(c) (M/B)., <M/B < (M/B),, relevant to a WSM. Here each
red dot indicates a WP. (d) M/B = (M/B),.(e)M/B > (M/B),
relevant to a QSHI. (f) The momentum space trajectory of WPs as
M /B increases from (M/B),, to (M/B),,. Here circledots and
circletimes are the locations where, respectively, pair creation and
pair annihilation of WPs happen.

(M/B)., =2—+/4—(24/A)%. On the other hand, when
M/B < (M/B)., or M/B > (M/B),,, two loops do not
overlap; thus, the system is a gapped insulator. At the critical
point with M/B = (M/B).., .,, the band gap closes at four
points related by Sy, and each splits into two WPs in the
WSM phase. This result demonstrates that the TPT in a
HgTe/CdTe quantum well can be mediated by an inter-
mediate 2D WSM. The occurrence of a semimetal phase in
the HgTe/CdTe quantum well is also proposed in Ref. [10]
based on symmetry analyses. Let us note that the number of
gap-closing points at the critical point depends on the
symmetry of the system. For instance, once S; symmetry
is broken by applying uniaxial strain, one can observe two
gap-closing points at the critical point and the intermediate
WSM has four WPs (see Supplemental Material [14]).
However, irrespective of the number of gap-closing points,
the WSM can mediate a TPT as long as the trajectory of WPs
forms a single closed loop.

To prove that the 2D WSM mediates a TPT, we should
compare the Z, invariant A of two insulating phases
existing when M/B < (M/B),, and M/B > (M/B),,
respectively. For this purpose, we first compute the energy
spectrum of a strip structure having a finite size along one
direction. As shown in Fig. 4(b), when M/B > (M/B) .,
one can clearly observe helical edge states localized on the
sample boundary, which is absent when M/B < (M/B),,.
Thus the system is a QSHI (NI) when M/B > (M/B),,
[M/B < (M/B),,]. For further confirmation, we directly
compute A numerically. Because inversion symmetry is
broken, one cannot use parity eigenvalues to evaluate A

(a)
= 1y nd
/2
5 0
5 001 !1 “
-1 kxaX l'lkyay
I t »M/B
NI (M/B),, WSM  (M/B),, QSHI
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FIG. 4. (a) Evolution of the band structure across the TPT

obtained from the BHZ model including the inversion breaking
term with A/B = 0.2, 1/B = 0.15. To clarify the band structure
near the gap-closing point, we set e(k) = 0. The representative
band structures are calculated at M/B = 0.595 (NI), 0.645
(WSM), and 0.695 (QSHI). (b) Energy spectrum of a finite-size
strip structure. (c) The evolution of the Wannier function centers.
In (b),(c) blue and orange lines are relevant to when M/B = 0
(NI) and M/B = 1.5 (QSHI), respectively.

[27]. Instead, we determine A by computing the change of
the time-reversal polarization Py between k, = 0 and k, =
7 by using Eq. (3). Because Py is given by the difference in
the Wannier function centers of Kramers pairs, one can
determine A by examining how Wannier function centers
of Kramers pairs evolve between k, =0 and k, ==
[21,28]. As shown in Fig. 4(c), when M/B > (M/B),,
[M/B < (M/B),], one can see partner switching (no
partner switching) of Wannier functions when k, changes
from 0 to z. Since the partner switching (no partner
switching) between Wannier states indicates the change
of P by 1 (0), one obtains A =1 (A = 0) when M/B >
(M/B)L’2 [M/B < (M/B)cl]

Discussion.—The unconventional TPT mediated by a
WSM can generally occur in any 2D noncentrosymmetric
system with /g symmetry. Similar to the BHZ model
including an inversion breaking term, we have found that
the Kane-Mele model on the honeycomb lattice including
Rashba coupling also undergoes a TPT mediated by a 2D
WSM when uniaxial strain is applied (see Supplemental
Material [14]). Among real materials, we propose few-layer
black phosphorus as another candidate system since its
band gap can be controlled by electric-field breaking
inversion [29]. Although there are several theoretical
proposals for possible TPT in this system [30-32], the
unconventional mechanism we propose has never been
discussed. In fact, a recent experiment [33] has shown that
the band gap of this system can be controlled by doping
potassium on the surface; thus, the insulator-semimetal
transition can be realized. The presence of 2D WPs in the
semimetal phase has also been observed in a first-principles
calculation [34]. We expect that when stronger electric field
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is applied to the WSM phase, even a QSHI can be obtained.
For confirmation, we have studied a tight-binding model
describing black phosphorus under vertical electric field, and
have shown that the unconventional TPT can occur (see
Supplemental Material for details [14]). Because the pres-
ence of C,, with broken inversion is the only requirement for
realizing the novel TPT, the same phenomenon may occur in
various 2D materials with C,, such as the puckered honey-
comb structure of arsenene, antimonene, and bismuthene
[35], the dumbbell structure of germanium-tin and stanene
[36], the bismuth monobromide [37], and so forth.

We conclude with the discussion about electron correla-
tion and disorder effects on the TPT. Although 2D WSM is
perturbatively stable against weak interaction, sufficiently
strong interaction can induce nontrivial physical conse-
quences. For instance, a phase-breaking 7 symmetry is
proposed to appear between a NI and a QSHI due to
interaction [38]. In particular, at the critical point between
the WSM and an insulator, because the energy dispersion
becomes anisotropic, i.e., linear in one direction and quad-
ratic in the other direction [see Eq. (2)], the density of states
shows D(E) « +/E with the energy E, contrary to D(E) « E
in the WSM with linear dispersion in two directions. Such an
enhancement of D(E) makes the electron correlation and
disorder cause nontrivial physical consequences. For in-
stance, a recent renormalization group study [39] has shown
that quantum fluctuation of anisotropic Weyl fermions makes
the screened Coulomb interaction have spatial anisotropy,
which eventually leads to marginal Fermi liquid behavior of
low-energy quasiparticles. Also, in the presence of disorder, a
disorder-induced new semimetal phase can appear between
the insulator and WSM [40]. Understanding the interplay of
electron correlation and disorder is an important problem,
which we leave for future study.
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