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Quantum interference of two independent particles in pure quantum states is fully described by the
particles’ distinguishability: the closer the particles are to being identical, the higher the degree of quantum
interference. When more than two particles are involved, the situation becomes more complex and
interference capability extends beyond pairwise distinguishability, taking on a surprisingly rich character.
Here, we study many-particle interference using three photons. We show that the distinguishability between
pairs of photons is not sufficient to fully describe the photons’ behavior in a scattering process, but that a
collective phase, the triad phase, plays a role. We are able to explore the full parameter space of three-
photon interference by generating heralded single photons and interfering them in a fiber tritter. Using
multiple degrees of freedom—temporal delays and polarization—we isolate three-photon interference from
two-photon interference. Our experiment disproves the view that pairwise two-photon distinguishability
uniquely determines the degree of nonclassical many-particle interference.
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The famous Hong-Ou-Mandel (HOM) experiment in
1987 provided the first important example of nonclassical
two-photon interference [1]. Two independent photons
impinging on a beam splitter exhibit bunching behavior
at the output ports that cannot be explained by a classical
field model. The degree of bunching depends on how
similar the two photons are in all degrees of freedom, for
example, time, frequency, polarization, and spatial mode.
Extending the study of interference to many particles is of
interest from a fundamental as well as from a technological
viewpoint [2-7]. The scattering of multiple photons in
linear networks is related to solving problems in quantum
information processing, metrology, and quantum state
engineering [8—16]. Thus, understanding multiphoton inter-
ference is also of great relevance for practical applications.

Here, we demonstrate how many-particle interference is
fundamentally richer than two-particle interference [17].
Two situations with the same pairwise distinguishability
can lead to a different output distribution. This is due to a
phase, the triad phase, that occurs only when more than two
photons interfere.

We use independent photons and a tritter, a three-port
symmetric beam splitter to investigate many-particle inter-
ference. We isolate the triad phase for the first time by
interfering three photons in a tritter and exploiting multiple
degrees of freedom, here time and polarization. We show
that interfering three identical photons and varying time
delays between them, as demonstrated in previous work
[5,18,19], is not sufficient to study three-photon interfer-
ence in full generality [20,21]. Our experiment allows us to
isolate and tune the three-photon interference term as
distinct from two-photon interference. In particular,
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manipulation of the triad phase goes beyond what is
possible using temporal delays alone [5,6,19].

Theory.—The inner scalar product of two pure states |¢;)

and [¢;) is

(pilg;) = rije?u, (1)
where r;; € (0, 1) is the real modulus and ¢;; € (0,27) is
the argument. The modulus r;; can be interpreted as a
measure of the distinguishability of two photons in states
|¢;) and |¢;), and equals zero (one) for two orthogonal
(identical) states [22]. The argument ¢;; has, so far,
received little attention due to its irrelevance in two-photon
interference.

We consider two examples of devices that can be used
to probe interference: a beam splitter and a tritter. The
simplest device to probe interference is a balanced two-port
beam splitter [see Figs. 1(a)and 1(b)]. When two photons
|p1) and |¢h,) are injected into the beam splitter, the output
statistics depend on the pairwise distinguishability of the
incident photons

2
— '

1

Py =5(1=7). )
where Py is the probability for detecting one photon in
each of the output ports. If the photons are completely
indistinguishable they always exit the same output port, in
contrast to the classical behavior.

A tritter maps three spatial input modes onto three spatial
output modes [see Fig. 1(c)]; the linear transformation for a

balanced tritter is given by the unitary matrix
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FIG. 1. Interference of photons in balanced beam splitters and

tritters. (a),(b) The output statistics of two photons interfering in a
beam splitter can be described via the pairwise distinguishability
of the photons. (c) In the case of a tritter, the output statistics
depend on an additional phase ¢. (d) This triad phase ¢ is defined
by the arguments of the pairwise complex scalar products. (e) ¢
only occurs in the interference of more than two photons.
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where each output is equally likely and ¢ = ¢/>%/3.

If we inject three photons into the tritter—a single photon
in state |¢;) into each mode i for each i = 1, 2, 3—the
probability P;;; of having one photon in each of the
output modes of the tritter is (see the Supplemental

Material [23]) [24,25]

(4)

1
P :§[2+4”12F23’”31 cos(@) — 11y = 133 — 3]

where we define the collective triad phase ¢ = @, + @23 +
@3 as the sum of the three arguments. The dependence on ¢
appears only if the photons are partially distinguishable. If
the states are orthogonal, the three moduli are zero; if they
are identical, their scalar product will be equal to 1 and ¢
vanishes. Similar expressions can also be derived for the

probabilities of having two or three photons in one of the
output modes of the tritter (see Supplemental Material [23]).
Note that a global phase applied onto one of the input
states does not lead to any change in the triad phase ¢. Each
phase ¢;; is only defined up to a global arbitrary phase. The
sum of the phases, the triad phase, has physical meaning
and is a measurable quantity. It remains unaffected by any
global phase transformation and is crucial for the descrip-
tion of partially distinguishable photons [26,27].
However, dependence on the triad phase ¢ only occurs
in measurements with more than two photons. The two-
photon output coincidence probabilities Py;; (one photon
in outputs 2 and 3), Pg;, P10 When sending two photons
into different input ports of the tritter [as in Fig. 1(e)] are

1
§(2—rl‘2j)’

i#] (5)

and depend only on the mutual distinguishability of the
incident photons [¢;) and |¢;).

Probing the triad phase and genuine three-photon
interference.—We introduce a convenient implementation
that allows us to control the moduli r;; and the arguments
@;; independently. We use 2 degrees of freedom for each
spatial mode—time and polarization—to show that the
addition of nonidentical polarization states can be used to
create a nonzero ¢. We consider the following input states
to the tritter (see Fig. 2):

POHIPlOl:PllO:

iaj: 1’2’3’

|b:) = |1:) ® (cosa;|H) + e sinay| V), (6)

where |t;) is a temporal mode delayed by time #;, |H) and
|V) denote horizontal and vertical polarization, respec-
tively, and i = 1, 2, 3 denotes the spatial mode. Using only
temporal modes, |f;), |t,), |#3), and otherwise identical
photons with symmetric spectral intensities, the triad phase
would always vanish, since (|t,)(t,|t3)(t3]t;) is real and
non-negative (see Supplemental Material [23]).

In a first experiment, we aim to probe the triad phase
directly. As a first step, we prepare the photons with the
same polarization |H) in states (see Fig. 3(a)):

heralding @ 680nm state preparation fibre
* @817nm tritter
- t
on-chip 1 I I |¢1)

—> . <+ c
pump: photon-pair t c 2
2n], 2 |p2) S0
130fs, source «—> 45 O
@740nm A=0.16 t3 b3 0
—> > QS

«<—23cm—
IHWP I QWP time  polarisation 0.5Hz 6-folds,

delays purity 90%

FIG. 2. Scheme of the experimental setup. The relative temporal delays of the three photons are adjusted using delay stages. We use
sets of quarter-wave plates (QWPs) and half-wave plates (HWPs) to prepare the polarization state of each photon and to compensate for
polarization rotations in the fibers. The outputs of the fiber tritter are monitored using multiplexed commercial avalanche photodiodes.
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FIG. 3. Experimental heralded three-photon coincidences at the output of a fiber tritter for two values of the triad phase ¢. (a),(b) We
choose two polarization configurations so that ¢ = 0 (a) and ¢ = 7 (b), see Egs. (7) and (8). (c),(d) We measure heralded threefold
coincidences (x P1;) between the different output ports of the tritter while varying the temporal delays of the photons. As shown
pictorially beneath the plots, we start in a configuration where the photons are completely distinguishable in time; two of the photons are
then scanned symmetrically across the third photon (¢, = t, — 7/2, t3 = t, + 7/2). The gray boxes show the region of temporal overlap
of the photons. The nonmonotonic behavior in (c) arises because ¢ = 0 causes the three-photon interference term in Eq. (4) to have a
contribution of opposite sign to those of the two-photon terms described by r?j. In (d) ¢ = 7 and so the contribution is of the same sign,
resulting in monotonic behavior of the statistic. The dashed gray curve shows the theoretical prediction and the black curve is calculated
using a model which includes experimental imperfections (see main text for details). The absolute number of counts per point were
between 200 and 350 (250 and 450) for (a) [(b)]. Error bars are calculated from repeated measurements.

i) = |t:) ® |H) (7) |#7) = 1) ® [cos (20)|H) + isin (20)|V)],

1
1 =t {— 3|H) + |V }
for i = 1, 2, 3, which sets ¢ = 0. $2) =) @ 2(\/_| ) +IV))

In the next step, we prepare photons in states [as depicted

/! 1
in the inset in Fig. 3(b)] 95) = |t:) ® [5(\/5IH> - |V>)}, (9)

where the state |¢/) depends on a polarization rotation with
") = |t)) ® |H), angle 6 anq the polarizations of |gb’2’> and |¢’3’> are kept
constant. With these states, we obtain the following moduli:

ria = |(t1]2)] x%\/2+cos(49), (10)
ra = [(11)] x%\/2+c0s(49), (11)

Here the scalar products (¢)|¢s) = 1/2(t;|t;) and —sls 1 (12
(B5161) = 1/2(s)11). but (1) = —1/2(13]11). setting 2 = I{e2lis)] 3. )
@ = n. These two configurations demonstrate that using
polarization as an additional degree of freedom allows us to
vary the tr.iad phase ¢ (see Supplemental Material [23] for @ = 2Arg( V3 cos(20) + isin(20)). (13)
more details).

In a second experiment, we isolate three-photon inter-  The angle € affects both the triad phase ¢ and the moduli
ference from two-photon interference. We explicitly show  r,, r3;; the temporal state |7;) only affects r|, and r,
that control of ¢ allows manipulation of the three-photon  but not ¢. Combining control of both @ and |z,) allows us to
term while leaving the two-photon interference terms  manipulate ¢ while r, and r3; remain unchanged. For
constant. To do so, we prepare the following as input  example, to keep ri, = ry3 = r3; = 1/2, |t;) must be
states to the tritter: chosen such that

9 = 112) ® 5 (1H) +V3IV)),
8 = 112) ® 5 (1H) = V3IV)). Q

and the triad phase
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FIG. 4.

Isolating two-photon from three-photon interference. (a) We vary the triad phase by rotating the polarization of photon |¢{) as

given in Eq. (9), leaving the polarization states of the two other photons fixed. To keep the moduli r{, and r3; constant, we adapt the
temporal overlaps of the photons by tuning |¢,). (b) The three-photon signal P, varies with the triad phase (absolute number of counts
per data point is between 330 and 515). The plotted curve is a theory curve calculated based on our model of the experiment. (c) We plot
a subset of two-photon distinguishability terms to demonstrate that these are kept constant.

|t1 — t2| = |t1 — [3| = 6\/2111[2—’—(308(48)}

with #, = t; and ¢ being the variance in time of the
Gaussian wave packet (see Supplemental Material [23]).
Experiment and results.—To study the triad phase exper-
imentally, we generate three heralded photons using sponta-
neous four-wave mixing (SFWM) in silica-on-silicon
waveguides. The photon source is described in Ref. [19], along
with 3-photon interference using only time delays (¢ = 0).
We first probe the triad phase ¢ directly by choosing the
input polarizations of the photons as given in Egs. (7) and
(8). By setting t; = t, —7/2, and t; = t, + 7/2, and vary-
ing 7 smoothly over the range shown in Figs. 3(c) and 3(d),
we tune the degree of two- and three-photon interference.
The results are shown in Fig. 3; we see a clear qualitative
difference in behavior for the two cases of ¢ = 0 and ¢ = 7.
We then demonstrate genuine three-photon interference
by choosing the input states as given in Eq. (9), but now
setting the time delay differences as in Eq. (14). We
determined ¢ from a set of two-photon HOM dips with
polarizations chosen as in Fig. 4(a) (first and third panel).
The results are shown in Fig. 4; we observe good agreement
of the measured curves with the theoretical prediction. The
three-photon data follow a cosine shape as predicted by
Eq. (4). The two-photon contributions Pyq, P1g;, Po11 [see
Eq. (5)] are nearly constant and show fluctuations of only on

(14)

average 6% and the single photon detections at the tritter
outputs vary only by a maximum of 3% due to polarization
dependence. This verifies that these two-photon contribu-
tions are independent of the arguments. Detailed analysis
suggests that polarization dependence of the tritter contrib-
utes to these fluctuations (see Supplemental Material [23]).

Our experimental data, both in Figs. 3 and 4, show the
expected behavior, but there are some deviations from
the probabilities given by Egs. (4) and (5). To understand
the influence of experimental imperfection, we performed
a simulation of our experiment including the effects of
higher-order photon emission, mixedness, and fluorescence
noise. Based on our model, we calculated theory curves,
including realistic experimental parameters (see lines in
Figs. 3 and 4 and Supplemental Material [23] for more
details) [28].

Conclusion.—In this work, we identify and describe a
new phase that arises at the level of three photons: the triad
phase. This new phase manifests itself in quantum inter-
ference and has implications for the scattering of many
particles. In particular, the outcome of scattering events of
more than two particles is determined not only by pairwise
distinguishabilities of the particles’ wave functions, but also
on the collective properties of the particles. In this context,
the triad phase emerges as a formal artifact [17,18,25,
30-36]; we show here that it is of physical relevance.
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There is a formal similarity between the triad phase and
geometric phases that can be acquired by single photons,
for instance, in the Pancharatnam-Berry phase [22,37-39].
Scaling up our study to more than three photons is ongoing
work; for example, four interfering photons can be
described by six two-photon measurements and three
three-photon measurements.

Our work has implications for both linear-optical quan-
tum computing and multiparticle scattering. There is an
opportunity to use the triad phase to engineer the output
state of a scattering process. For example, we are inves-
tigating properties of information encoded in a triad phase
that result from the irreducibility of three-particle distin-
guishability. Another prospect is to efficiently characterize
entanglement generation by linear optics using only par-
tially mode-resolving detectors. Experimental approaches
to boson sampling may benefit from partial distinguish-
ability and using multiple degrees of freedom [36] as a
means to increase the complexity of feasible tasks in an
effort to surpass conventional computing power [40].

We thank Carlo Di Franco, Luca Rigovacca, Myungshik
Kim, Klaus Mglmer, and Jan Sperling for helpful discus-
sions. A.J. M. is supported by the James Buckee scholar-
ship from Merton College. A.E.J. is supported by the
EPSRC Controlled Quantum Dynamics CDT. M.C.T.
acknowledges support from the Danish Council for
Independent Research and the Villum Foundation. S.B.
acknowledges support from the Marie Curie Actions within
the Seventh Framework Programme for Research of the
European Commission, under the Initial Training Network
PICQUE (Photonic Integrated Compound Quantum
Encoding, Grant Agreement No. 608062) and from the
European Union’s Horizon 2020 Research and Innovation
program under Marie Sklodowska-Curie Grant Agreement
No. 658073. 1. A. W. acknowledges an ERC Advanced
Grant (MOQUACINO) and the UK EPSRC project EP/
K034480/1. A.J.M. and A.E.J. performed the experi-
ments, theoretical modeling, and data analysis. B.J. M.,
S.B., and W.S.K., assisted with data taking and data
analysis. All authors discussed the results. M. C. T. devel-
oped the theory. B.J. M., S.B.,, W.S.K,, and . AW
conceived the project. S.B., W.S. K., and 1. A. W. super-
vised the project. All authors wrote the manuscript.

A.J.M. and A.E.J. contributed equally to this work.

*Corresponding author.
barz@physics.ox.ac.uk

[1] C.K. Hong, Z. Y. Ou, and L. Mandel, Phys. Rev. Lett. 59,
2044 (1987).

[2] E. Knill, R. Laflamme, and G. J. Milburn, Nature (London)
409, 46 (2001).

[3] R.B. A. Adamson, L. K. Shalm, M. W. Mitchell, and A. M.
Steinberg, Phys. Rev. Lett. 98, 043601 (2007).

[4] R.B. A. Adamson, P. S. Turner, M. W. Mitchell, and A. M.
Steinberg, Phys. Rev. A 78, 033832 (2008).

[5] N. Spagnolo, C. Vitelli, L. Aparo, P. Mataloni, F. Sciarrino,
A. Crespi, R. Ramponi, and R. Osellame, Nat. Commun. 4,
1606 (2013).

[6] M. Tillmann, S.-H. Tan, S. E. Stoeckl, B. C. Sanders, H.
de Guise, R. Heilmann, S. Nolte, A. Szameit, and P. Walther,
Phys. Rev. X 5, 041015 (2015).

[7]1 S. Maihrlein, J. Von Zanthier, and G.S. Agarwal, Opt.
Express 23, 15833 (2015).

[8] S. Aaronson and A. Arkhipov, in Proceedings of the
43rd Annual ACM Symposium on Theory of Computing
(STOC’11) (ACM, New York, NY, 2011), p. 333-342.

[9] N. Spagnolo, L. Aparo, C. Vitelli, A. Crespi, R. Ramponi, R.
Osellame, P. Mataloni, and F. Sciarrino, Sci. Rep. 2, 862
(2012).

[10] M. A. Broome, A. Fedrizzi, S. Rahimi-Keshari, J. Dove, S.
Aaronson, T. C. Ralph, and A. G. White, Science 339, 794
(2013).

[11] J. Spring et al., Science 339, 798 (2013).

[12] M. Tillmann, B. Daki¢, R. Heilmann, S. Nolte, A. Szameit,
and P. Walther, Nat. Photonics 7, 540 (2013).

[13] A. Crespi, R. Osellame, R. Ramponi, D.J. Brod, E.F.
Galvao, N. Spagnolo, C. Vitelli, E. Maiorino, P. Mataloni,
and F. Sciarrino, Nat. Photonics 7, 545 (2013).

[14] M. Grife, R. Heilmann, A. Perez-Leija, R. Keil, F. Dreisow,
M. Heinrich, H. Moya-Cessa, S. Nolte, D. N. Christodoulides,
and A. Szameit, Nat. Photonics 8, 791 (2014).

[15] K. R. Motes, J. P. Olson, E. J. Rabeaux, J. P. Dowling, S.J.
Olson, and P. P. Rohde, Phys. Rev. Lett. 114, 170802 (2015).

[16] J. Carolan, C. Harrold, C. Sparrow, E. Martin-L6pez, N.J.
Russell, J. W. Silverstone, P.J. Shadbolt, N. Matsuda, M.
Oguma, M. Itoh, G. D. Marshall, M. G. Thompson, J. C. F.
Matthews, T. Hashimoto, J.L. O’Brien, and A. Laing,
Science 349, 711 (2015).

[17] M. C. Tichy, J. Phys. B 47, 103001 (2014).

[18] H. de Guise, S.-H. Tan, L. P. Poulin, and B. C. Sanders, Phys.
Rev. A 89, 063819 (2014).

[19] J.B. Spring, P. L. Mennea, B. J. Metcalf, P. C. Humphreys,
J.C. Gates, H.L. Rogers, C. Soeller, B.J. Smith, W.S.
Kolthammer, P. G. Smith et al., arXiv:1603.06984.

[20] G. Weihs, M. Reck, H. Weinfurter, and A. Zeilinger, Phys.
Rev. A 54, 893 (1996).

[21] M. C. Tichy, Y.-S. Ra, H.-T. Lim, C. Gneiting, Y.-H. Kim,
and K. Mglmer, New J. Phys. 17, 023008 (2015).

[22] R. Jozsa and J. Schlienz, Phys. Rev. A 62, 012301 (2000).

[23] See  Supplemental Material at  http://link.aps.org/
supplemental/10.1103/PhysRevLett.118.153603 for addi-
tional theory and data.

[24] M. C. Tichy, Phys. Rev. A 91, 022316 (2015).

[25] V.S. Shchesnovich, Phys. Rev. A 91, 013844 (2015).

[26] J. A. Bergou, U. Futschik, and E. Feldman, Phys. Rev. Lett.
108, 250502 (2012).

[27] H. Sugimoto, T. Hashimoto, M. Horibe, and A. Hayashi,
Phys. Rev. A 82, 032338 (2010).

[28] We became aware that similar results to those in Fig. 4 have
been obtained using a three-photon entangled state [29].

[29] S. Agne, T. Kauten, J. Jin, E. Meyer-Scott, J. Z. Salvail,
D.R. Hamel, K.J. Resch, G. Weihs, and T. Jennewein,
preceding Letter, Phys. Rev. Lett. 118, 153602 (2017).

153603-5


http://dx.doi.org/10.1103/PhysRevLett.59.2044
http://dx.doi.org/10.1103/PhysRevLett.59.2044
http://dx.doi.org/10.1038/35051009
http://dx.doi.org/10.1038/35051009
http://dx.doi.org/10.1103/PhysRevLett.98.043601
http://dx.doi.org/10.1103/PhysRevA.78.033832
http://dx.doi.org/10.1038/ncomms2616
http://dx.doi.org/10.1038/ncomms2616
http://dx.doi.org/10.1103/PhysRevX.5.041015
http://dx.doi.org/10.1364/OE.23.015833
http://dx.doi.org/10.1364/OE.23.015833
http://dx.doi.org/10.1038/srep00862
http://dx.doi.org/10.1038/srep00862
http://dx.doi.org/10.1126/science.1231440
http://dx.doi.org/10.1126/science.1231440
http://dx.doi.org/10.1126/science.1231692
http://dx.doi.org/10.1038/nphoton.2013.102
http://dx.doi.org/10.1038/nphoton.2013.112
http://dx.doi.org/10.1038/nphoton.2014.204
http://dx.doi.org/10.1103/PhysRevLett.114.170802
http://dx.doi.org/10.1126/science.aab3642
http://dx.doi.org/10.1088/0953-4075/47/10/103001
http://dx.doi.org/10.1103/PhysRevA.89.063819
http://dx.doi.org/10.1103/PhysRevA.89.063819
http://arXiv.org/abs/1603.06984
http://dx.doi.org/10.1103/PhysRevA.54.893
http://dx.doi.org/10.1103/PhysRevA.54.893
http://dx.doi.org/10.1088/1367-2630/17/2/023008
http://dx.doi.org/10.1103/PhysRevA.62.012301
http://link.aps.org/supplemental/10.1103/PhysRevLett.118.153603
http://link.aps.org/supplemental/10.1103/PhysRevLett.118.153603
http://link.aps.org/supplemental/10.1103/PhysRevLett.118.153603
http://link.aps.org/supplemental/10.1103/PhysRevLett.118.153603
http://link.aps.org/supplemental/10.1103/PhysRevLett.118.153603
http://link.aps.org/supplemental/10.1103/PhysRevLett.118.153603
http://link.aps.org/supplemental/10.1103/PhysRevLett.118.153603
http://dx.doi.org/10.1103/PhysRevA.91.022316
http://dx.doi.org/10.1103/PhysRevA.91.013844
http://dx.doi.org/10.1103/PhysRevLett.108.250502
http://dx.doi.org/10.1103/PhysRevLett.108.250502
http://dx.doi.org/10.1103/PhysRevA.82.032338
http://dx.doi.org/10.1103/PhysRevLett.118.153602

PRL 118, 153603 (2017)

PHYSICAL REVIEW LETTERS

week ending
14 APRIL 2017

[30] M. C. Tichy, H.-T. Lim, Y.-S. Ra, F. Mintert, Y.-H. Kim, and
A. Buchleitner, Phys. Rev. A 83, 062111 (2011).

[31] S.-H. Tan, Y. Y. Gao, H. de Guise, and B. C. Sanders, Phys.
Rev. Lett. 110, 113603 (2013).

[32] Y.-S. Ra, M. C. Tichy, H.-T. Lim, O. Kwon, F. Mintert, A.
Buchleitner, and Y.-H. Kim, Proc. Natl. Acad. Sci. U.S.A.
110, 1227 (2013).

[33] V.S. Shchesnovich, Phys. Rev. A 89, 022333 (2014).

[34] V. Tamma and S. Laibacher, Phys. Rev. A 90, 063836 (2014).

[35] V.S. Shchesnovich, Phys. Rev. A 91, 063842 (2015).

[36] V. Tamma and S. Laibacher, Phys. Rev. Lett. 114, 243601
(2015).

[37] M. V. Berry, J. Mod. Opt. 34, 1401 (1987).

[38] J. Hartley and V. Vedral, J. Phys. A 37, 11259 (2004).

[39] H. Kobayashi, S. Tamate, T. Nakanishi, K. Sugiyama, and
M. Kitano, Phys. Rev. A 81, 012104 (2010).

[40] H. Wang, Y. He, Y.-H. Li, Z.-E. Su, B. Li, H.-L. Huang, X.
Ding, M.-C. Chen, C. Liu, J. Qin et al., arXiv:1612.06956.

153603-6


http://dx.doi.org/10.1103/PhysRevA.83.062111
http://dx.doi.org/10.1103/PhysRevLett.110.113603
http://dx.doi.org/10.1103/PhysRevLett.110.113603
http://dx.doi.org/10.1073/pnas.1206910110
http://dx.doi.org/10.1073/pnas.1206910110
http://dx.doi.org/10.1103/PhysRevA.89.022333
http://dx.doi.org/10.1103/PhysRevA.90.063836
http://dx.doi.org/10.1103/PhysRevA.91.063842
http://dx.doi.org/10.1103/PhysRevLett.114.243601
http://dx.doi.org/10.1103/PhysRevLett.114.243601
http://dx.doi.org/10.1080/09500348714551321
http://dx.doi.org/10.1088/0305-4470/37/46/011
http://dx.doi.org/10.1103/PhysRevA.81.012104
http://arXiv.org/abs/1612.06956

