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We show that a temporal soliton can induce resonant radiation by three-wave mixing nonlinearities.
This constitutes a new class of resonant radiation whose spectral positions are parametrically tunable.
The experimental verification is done in a periodically poled lithium niobate crystal, where a femtosecond
near-IR soliton is excited and resonant radiation waves are observed exactly at the calculated soliton phase-
matching wavelengths via the sum- and difference-frequency generation nonlinearities. This extends the
supercontinuum bandwidth well into the mid IR to span 550–5000 nm, and the mid-IR edge is
parametrically tunable over 1000 nm by changing the three-wave mixing phase-matching condition.
The results are important for the bright and broadband supercontinuum generation and for the frequency
comb generation in quadratic nonlinear microresonators.
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The temporal optical soliton is quite remarkable: while
often desired because it retains its form despite dispersive
effects [1], perturbing the perfect solitary shape may also
lead to phase matching of a so-called resonant radiation
(RR) wave [2] (also known as soliton-induced optical
Cherenkov radiation [3]). RR waves are today considered
a coherent source of laser radiation [4], in particular for
the supercontinuum generation [5] where they contribute
coherently for extending the supercontinuum bandwidth, as
well as in the ultrashort pulse generation in the UVand the
mid IR [6–9]. Traditionally, RR waves are generated by
four-wave mixing (4WM) through the Kerr self-phase
modulation (SPM) term jAj2A [10–12]. Recently, other
nonstandard 4WM terms were shown to support RR waves,
namely the conjugate SPM term jAj2A� [13–16] and the
third-harmonic generation term A3 [17,18].
Phase-mismatched (cascaded) three-wave mixing (3WM)

in quadratic nonlinear crystals can generate a negative self-
defocusing Kerr-like nonlinearity [19,20], and when a
temporal soliton is excited [21], this gives octave-spanning
supercontinua [22–25] that are filament free [26–29]. So far,
only RR waves generated by the cascaded self-defocusing
SPM effect have been verified [27–29]. In this Letter, we
show that a new class of RR waves exist in quadratic
nonlinear crystals, induced by the soliton through the
3WM processes sum-frequency generation (SFG, A2) and
difference-frequency generation (DFG, A�A). These RR
waves contribute coherently to the supercontinuum, making
it brighter and more broadband, and remarkably, their center
wavelengths are parametrically tunable by adjusting only
the 3WM phase-matching conditions, giving an additional
control over the supercontinuum, often lacking in the 4WM
RR case. Here, we show direct experimental proof of 3WM

RRwaves excited by an infrared (IR) soliton in a periodically
poled lithium niobate (PPLN) crystal (Fig. 1). The SFG and
DFG RRwaves are observed, and we demonstrate how their
center wavelengths can be strongly tuned by changing the
3WM phase-matching conditions. The DFG RR wave in
particular provides a tunable extension of the supercontin-
uumwell into the mid IR (4.0 − 5.5 μm range, important for
ultrafast vibrational spectroscopy).
In order to describe these novel RR waves, the nonlinear

terms cannot be truncated, which implies resolving the
electric field on a carrier level. We use the nonlinear analytic
envelope equation [17,30], whose formalism conveniently

FIG. 1. Supercontinuum recorded for λ0 ¼ 1.75 μm and
I0 ¼ 150, using a 10 mm PPLN with Λ ¼ 30.0 μm; the exper-
imental data (thick red) are directly compared to a numerical
simulation (thin light red) and calculated higher-order quasiphase
matching resonances (dashed lines). The power-spectral densities
(PSDs) are normalized to the peak input PSD so that the average
output power matches the input power. The top plot shows the
theoretical RR phase-matching conditions to the soliton using
λs ¼ 1.68 μm. ZDW: zero-dispersion wavelength (1.92 μm).
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retains an envelopelike equation. The χð2Þ–χð3Þ nonlinear
dynamics at the pump frequency ω1 is described in a single
equation of the e-polarized pump envelope A in the comov-
ing reference frame ðζ; τÞ [31–33],

i∂ζAþ D̂ω1
A

¼−κð2Þ
�
1

2
A2e−iω1τ−iΔpgζþA�Aeiω1τþiΔpgζ

�
þ

−κð3Þ
�
jAj2AþjAj2A�ei2ω1τþi2Δpgζþ1

3
A3e−i2ω1τ−i2Δpgζ

�
þ
:

ð1Þ

Self-steepening terms and delayed Raman effects [31] are
here neglected as they do not influence the following phase-
matching analysis. The nonlinear parameters are κð2Þ ∝ χð2Þ

and κð3Þ ∝ χð3Þ, related to quadratic and cubic nonlinear
terms, respectively. The operator, D̂ω1

¼ P
m¼2m!−1kmðω1Þ

ði∂τÞm, accounts for dispersion in the time domain, where
kmðωÞ ¼ dmkðωÞ=dωm are the higher-order dispersion
coefficients. The dispersion is conveniently evaluated exactly
in the frequency domain as ~Dω1

ðωÞ ¼ kðωÞ − k1ðω1Þ
ðω − ω1Þ − kðω1Þ. The constant term, Δpg ¼ ω1k1ðω1Þ−
kðω1Þ ¼ ω1ð1=vg − 1=vpÞ, accounts for the phase-group-
velocity mismatch (carrier-envelope phase slip), where
vg ¼ 1=k1ðω1Þ is the pump group velocity, and vp ¼
c=nðω1Þ is the pump phase velocity. Finally, the þ sign
implies that only the positive frequency content of the
nonlinear term is used [30].
The equations will support a number of RR phase-

matching conditions between a soliton at frequency ωs
(without loss of generality, we can take ωs ¼ ω1) and a
“dispersive” (i.e., nonsolitonic) RR wave,

~Dωs
ðωRRÞ ¼ qs; ðSPM-RR; jAj2AÞ; ð2Þ

~Dωs
ðωRRÞ ¼ −qs þ 2Δpg; ðcSPM-RR; jAj2A�Þ; ð3Þ

~Dωs
ðωRRÞ ¼ 3qs − 2Δpg; ðTHG-RR; A3Þ; ð4Þ

~Dωs
ðωRRÞ ¼ 2qs − Δpg; ðSFG-RR; A2Þ; ð5Þ

~Dωs
ðωRRÞ ¼ Δpg; ðDFG-RR; A�AÞ: ð6Þ

These were found by inserting the ansatz, Aðζ; τÞ ¼
FsðτÞeiqsζ þ gðζ; τÞ [41], into Eq. (1) [33]. Here,
FsðτÞeiqsζ is the exact nonlinear solution when taking
into account only the SPM nonlinearity and GVD, Fs is
the soliton envelope, qs is the soliton nonlinear wave
number, and g is the RR wave [33]. The first phase-
matching condition is the traditional RR induced by SPM,
the second is the RR from the “conjugate SPM” term
(cSPM-RR, also known as negative-frequency RR), while

the third is the “third-harmonic generation RR” or simply
THG-RR. The last two are the new 3WM phase-matching
conditions from the SFG and DFG χð2Þ nonlinear terms,
here, presented for the first time. In quadratic nonlinear
crystals, the Kerr-like SPM-RR were predicted [42] and
experimentally confirmed [27,28], and the Kerr-like
cSPM-RR was studied numerically [15].
For a physical interpretation, it is instructive to transform

the interaction back to the lab-frame coordinate by using
the soliton dispersion relation, ksðωÞ ¼ kðωsÞ þ ðω − ωsÞ=
vg;s þ qs. In the SPM-RR case, we immediately get the
well-known dispersion relation, kðωRRÞ ¼ ksðωRRÞ [41],
caused by self-acting 4WM (i.e., “degenerate” [41] 4WM).
In the SFG case (the A2 term), the rewritten phase-matching
condition is

kðωRRÞ ¼ 2ksðωRRÞ − ωRR=vg;s ¼ ksðωaÞ þ ksðωbÞ; ð7Þ

i.e., SFG between soliton photons at two different frequen-
cies and where energy conservation dictates ωa þ ωb ¼
ωRR. If we take ωa ¼ ωs, then ωb ¼ ωRR − ωs. We now
show how the second-harmonic generation (SHG)
phase-mismatch parameter ΔkSHG is affecting this phase-
matching condition: by expanding the dispersion operator
in Eq. (5) around the second-harmonic (SH) frequency of
the soliton frequency, ω2 ¼ 2ωs, we get

~D2ωs
ðωRRÞ − ðωRR − 2ωsÞdGVMSHG þ ΔkSHG ¼ 2qs; ð8Þ

where dGVMSHG ¼ k1ðωsÞ − k1ð2ωsÞ is the group-velocity
mismatch coefficient between the soliton and its SH.
Clearly, the SHG phase-mismatch parameter, ΔkSHG ¼
kð2ωsÞ − 2kðωsÞ, allows for a tunable control over the
spectral position of the RR wave. In a birefingent critically
phase-mismatched interaction, ΔkSHG can be tuned by the
crystal angle, while in a noncritical phase-mismatched
interaction (e.g., PPLN), ΔkSHG is effectively controlled
by the poling pitch. Interestingly, Eq. (8) is identical to the
SH nonlocal resonance condition [43,44] that recently was
confirmed experimentally [45]. Thus, in the defocusing
soliton parameter range, the tunable nonlocal SH wave in
[45] is identical in nature to the SFG-RR wave we predict
here. Additionally, the simulations in [30] seem also to
show an SFG-RR wave. However, we stress that these
previous observations did not identify these peaks as
resonant radiation.
The DFG case can similarly be written as

kðωRRÞ ¼ ωRR=vg;s ¼ ksðωaÞ þ ksðωbÞ; ð9Þ

where ωa − ωb ¼ ωRR. Thus, the physics behind this con-
dition is DFG between soliton photons at different frequen-
cies, and it explainswhy the solitonwave numberqs is absent
in Eq. (6). Expanding this phase-matching condition around
the DFG frequency reveals a relation similar to the SFG case,
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namely that the DFG phase mismatch can tune the RR
spectral position. The DFG-RR phase-matching condition is
not easy to fulfill. To see that, Eq. (6) is expressed as

vphðωRRÞ ¼ vg;s; ð10Þ

i.e., that the RR phase velocity vphðωRRÞ is the same as the
soliton group velocity. This is equivalent to the so-called
velocity-matching condition, encountered, e.g., when gen-
eratingTHz radiation in a quadratic nonlinear crystal through
DFG [46]. The intuitive explanation behind the THz veloc-
ity-matching condition is that the THz carrier wave relies on
the different colors of the pumpwave having the same group
velocity, i.e., that they move as a single wave packet.
Essentially the same can be said about the soliton in the
DFG-RR case because due to the straight-line dispersion of
the soliton, its photons will move with the same group
velocity no matter at what frequency they are taken from.
Matching the phase- and group velocities is not easy,
especially because the DFG process implies that the con-
verted photon is at a lower frequency than the pump photons.
This makes velocity matching virtually impossible, except
when the converted wave lies beyond an IR resonance (like
the THz case) where the drawback is a very low yield.
However, by exploiting quasiphase matching (QPM), we

can achieve velocity matching in the same transparency
window as the soliton, and thereby observe the DFG-RR
for the first time. Taking a square-grating periodic-poling
structure of the quadratic nonlinearity with pitch Λ, the
3WM conditions change to

~Dωs
ðωRRÞ ¼ 2qs − Δpg þ kΛ; ðSFG-RR; A2Þ; ð11Þ

~Dωs
ðωRRÞ ¼ Δpg − kΛ; ðDFG-RR; A�AÞ: ð12Þ

We see that by tuning the QPM wave number, kΛ ¼ 2π=Λ,
we can now manipulate the phase-matching conditions and
get tunable control over the RR frequency.
The soliton we excite here is a bright self-defocusing

temporal soliton. The negative (self-defocusing) nonlinearity
is created through strongly phase-mismatched (i.e., cas-
caded) second-harmonic generation (SHG). Essentially,
the pump wave will experience a Kerr-like nonlinear refrac-
tive index, n2;casc ∝ −ðχð2ÞÞ2=ΔkSHG [19], and this will
compete with the intrinsic material self-focusing Kerr non-
linearity, n2;Kerr ∝ χð3Þ. If the SHG phasemismatchΔkSHG is
made suitably small and the residual effective nonlinear
refractive index, n2;eff ¼ n2;casc þ n2;Kerr, becomes negative,
the soliton can be excited in the normal group-velocity
dispersion (GVD) regime [k2ðω1Þ > 0] below the ZDW.
The experimental setup was similar to [27], and con-

sisted of only the pump, a silver-mirror telescope, and the
PPLN crystal. The pump laser was a 1 kHz OPA system,
and wavelengths 1.55–1.85 μm were used, all located
below the ZDW of LN. The pump pulse duration was
60 fs and close to the transform limit and was loosely

collimated before the crystal (0.5 mm FWHM spot size).
Several bulk PPLN crystals with multigrating structures
were used with pitch gratings from Λ ¼ 27.0–31.6 μm, all
designed to exploit the large d33 quadratic nonlinearity; in
this range, jn2;cascj=n2;Kerr ≃ 1.5–2.0. The spectrum was
measured in the mid IR (λ > 2.3 μm), with an FPAS-1600
spectrometer (Infrared Systems) with a cooled MCT
detector, and long-pass filters were used to selectively
cover the 2–6 μm range. In the visible and near-IR range,
compact spectrometers were used, based in Si and InGaAs
CCD detectors, respectively.
Figure 1 shows a typical high-intensity spectrum. The

pump pulse (80 nm FWHM) has experienced massive
broadening, and a supercontinuum is formed spanning over
3 octaves (550–5000 nm). The soliton has clearly broad-
ened to the blue: a “center-of-mass” calculation gave
λs ¼ 1.68 μm, which was then used to calculate the RR
phase-matching curves from the expressions derived above.
The soliton wave number qs was estimated to be that of a
Ts ¼ 10 fs soliton (a typical value from simulations);
assuming that such a soliton will have unity soliton order,
one can use the expression for qs ¼ n2;effIsωs=ð2cÞ [42]
and that of the effective soliton order [47] to get
qs ¼ −2k2ðωsÞ=T2

s . By comparing these curves with the
experimental data, we identify a number of RR peaks:
firstly, the broad mid-IR peak above the ZDW is the Kerr
SPM-RR wave, identical in nature to the recent observa-
tions in other crystals [27,28]. Secondly, a peak is located at
1002 nm. Even if this is close to a QPM phase-matching
line (dashed line), we show below evidence that this is
indeed the SFG-RR wave. Finally, the peak at 4700 nm is
the DFG-RR wave. In [22–24], mid-IR spectral peaks were
also observed, but by carrying out a similar phase-matching
analysis as above, we can only conclude that these were
SPM-RR waves. In the low-wavelength range, there are too
many gaps to form a continuum. Many narrow lines were
seen stemming from QPM higher-order resonances, e.g.,
the SHG QPM conditions, kðωÞ − 2kðω=2Þ −m0kΛ ¼ 0,
with m0 odd. The plot also shows the result of a numerical
simulation [33], showing excellent quantitative agreement.
Finally, we mention that the elusive cSPM-RR and
THG-RR waves were not observed.
Figure 2 shows how the spectrum changes with intensity.

Based on the appearance of the DWs, we estimate that
the soliton forms for much lower intensities (at around
50 GW=cm2) than in unpoled LN [26,27], which is due to
the larger effective nonlinearity as QPM significantly
reduces the SHG phase mismatch. For increasing inten-
sities, the soliton becomes more blueshifted (the black
dashed line shows the calculated “center-of-mass” soliton
wavelength). This is in stark contrast to the massive
Raman-induced redshift observed in unpoled LN [26,27]
and is a consequence of pumping close to the ZDW, which
makes the soliton recoil towards the blue. The blueshifted
soliton wavelength directly affects all three phase-matching
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conditions. This blueshift explains why the SPM-RR
plateau redshifts with increasing intensity. The DFG-RR
phase-matched RR wave remains more or less constant,
but the SFG-RR wave noticeably changes wavelength from
low to high intensity as the soliton blue shifts; see bottom
plot. Even if this peak lies quite close to the m0 ¼ 1 QPM
line, there is evidence that it is indeed a DW: it clearly
follows the calculated SFG-RR phase matching as the
intensity increases and it is also too broadband to be a
QPM line; note in contrast how narrow the m0 ¼ 3 and 5
QPM lines are. For high intensities, the SPM-RR plateau
flattens, and numerical simulations [33] indicate that this
is due to increased pump depletion as well as significant
self-steepening during the soliton formation stage. We are
currently investigating this further. The visible range
contains spectral “copies” of the soliton supercontinuum
at the harmonic wavelengths (2ω1, 3ω1); this is due to
trapped radiation caused by the cascaded (i.e., phase-
mismatched) nonlinearities [44,45,48], giving a coherent
extension of the supercontinuum into the visible. The
simulations indeed confirmed that the supercontinua had
a high degree of coherence, also in the trapped harmonic
extensions.
The parametric tunability of the TWM nonlinearities

gives a mid-IR edge of the supercontinuum output that is
tunable, which is demonstrated in Fig. 3(a), where the
poling pitch is varied. Note also the excellent agreement
with the theoretical phase-matching calculations (see zoom
in the inset). The theoretical curves also show the further
potential in tuning the 3WM RR waves: essentially, the
whole near- and mid-IR transparency range of LN is
covered, although practically the soliton and the SPM-RR
will dominate the 1.5–3.5 μm range. The plot in Fig. 3(b)
confirms that indeed a broader tuning range in the mid IR
is possible: the DFG-RR waves were recorded in a 20 mm-
long PPLN crystal with 10 different QPM pitch values.

All spectra were recorded one after another so the intensity
magnitudes are therefore absolute and can be related to
each other. The tuning range demonstrated here has a
quite specific importance: as the inset bars indicate, the IR
molecular vibration absorption bands that are present in this
range are IR stretching modes, which, apart from the well-
known band for CO2 in the gas phase, include the important
alkyne and nitrile stretchingmodes. This degree of tunability
is quite unique, and it could be exploited by using an
adiabatic change in the pitch along the crystal to give a
broader and smoother DFG-RR peak to cover the spectral
gap towards the SPM-RR. In the 4WMcase, the RR position
has little or no tunability except in a gas-filled hollow-core
fiber, where the pressure may control both the dispersion and
the nonlinearity [6–9]. However, it also requires adjusting
the pump power.
Similar to [27], we isolated the mid-IR DFG-RR waves

with a long-pass filter and measured them to be subpico-
second pulses with a significant amount of chirp (this is
expected as the RR waves are inherently dispersive). Using
a THz camera, we measured the isolated mid-IR beam
profiles, revealing Gaussian-like shapes [Fig. 3(b), inset].
In conclusion, we have shown soliton-induced resonant

radiation mediated by χð2Þ three-wave mixing nonlinear
terms representing sum- and difference-frequency gener-
ation (A2 and A�A, respectively). These provide a powerful
extension of the well-known resonant radiation induced by

FIG. 3. (a) Calculated tuning curves for SPM, DFG, and SFG
RR waves (using a fixed λs ¼ 1.68 μm), plotted with data from
the same experiment as Fig. 1, but where the QPM pitch was
varied. Inset: details around the experimental data. (b) Experi-
mental mid-IR spectra showing the DFG-RR peaks, recorded
with a 20 mm PPLN with 10 different QPM pitch values, using
λ0 ¼ 1.75 μm and I0 ¼ 55 GW=cm2; note the linear y axis.
Inset: typical transverse beam profile of the long-pass filtered
mid-IR RR wave.

FIG. 2. False-color representation of the experimental super-
continua for various intensities with the same parameters as
Fig. 1. Dashed lines: theoretical phase-matching wavelengths
using the extracted soliton wavelengths (black line). Bottom:
details of the visible and short-wavelength near-IR range,
including calculated QPM resonances.
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χð3Þ four-wave mixing, in particular due to the broadband
parametric tunability of the resonant wavelengths provided
by the SFG or DFG phase-mismatch parameters. Our
experiment was conducted in PPLN crystals, where the
parametric tunability came from changing the QPM pitch.
This, combined with the excitation of a self-defocusing
soliton, allowed us to phase match the DFG resonant
radiation wave in the mid IR. The SFG and SPM resonant
radiation waves were also observed and the full super-
continuum spanned over 3 octaves (550–5000 nm). Our
results could find direct use in soliton-based frequency-
comb generation in microresonators [49–51], for which
quadratic nonlinear materials are currently being explored
for on-chip inherent harmonic conversion of the IR comb
lines [52–56]. Considering that the standard cavity non-
linear model [55] was recently adopted for the quadratic
nonlinearity case [57], which showed similar nonlinear
terms as in Eq. (1), we believe that the demonstrated
SFG and DFG resonant radiation waves can provide a
unique tunable control over the coherent extension of the
comb lines.
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