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Low-dimensional materials could display anomalous thermal conduction that the thermal conductivity
(κ) diverges with increasing lengths, in ways inconceivable in any bulk materials. However, previous
theoretical or experimental investigations were plagued with many finite-size effects, rendering the results
either indirect or inconclusive. Indeed, investigations on the anomalous thermal conduction must demand
the sample length to be sufficiently long so that the phenomena could emerge from unwanted finite-size
effects. Here we report experimental observations that the κ’s of single-wall carbon nanotubes continuously
increase with their lengths over 1 mm, reaching at least 8640 W=mK at room temperature. Remarkably, the
anomalous thermal conduction persists even with the presence of defects, isotopic disorders, impurities,
and surface absorbates. Thus, we demonstrate that the anomalous thermal conduction in real materials can
persist over much longer distances than previously thought. The finding would open new regimes for wave
engineering of heat as well as manipulating phonons at macroscopic scales.
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The law of heat transfer in a solid was discovered by
Fourier in 1811. Under the steady state, Fourier’s law of
heat conduction is expressed as

J ¼ −κ∇T; ð1Þ
which explicitly states that the heat flux density (J) is
proportional to the temperature gradient, and the propor-
tional constant is the thermal conductivity (κ). Empirically,
κ is often found to be a constant of a bulk material and is
independent of sample geometries. Thus, Fourier’s law,
together with Ohm’s law for electrical conduction and
Fick’s law for gas diffusion, are traditionally categorized as
examples of normal diffusion phenomena.
On the other hand, continuous efforts in seeking solid

theoretical grounds for the empirical results have pointed
out that anomalous thermal conduction (κ ∼ Lα, α > 0,
where L is the sample length) could occur in low-dimen-
sional systems [1]. These works, though sometimes
referred to as non-Fourier thermal conduction (which,
strictly speaking, only applies when the speed of heat
conduction cannot be neglected), may be more appropri-
ately described as violations of normal diffusion processes
(α ¼ 0) in heat conduction. Theoretically, the divergence of
κ in one-dimensional systems has been shown to be very
robust against disorder or anharmonicity [2–5]. In many
models, heat transfer phenomena would depend on the
dimensionalities of the system, showing sublinear power-
law (α < 1) divergence in 1D [1], logarithmic divergence in
2D [6], and normal (α ¼ 0) thermal conduction in 3D [7,8].
Apart from the idealized models, it has been suggested that
the anomalous thermal conduction could be observed in
real systems like single-wall carbon nanotubes (CNTs)
[9–17] or graphene ribbons [18]. For example, in a perfect

(i.e., isotopically pure and defect-free) CNT, its κ is
predicted to increase sublinearly (α ¼ 0.33 − 0.5) with
lengths up to millimeters [9,10], characteristically differing
from conventional ballistic thermal conduction (i.e., α¼1).
However, theoretical disputes on many anomalous

effects have not been completely settled yet. For example,
while the anomalous thermal conduction is commonplace
in many 1D models [19,20], it remains controversial
whether a quasi-1D system like a CNT would eventually
restore back to normal thermal conduction at finite lengths
[9–17]. Experimentally, the formidable challenges in fab-
ricating nanomaterials with very high aspect ratios and the
difficulties in measuring their κ’s, combined with unwanted
finite-size effects such as fluctuations of defect or disorder
densities or conventional ballistic thermal conduction
pertinent to micron-sized samples, have plagued many
previous experimental observations [21–25].
To rigorously study the fundamental heat transfer phe-

nomena, experimental investigations should be conducted
on sufficiently long CNTs. We thus synthesized ultralong
single-wall CNTs with lengths exceeding 2 cm using
chemical vapor deposition methods [26]. Individual
CNTs were picked up by a tailored manipulator and placed
on a thermal conductivity test fixture consisting of parallel
suspended SiNx beams, as shown in Fig. 1(a). The sus-
pended SiNx beams with deposited Pt films were utilized as
independent resistive thermometers (RTs) for generating
heat or sensing temperature variations. For example, if a
Joule heating power (P) is injected at RT1 [Fig. 1(b)], most
of the power will dissipate along RT1 to the heat bath,
following P1 ¼ 8ΔT1=Rb1 (where Rb1 is the total thermal
resistance of the RT1 and ΔT1 is the temperature rise above
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the heat bath,measured at themiddle of RT1, where aCNTis
anchored). On the other hand, the power flowing through the
CNT is the sum of the power measured by individual
sensors; i.e., Pj ¼ 4ΔTj=Rbj. Because P ¼ P1 þ P2þ
P3 þ � � �, the thermal conductance of the CNT (K12)
anchored between RT1 and RT2 follows

K12¼
4ðΔT2

Rb2
þΔT3

Rb3
þ���Þ

ΔT1−ΔT2

¼ Pðf12ΔT2þf13ΔT3þ���Þ
ð2ΔT1þf12ΔT2þf13ΔT3þ���ÞðΔT1−ΔT2Þ

; ð2Þ

where fij ≡ Rbi=Rbj. The fij’s can be determined from the
asymmetry of background measurement before anchoring a
CNT.As shown in Fig. 1(c), we have found that although the
measured background thermal conductances varied from
3.18 × 10−9 W=K to 4.51 × 10−12 W=K (for heater-to-
sensor distance 4 μm − 1.039 mm), they display symmetric
results; i.e., fij ¼ 1� 0.04. In addition, the temperature rise
of the heater (sensor) is a parabolic (linear) function of the
location; thus, we have Δ1T ¼ 2ΔT1=3 and ΔTj ¼ ΔTj=2

(where j ¼ 2; 3; 4;… and ΔTi is the average temperature
rise of RTi) [26]. Experimentally, we have found that
ΔT1 ∼ 20 K ≫ ΔT2 ≫ ΔT3 ≫ ΔT4. Thus, the thermal
conductance (K12) of a CNT anchored between RT1 and
RT2 can be expressed by

K12 ¼
2PðΔT2 þ ΔT3 þ � � �Þ
3ΔT1

�
3
2
ΔT1 − ΔT2

� : ð3Þ

The above result can be generalized to thermal conduct-
ance of a CNT anchored between any neighboring RTi and
RTj. During the experiment, an alternating current with
frequency f (<7 Hz) was supplied to the heater (RTi) and
the corresponding changes of the temperature on the sensor
(RTj) were detected at frequency 2f using a lock-in
amplifier. The background contribution due to radiation
heat transfer from the heater to the sensor had been carefully
measured and subtracted so as to obtain the thermal
conductance of theCNTs on the samedevice and of identical
heater-sensor configurations. As shown in Fig. 1(d), the test
fixture is capable of measuring temperature variations

FIG. 1. (a) SEM image of a CNT anchored on a test fixture consisting of parallel resistive thermometers (RTi’s) made by Pt films on
SiNx beams. (b) The corresponding thermal circuits when RT1 is used as a heater. (c) Measured background thermal conductance due to
radiation heat transfer (from heater to sensor) for various heater-to-sensor distances. The measured values for forward and reversed
biases (i.e., exchanging the role of the heater and the sensor) are shown, demonstrating fij ¼ 1� 0.04. We have noticed that the
background thermal conductance is sensitive to the environment (such as whether the Si substrate is fully etched through or partially
etched), so that the measured values are different even if the heater-to-sensor distances are similar. (d) Measure ΔTs vs P for driving
frequency at 2 Hz, which gives a noise equivalent thermal conductance of 4.7 × 10−12 WK−1 Hz−1=2 at room temperature.
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∼0.28 mK at room temperature (time constant ¼ 10 sec),
which is equivalent to a thermal conductance resolution
4.7 × 10−12 WK−1Hz−1=2. After themeasurement, sections
of sample 6 and sample 9 were successfully transferred to a
TEM for further characterizations [26]. Unfortunately, due
to the vibrations of the long CNTs under TEM imaging, the
diameter (d) cannot be precisely measured. We thus assume
d ¼ 2 nm and thickness δ ¼ 0.34 nm for determining
the measured κm ¼ KL=πdδ of the investigated CNTs.
Importantly, the investigatedL’s span from fewmicrometers
[Fig. 1(a)] to millimeters (Fig. 2; see also Ref. [26] for SEM
images of the investigated CNTs).
Figure 3 shows κm vs L relations for nine different CNTs.

The L’s of the investigated CNTs span 3 orders of magni-
tude, varying from 2 μm to 1.039mm. Because the diameter
and the chirality are less likely to change in an ultralongCNT
[27], the uncertainties can be minimized by analyzing the
length dependence of κ of the same sample. Remarkably, the
measured κm’s (open symbols) of sample 2 to sample 9
display unambiguous divergent behavior with increasing L.
No divergence of κm is observed in sample 1, possibly due to

its relatively short L (<30 μm). For the longest CNT
(L ¼ 1.039 mm), κm ¼ 8638� 734 W=mK is measured
(assuming d ¼ 2 nm). Note that the effects of radiation heat
loss from the CNT and contact thermal resistance have not
been taken into account yet. Thus, κm ¼ 8638 W=mK is a
lower bound for the millimeter-long CNT.
Because of the radiation heat loss from the surface of the

ultralong CNTs, the power received by the sensor is always
smaller than that transmitted from the heater. Thus, the
measured κm’s simply set the lower bound of the actual
values. Moreover, because corrections from the radiation
heat loss become more significant for longer L, they further
enhance the divergent behavior of κ for ultralongCNTs [26].
We have analyzed the contribution of radiation heat loss
and plotted the corrected values of κ’s. The divergent
behavior is quantified using κ ∼ Lα. The α’s seem to vary
from 0.1 to 0.5. However, for sample 6 (L > 400 μm),
sample 7 (L>400μm), sample 8 (L>670μm), and sample
9 (L > 1 mm) they are investigated over much larger length
scales and may be closer to an ideal, disordered, quasi-1D
system. Interestingly, their α’s are found to be 0.2–0.5,
falling within theoretical predictions [9,13,14]. Notably,
these α’s are smaller than previous results determined
by micron-long, multiwall CNTs (α ¼ 0.6–0.8) [23],
indicating that the previous observation was mixed with
conventional ballistic thermal conduction (α ¼ 1) of
microscopic lengths. Note that after corrections from the
radiation heat loss, the highest κ (assuming d ¼ 2 nm)
now respectively reaches 6900 W=mK for sample 5
(L>300μm), 10 050 W=mK for sample 8 (L>670μm),
and 13 300 W=mK for sample 9 (L > 1 mm).
We now analyze the effect of contact thermal resistance.

Because the contact areas (∼dw, where d is the diameter of
the CNT and w ¼ 2 μm is the width of a SiNx beam)
between the CNTand each RTi are nearly identical for each
sample, the contact thermal resistance (1=Kc) should be
approximately a constant for individual CNTs and its effect
can be analyzed in terms of a dimensionless quantity
Ks=Kc, where Ks is the intrinsic thermal conductance of
a 1 μm-long CNT. So the measured thermal resistance
(1=Km) follows 1=K ¼ ðL=L0Þ1−α=Ks þ 1=Kc, and the
measured κm is expressed as

κm ¼ KsL
πds

�
1

ðL=L0Þ1−α þ Ks=Kc

�
: ð4Þ

Here, L0 ¼ 1 μm. To investigate the effect of the contact
thermal resistance, we first assume that the CNT is an
ordinary diffusive thermal conductor (i.e., α ¼ 0) and plot
the result for different Ks=Kc’s in Fig. 4. From Fig. 4,
it can be seen that although contact thermal resistance may
yield spurious divergent behavior at short lengths, the
curves always become flat for large L. Thus, the contact
thermal resistance cannot explain the experimental data.
Because the experimentally investigated L’s span 3 orders
of magnitude yet the contact area remains the same, we

FIG. 2. SEM panorama of sample 9 (divided into three parts),
where a CNT is suspended across a heater and a sensor (the
horizontal beams in the top right and the bottom left images).
The total suspended length of sample 9 is 1.039 mm. The arrows in
the figures denote the CNT.
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have L1−α ≫ Ks=Kc in Eq. (4) and the effect of contact
thermal resistance vanishes when L ≫ 1 μm. Additionally,
the effect of contact thermal resistance should be limited;
for example, Ks=Kc > 5 would indicate that the intrinsic κ
of a 1 μm-long CNT is larger than 18 000 W=mK, violat-
ing quantum mechanical constraints for a CNT [28,29].
Further analyses using Eq. (4) suggest that 0.17<α<0.43
and Ks=Kc < 0.3 yield good fits to the experimental data
[26]. Figure 4 also shows a controlled experiment on a SiNx
beam displaying the expected diffusive thermal conduction,
demonstrating the validities of our measurements and
analyses. Therefore, we conclude that the experimentally
observed divergent behavior of κ originates from the
intrinsic properties of the ultralong CNTs, but not from
artifacts of contact thermal resistance.
Because naturally abundant ethanol vapor was used as

the synthetic source, isotopic impurities (98.9% 12C and
1.1% 13C) are expected in the investigated CNTs. In
addition, impurities and defects are unavoidable for the
ultralong CNTs. Furthermore, TEM images reveal a thin
layer (∼2 nm) of amorphous carbon covering some parts of
the CNTs [26]. Surprisingly, the pronounced power-law
divergence of κ emerges regardless of these structural
imperfections and external perturbations. The result is
consistent with 1D disordered models that show robust
anomalous thermal conduction phenomena against defects
or disorders [5]. But it disagrees with the prediction that the
divergent behavior of κ would disappear when defects are
introduced in CNTs [9,16]. We thus demonstrate that the
divergence of κ persists for much longer distances than
theoretically anticipated [9,10,16]. Our results also resolve
the decade-long debate of whether the κ of a CNT would

continue to diverge or saturate for L > 1 μm [11–17]. The
finding indicates that the wave properties of heat can be
transmitted for much longer distances than previously
thought, and it highlights the important contributions of
long-wavelength phonons in low-dimensional systems.
Unlike electrical conductivity of materials that can vary by

more than 27 orders of magnitude from insulators to metals,

FIG. 3. κ vs L relations
for nine different CNTs.
Both measured κm’s (open
symbols) and corrected κ’s
(solid symbols, after incor-
porating radiation heat loss
from the surface of CNTs)
are shown for each sample.
The measured κm’s and
corrected κ’s are almost
identical for L < 100 μm.
For the longest CNT inves-
tigated (L ¼ 1.039 mm),
the measured κm and the
corrected κ reach 8640 and
13300W=mK, respectively.
The fits (by parametrizing
κ ∼ Lα) to the corrected
κ’s and measured κm’s are
shown by solid curves and
dashed curves, respectively.

FIG. 4. Normalized κ vs L for the investigated samples. Here
the corrected κ’s (solid symbols) and measured κm’s (open
symbols) are normalized, respectively, by those of each sample’s
shortest L. The effects of contact thermal resistance from small
(Ks=Kc ¼ 0.2) to large (Ks=Kc ¼ 5) are calculated using Eq. (4)
(with α ¼ 0), demonstrating that the observed divergent of κ or
κm cannot be attributed to contact thermal resistances adding to a
diffusive thermal conductor. A controlled experiment on a SiNx
beam shows the expected normal thermal conduction.
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κ’s were known to vary less than 105 from the best thermal
conductors to the best thermal insulators in the past. The
fundamental limitation has hampered most technological
progress in directing heat or transmitting phonons. The
divergent and ultrahigh κ observed inCNTs over 1-mm length
scale could open a new domain for wave engineering of heat.
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