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In recent years, we have witnessed great progress in
calculations of multiloop amplitudes (see, e.g., [1–4], and
references therein), an important part of which is related to
the applications and development of the Britto-Cachazo-
Feng-Witten (BCFW) approach [5]. This first allowed us to
obtain Britto-Cachazo-Feng (BCF) recursion relations for
tree amplitudes in D ¼ 4 Yang-Mills and N ¼ 4 super-
symmetric Yang-Mills (SYM) theory [6–8] and then was
developed for the case of superamplitudes of N ¼ 4 SYM
theory [9,10], loop (super)amplitudes, and N ¼ 8 super-
gravity [9–12] (see [11,12] for more references). To lighten
the text, below we will mainly omit “super” in super-
amplitudes, calling them amplitudes.
This approach was generalized for the tree amplitudes

of the D ¼ 10 SYM model in Ref. [13] but then mainly
used in the context of type IIB supergravity [14–17], where
the presence of complex structure allowed us to lighten
the “Clifford superfield” description of the amplitudes in
Ref. [13]. The observation that the constrained bosonic
spinor helicity variables used in Ref. [13] can be identified
with spinor moving frame variables of Refs. [18–20] (or,
equivalently, with Lorentz harmonics of Refs. [21,22]) [23]
allowed us to simplify it(’sN ¼ 1 version) [26] and also to
generalize it to the case of D ¼ 11 supergravity [27]. The
results of this 11D generalization of the on-shell superfield
description of tree amplitudes and of the BCFW recurrent
relations for these will be reported in this Letter.
The BCFW recursion relations [5] are written for

n-particle tree amplitudes AðnÞðpð1Þ; εð1Þ;…;pðnÞ; εðnÞÞ in
spinor helicity formalism, in which the information on
the (lightlike) momentum pμðiÞ and on the helicity of the
i-th external particle are encoded in the bosonic spinor
λAðiÞ ¼ ðλ̄ _AðiÞÞ�. The lightlike momentum is defined by the

Cartan-Penrose representation (see [31] and references
therein)

pμðiÞσ
μ

A _A
¼ 2λAðiÞλ̄ _AðiÞ⇔pμðiÞ ¼ λðiÞσμλ̄ðiÞ; ð1Þ

where σμ
A _A

are relativistic Pauli matrices, A ¼ 1, 2 and
_A ¼ 1, 2 are Weyl spinor indices, and μ ¼ 0;…; 3.

All n-particle amplitudes for the fields of the N ¼ 4

SYM theory can be described by a superfield amplitude
(superamplitude) [9,10] AðnÞðλð1Þ; λ̄ð1Þ; ηð1Þ;…; λðnÞ; λ̄ðnÞ;

ηðnÞÞ depending, besides λAðiÞ and λ̄ _AðiÞ, on the set of n

complex fermionic coordinates ηqðiÞ ¼ ðη̄qðiÞÞ� (first
introduced in Ref. [32]), ηqðiÞη

p
ðjÞ ¼ −ηpðjÞη

q
ðiÞ, η̄qðiÞη

p
ðjÞ ¼

−ηpðjÞη̄qðiÞ, carrying the index q ¼ 1;…; 4 of the
fundamental representation of SUð4Þ. These superfield
amplitudes are multiparticle counterparts of the so-called
on-shell superfield

Φðλ; λ̄;ηqÞ¼fð−Þðλ; λ̄Þþηqχqþ
1

2
ηqηpspqþ

1

3!
ηqηpηrϵrpqsχ̄

s

þ 1

4!
ηqηpηrηsϵrpqsfðþÞ ð2Þ

describing all the states of the linearized SYM provided it
obeys the so-called helicity constraint [31,32]

ĥΦðλ; λ̄; ηÞ ¼ Φðλ; λ̄; ηÞ; ð3Þ

2ĥ ≔ −λA
∂
∂λA þ λ̄ _A

∂
∂λ̄ _A þ ηq

∂
∂ηq : ð4Þ

The n-particle on-shell superfield amplitudes of 4D N ¼ 4

SYM theory, AðnÞðλð1Þ; λ̄ð1Þ; ηð1Þ;…; λðnÞ; λ̄ðnÞ; ηðnÞÞ≡
AðnÞð…; λi; ηi;…Þ, should obey the set of n helicity
constraints

ĥðiÞAðnÞð…; λi; λ̄i; ηi;…Þ ¼ AðnÞð…; λi; λ̄i; ηi;…Þ; ð5Þ

with 2ĥðiÞ ≔ −λAðiÞ∂=∂λAðiÞ þ λ̄ _AðiÞ∂=∂λ̄ _AðiÞ þ ηqðiÞ∂=∂ηqðiÞ.
We refer to Refs. [9,10] for the superfield generalization

of the original D ¼ 4 BCFW recurrent relations [5] and
pass to the 11D generalization of the spinor helicity
formalism.
Spinor helicity formalism inD ¼ 11.—Let us denote the

D ¼ 11 vector indices by a; b; c ¼ 0; 1;…; 9; 10, spinor
indices of SOð1; 10Þ by α; β; γ; δ ¼ 1;…; 32, and D ¼ 11
Dirac matrices by Γaα

β. In our mostly minus notation,
ηab ¼ diagðþ1;−1;…;−1Þ, both Γaα

β and the charge

PRL 118, 031601 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

20 JANUARY 2017

0031-9007=17=118(3)=031601(5) 031601-1 © 2017 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.118.031601
http://dx.doi.org/10.1103/PhysRevLett.118.031601
http://dx.doi.org/10.1103/PhysRevLett.118.031601
http://dx.doi.org/10.1103/PhysRevLett.118.031601


conjugation matrix Cαβ ¼ −Cβα are imaginary. We will
also use the real symmetric matrices Γa

αβ ¼ Γaγ
α Cγβ ¼ Γa

βα
and ~Γαβ

a ¼ CαγΓaβ
γ ¼ ~Γβα

a .
The lightlike momentum of a massless 11D particle can

be expressed by relations similar to (1):

kaΓa
αβ ¼ 2ρ#v−αqv−βq; ρ#v−q ~Γav−p ¼ kaδqp; ð6Þ

in terms of “energy variable” ρ# and a set of 16 constrained
bosonic 32-component spinors v−αq, q; p ¼ 1;…; 16, which
can be identified with D ¼ 11 spinor moving frame
variables [33–35] or Lorentz harmonics [36]. Essentially,
the constraints on v−αq are given by Eq. (6) supplemented
by v−αqCαβv−βq ¼ 0 and by the requirement that the rank of
32 × 16 matrix v−αq is equal to 16. We refer to Refs. [34,35]
for the complete description and discussion of the con-
straints and gauge symmetries of the spinor moving frame
formalism for the 11D massless superparticle and only
notice that, taking all these into account, the variables v−αq
can be considered as homogeneous coordinates on S9, the
celestial sphere of a D ¼ 11 observer,

fv−αqg ¼ S9: ð7Þ
The sign superindices − and #≡þþ, carried by v−αq and ρ#,
characterize their scaling properties with respect to the
SOð1; 1Þ gauge symmetry of the spinor moving frame (or
Lorentz harmonic) approach to a massless (super)particle.
One can check that, due to (6) and v−qCv−p ¼ 0, the

momentum vector ka is lightlike, kaka ¼ 0, and moreover
the spinor moving frame variables v−αq obey the massless
Dirac equation (in momentum representation)

ka ~Γaαβvβq− ¼ 0⇔kaΓa
αβv

−β
q ¼ 0: ð8Þ

The 11D counterparts of the 10D spinor helicity vari-
ables of Ref. [13] are λαq ¼

ffiffiffiffiffi
ρ#

p
v−αq; the counterpart of the

polarization spinor of the 10D fermionic field in D ¼ 11 is
given by the same helicity spinor but with the risen spinor
index, λαq ¼

ffiffiffiffiffi
ρ#

p
v−αq ¼ −iCαβλβq [¼ ðλαqÞ�].

One notices that Eqs. (6) can be written as Γa
αβka ¼

2λαqλβq and λq ~Γaλp ¼ kaδqp. However, the energy variable
ρ# and its canonically conjugate coordinate x¼ play an
important role in our construction below. In particular, the
D ¼ 11 counterparts of the on-shell superfields are defined
on superspace

Σð10j16Þ∶ fðx¼; v−αq; θ−q Þg; ð9Þ
with bosonic sector R ⊗ S9 [see (7)] including R ¼ fx¼g.
D ¼ 11 on-shell superfields.—The description of

linearized 11D supergravity multiplet by superfields in
the on-shell superspace (9) was proposed in Ref. [36]
(and can be reproduced when quantizing the massless 11D
superparticle [26]). It was given in terms of a
bosonic antisymmetric tensor superfield ΦIJK ¼
Φ½IJK�ðx¼; θ−q ; vαq−Þ which obeys

Dþ
qΦIJK ¼ 3iγ½IJqpΨ

K�
p ; γIqpΨI

p ¼ 0: ð10Þ

Here I; J; K ¼ 1;…; 9, q; p ¼ 1;…; 16, γIqp ¼ γIpq are
d ¼ 9 Dirac matrices, γIγJ þ γJγI ¼ δIJI16×16, and

Dþ
q ¼ ∂þ

q þ 2iθ−q∂¼ ≡ ∂
∂θ−q þ 2iθ−q

∂
∂x¼ ð11Þ

is the fermionic covariant derivative obeying the d ¼ 1,
N ¼ 16 supersymmetry algebra fDþ

q ; Dþ
p g ¼ 4iδqp∂¼.

The consistency of Eq. (10) requires that fermionic
superfield ΨI

q satisfies, besides γIqpΨI
p ¼ 0,

Dþ
qΨI

p ¼ 1

18
ðγIJKLqp þ 6δI½JγKL�qp Þ∂¼ΦJKL þ 2∂¼HIJγ

J
qp;

ð12Þ
with symmetric traceless SOð9Þ tensor superfield HIJ ¼
H(ðIJÞ) (below, to simplify notation, we will write ðIJÞ
instead of ððIJÞÞ indices), obeying

Dþ
q HIJ ¼ iγðIqpΨ

JÞ
p ; HIJ ¼ HJI; HII ¼ 0: ð13Þ

The leading component of this bosonic superfield,
hIJðx¼; v−αqÞ ¼ HIJjθ−q¼0, describes the on-shell degrees
of freedom of the 11D graviton (see [36] for more details).
One can collect all the above on-shell superfields in

ΨQðx¼; v−αq; θ−q Þ ¼ fΨIq;Φ½IJK�; HðIJÞg; ð14Þ
with multi-index Q taking 128 (¼ 144 − 16) “fermionic”
and 128¼84þ44 “bosonic values,” Q¼fIq;½IJK�;ðIJÞg.
The set of equations (12), (10), and (13) can be unified
in

Dþ
qΨQ ¼ ΔQqPΨP; ð15Þ

where the operator ΔQqP can be easily read off Eqs. (12),
(10), and (13). It contains differential operator ∂¼ when
Q ¼ Iq and is purely algebraic otherwise. This difference is
diminished when passing to the Fourier images of the super-
fields with respect to the x¼ coordinate, ΨQðρ#;v−αq;θ−q Þ¼
ð1=2πÞR dx¼expðiρ#x¼ÞΨQðx¼;v−αq;θ−q Þ. These obey the
same equation (15) but with ∂¼↦ − iρ# and

Dþ
q ¼ ∂þ

q þ 2ρ#θ−q : ð16Þ
As we have already noticed, the set of Eqs. (12), (10),

and (13), collected in (15), are dependent. We can choose
any of them and reproduce two others from its consistency
conditions. Passing to the Fourier image makes it natural to
choose the fermionic superfield as fundamental and to
describe the linearized 11D supergravity by the equation

Dþ
qΨI

p ¼ −
iρ#

18
ðγIJKL þ 6δI½JγKL�ÞqpΦJKL − 2iρ#HIJγ

J
qp:

ð17Þ
Equations (15) [i.e., the set of Eqs. (10), (12), and (13)]

and γIqpΨI
p ¼ 0 play the role of D ¼ 4 helicity constraint

(3). Then it is natural to expect that an on-shell tree
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superfield amplitude should satisfy essentially the same set
of equations for each of the scattered particles.
Tree on-shell amplitudes in D ¼ 11.—The tree on-shell

n-particle scattering amplitudes can be described as a
function in a direct product of n copies of the on-shell
superspace (9)”

AðnÞ
Q1…Qn

ðk1;θ−1 ;…;kn;θ−n Þ≡AðnÞ
…Ql…

ð…;kl;θ−l ;…Þ
≡AðnÞ

…Ql…
ð…;ρ#ðlÞ;v

−
qðlÞ;θ

−
qðlÞ;…Þ;

ð18Þ

carrying n multi-indices Ql ¼ fIlql; ½IlJlKl�; ðIlJlÞg [see
(14)]. As indicated in (18), for shortness we often write the
bosonic argument of the amplitude as kaðlÞ instead of

ρ#ðlÞ; v
−
qðlÞ [implying that kaðlÞ is expressed in terms of these

by (6), where ρ#ðlÞ is allowed to be negative]. We will also

omit the arguments of the amplitude when this does not
produce confusion.
The set of equations for the 11D amplitudes, playing the

role of D ¼ 4 helicity constraints (5), includes, besides the
γ-tracelessness on every fermionic multi-index Ilql,

γIlplqlA…IðlÞqðlÞ… ¼ 0; ð19Þ
the equation

Dþ
qðlÞA…QðlÞ… ¼ ð−ÞΣlΔQlqPðlÞA…PðlÞ…; ð20Þ

where ΔQlqPðlÞ is the same as in (15) [i.e., can be read off
(17), (10), and (13)], but acting on variables and indices
corresponding to the lth particle, and Σl can be defined as
the number of fermionic, Ijqj, indices amongQ1;…Qðl−1Þ,
i.e.,

Σl¼
Xl−1
j¼1

(1−ð−ÞεðQjÞ)
2

;

�
εð½IjJjKj�Þ¼0¼ εðIjJjÞ;
εðIjqjÞ¼1:

ð21Þ
In particular, when Ql ¼ Ilpl, Eq. (20) reads

ð−ÞΣlDþðlÞ
ql AðnÞ

Q1…Ilpl…Qn
¼ −2iρ#ðlÞγJlqpA

ðnÞ
Q1…ðIlJlÞ…Qn

−
i
18

ρ#ðlÞðγIlJlKlLl
qp

þ 6δIl½JlγKlLl�
qp ÞAðnÞ

Q1…½JlKlLl�…Qn
:

ð22Þ
Generalized BCFW deformation in D ¼ 11.—To write

the generalized BCFW recurrent relations in D ¼ 11, we
have to define the generalized BCFW deformation of
bosonic and fermionic variables of the above described
11D on-shell superfield formalism.
As in the original 4D construction [5], the deformation

of, say, the first and the nth particle variables should imply
the opposite shift of their lightlike momenta:

ˆkað1Þ ¼ kað1Þ − zqa; ˆkaðnÞ ¼ kaðnÞ þ zqa; ð23Þ

on a lightlike vector qa orthogonal to both kað1Þ and kaðnÞ:

qaqa ¼ 0; qakað1Þ ¼ 0; qakaðnÞ ¼ 0; ð24Þ

multiplied by an arbitrary complex number z ∈ C [5] (the
10D construction of Ref. [13] used real z ∈ R).
Equations (24) guarantee that the deformed momenta
remain lightlike:

ðkð1ÞÞ2 ¼ 0 ¼ ðkðnÞÞ2 ⇒ ð ˆkð1ÞÞ2 ¼ 0 ¼ ð ˆkðnÞÞ2: ð25Þ
Thus, the amplitude depending on these, instead of original
kað1Þ and kaðnÞ, AzQ1…Qn

ð ˆkð1Þ; θ−ð1Þ;… ˆkðnÞ; θ−ðnÞÞ, remains an
on-shell amplitude.
In D ¼ 4, the deformation of the momenta (25) results

from the following deformation of the bosonic spinors
entering the Penrose representation (1):

ˆλAðnÞ ¼ λAðnÞ þ zλAð1Þ;
ˆ

λ̄ _Að1Þ ¼ λ̄ _Að1Þ − zλ̄ _AðnÞ; ð26Þ

In D ¼ 11, (25) results from the following deformation of
the associated spinor moving frame variables:

ˆv−αqðnÞ ¼ v−αqðnÞ þ zv−αpð1ÞMpq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ#ð1Þ=ρ

#
ðnÞ

q
; ð27Þ

ˆv−αqð1Þ ¼ v−αqð1Þ − zMqpv−αpðnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ#ðnÞ=ρ

#
ð1Þ

q
; ð28Þ

which enter the Penrose-like constraints (6),

kaðiÞΓaαβ ¼ 2ρ#ðiÞv
−
αqðiÞv

−
βqðiÞ;

kaðiÞδqp ¼ ρ#ðiÞv
−
qðiÞ ~Γav−pðiÞ: ð29Þ

The energy variables ρ#ðiÞ are not deformed. The matrixMqp
is constructed from the lightlike vector qa of (25):

Mqp ¼ −qaðv−qð1Þ ~Γav−pðnÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ#ð1Þρ

#
ðnÞ

q
=ðkð1ÞkðnÞÞ ð30Þ

(cf. with 10D relations in Ref. [13]), with 16kaðiÞ ¼
ρ#ðiÞv

−
qðiÞ ~Γ

av−qðiÞ [see (29)], and is nilpotent:

MrpMrq ¼ 0; MqrMpr ¼ 0; ð31Þ
due to (24). This nilpotent matrix enters also the deforma-
tion rules of the fermionic coordinates:

ˆθ−pðnÞ ¼ θ−pðnÞ þ zθ−qð1ÞMqp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ#ð1Þ=ρ

#
ðnÞ

q
; ð32Þ

ˆθ−qð1Þ ¼ θ−qð1Þ − zMqpθ
−
pðnÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ#ðnÞ=ρ

#
ð1Þ

q
: ð33Þ

These can be also written as

ˆθ−pðiÞ ¼ e−zD
þ
ð1ÞMθ−ðnÞ−zθ

−
ð1ÞMDþ

ðnÞθ−pðiÞ; ð34Þ
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where the covariant fermionic derivatives Dþ
qðiÞ are defined

in (16). Their deformation

ˆDþ
qðiÞ ¼e−zDð1ÞMθðnÞ−zθð1ÞMDðnÞDþ

qðiÞe
zDð1ÞMθðnÞþzθð1ÞMDðnÞ ð35Þ

is similar to the deformation of 8d Clifford algebra valued
variables in the 10D construction of Ref. [13].
Generalized BCFW recurrent relations for tree ampli-

tudes in D ¼ 11.—The deformed tree amplitude is defined
as an amplitude depending on deformed momenta and
fermionic coordinates. We denote it by

ˆ
AðnÞ

z …Ql… ≔ AðnÞ
z Q1…Ql…Qn

ð ˆkð1Þ;…; ˆkðlÞ; ˆθ−ðlÞ;…; ˆθ−ðnÞÞ
¼ AðnÞ

z Q1…Qn
ð ˆkð1Þ; ˆθ−ð1Þ; kð2Þ;…; θ−ðn−1Þ; ˆkðnÞ; ˆθ−ðnÞÞ;

ð36Þ

where in the last line it is assumed that the deformed
momenta correspond to the first and nth of the scattered
particles [so that ˆkðlÞ; ˆθ−ðlÞ ¼ kðlÞ; θ−ðlÞ for l ¼ 2;…; ðn − 1Þ]
and the subscript z indicates the parameter used in this
deformation (27)–(33). Notice that deformed amplitudes
(36) satisfy, besides the gamma-tracelessness (19),
Eqs. (20) with deformed derivatives (35):

ˆDþ
qðlÞÂzQ1…QðlÞ… ¼ ð−ÞΣlΔQlqPðlÞÂz;Q1…PðlÞ…: ð37Þ

In particular,

ð−ÞΣl ˆDþ
qlðlÞÂz…½IlJlKl�… ¼ 3iγ½JlKljqlpl

Âz…jIl�pl…; ð38Þ

ð−ÞΣl ˆDþ
qlðlÞÂz…ðIlJlÞ… ¼ iγqlplðIljÂz…jJlÞpl…: ð39Þ

The proposed BCFW-type recurrent relation for tree super-
field amplitudes of 11D supergravity reads

AðnÞ
Q1…Qn

ðk1; θ−ð1Þ; k2; θ−ð2Þ;…; kn; θ−ðnÞÞ ¼
Xn
l

ð−ÞΣðlþ1Þ

64½ρ̂#ðzlÞ�2
Dþ

qðzlÞfÂ
ðlþ1Þ
zlQ1…QlJp

½k̂1; ˆθ−ð1Þ; k2; θ
−
ð2Þ;…; kl; θ−ðlÞ; P̂lðzlÞ;Θ−�

×
1

ðPlÞ2
Dþ↔

qðzlÞÂ
ðn−lþ1Þ
zlJpQlþ1…Qn

½−P̂lðzlÞ;Θ−; klþ1; θ−ðlþ1Þ;…; kn−1; θ−ðn−1Þ; k̂n; ˆθ−ðnÞ�gjΘ−¼0: ð40Þ

Here

Pa
l ¼ −

Xl

m¼1

kam; ð41Þ

P̂a
l ðzÞ ¼ −

Xl

m¼1

k̂amðzÞ ¼ Pa
l − zqa; ð42Þ

zl ≔ Pa
l Pla=ð2Pb

l qbÞ; ð43Þ

with qa obeying (24) and (30) [37]. Equation (42) implies
that ½P̂lðzÞ�2 ¼ ðPlÞ2 − 2zPl · q, so that P̂a

l ðzlÞ is lightlike:

½P̂lðzlÞ�2 ¼ 0; zl ≔ ðPlÞ2=ð2Pl · qÞ: ð44Þ
As a result, first, both amplitudes in the rhs of (40) are on
the mass shell, and, second, we can express P̂a

l ðzÞ in terms
of associated spinor moving frame variables v−αqðzlÞ ≔
v−αqP̂lðzlÞ and energy �ρ̂#ðzlÞ [see (6)]:

P̂l
aðzlÞΓaαβ ¼ 2ρ̂#ðzlÞv−αqðzlÞv−βqðzlÞ;
P̂l

aðzlÞδqp ¼ ρ̂#ðzlÞv−q ðzlÞ ~Γav−pðzlÞ: ð45Þ

This ρ̂#ðzlÞ enters the denominator of the terms in rhs of
(40) (which is needed to simplify the relation between the
amplitude and superamplitude).
Actually, the bosonic arguments of the on-shell ampli-

tudes are energies ρ#ðiÞ and v
−
αðiÞ related to lightlike momenta

kaðiÞ by (29) and the above v−αqðzlÞ and �ρ̂#ðzlÞ; just for

shortness in (40), following (18), we hide this, writing
instead the dependence on the momenta.
Finally, Dþ

qðzlÞ in (40) is the covariant derivative with

respect to Θ−
q constructed with the use of ρ̂#ðzlÞ of (45):

Dþ
qðzlÞ ¼

∂
∂Θ−

q
þ 2ρ̂#ðzlÞΘ−

q : ð46Þ

Notice that the structure of the rhs of (40),

Dþ
q ðA…JpDþ↔

qAJp…ÞjΘ−¼0

≡Dþ
q (A…JpDþ

qAJp… − ð−ÞΣlDþ
qA…JpAJp…)j0; ð47Þ

can be treated as an integration over the fermionic variable
Θ−

q in (47) with an exotic measure similar to one used in
Refs. [38,39] to construct a world sheet superfield formu-
lation of the heterotic string (see [40] for a formal
discussion on superspace measures).
To argue that there is no contribution to the rhs of (40) of

a pole at jzj↦∞, we can use the line of arguments
presented in Ref. [13] for the 10D case, which refers on
the case when external momenta lay in some 4d subspace of
spacetime and on the original proof of Ref. [5], which was
extended to N ¼ 8 supergravity in Refs. [9–11].
The calculation of sample tree superamplitudes of 11D

supergravity with the use of the above BCFW-type recur-
rent relations (45) and generalization of these to loop
amplitudes will be the subject of subsequent work. See
Supplemental Material [41] for some technicalities needed
to proceed with explicit superamplitude calculations.
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