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Quantum coherence is the most distinguished feature of quantum mechanics. It lies at the heart of the
quantum-information technologies as the fundamental resource and is also related to other quantum
resources, including entanglement. It plays a critical role in various fields, even in biology. Nevertheless,
the rigorous and systematic resource-theoretic framework of coherence has just been developed recently,
and several coherence measures are proposed. Experimentally, the usual method to measure coherence is to
perform state tomography and use mathematical expressions. Here, we alternatively develop a method to
measure coherence directly using its most essential behavior—the interference fringes. The ancilla states
are mixed into the target state with various ratios, and the minimal ratio that makes the interference fringes
of the “mixed state” vanish is taken as the quantity of coherence. We also use the witness observable to
witness coherence, and the optimal witness constitutes another direct method to measure coherence. For
comparison, we perform tomography and calculate /; norm of coherence, which coincides with the results
of the other two methods in our situation. Our methods are explicit and robust, providing a nice alternative

to the tomographic technique.
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Introduction.—Quantum coherence, also known as
quantum superposition, is the most essential property that
distinguishes quantum mechanics from classical theory. It is
the fundamental resource for quantum information process-
ing, such as quantum computation [1], quantum key dis-
tribution [2], and quantum metrology [3,4]. Other quantum
resources, such as the asymmetry of quantum states, are
proved to be related to the quantum coherence [5,6];
especially, the entanglement and other quantum correlations
are even regarded as a special kind of quantum coherence in
bi- and multipartite situations [7,8]. Moreover, the quantum
coherence also plays an important role in the fields of
superfluidity [9], thermodynamics [10-12], and quantum
biology (e.g., the photosynthetic light harvesting) [13,14],
etc. Although there has been a long history in the studies of
quantum coherence in various systems [15-24], especially
in quantum optics [15-18], the coherence was subjected to
the rigorous and systematic resource-theoretic framework
[25,26] just in recent years [27,28] (see Supplemental
Material [29]). One of the primary contents of this
resource-theoretic framework is the quantification of the
quantum coherence, which should be restricted by the
conditions of the resource theory [28,34]. After the seminal
work of Baumgratz et al., in which a class of coherence
measures based on different state distances were proposed
[28], many other types of coherence measures have been
raised, for example, the measure based on the Wigner-
Yanase-Dyson skew information [35], the measures based
on entanglement [36], and the measure based on robustness
[6,30], etc.
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Practically, the often-used method to carry out the coher-
ence measurement on a quantum system is to perform the
state tomography [31,37] and then, subject the derived state
density matrix to the expressions of the coherence measures.
However, the whole measurement process is largely depen-
dent on the mathematical calculations. The physical effect of
the coherence, i.e., the interference, is actually not reflected
very directly during the measurement process. Moreover, the
state-tomography method may contain redundant informa-
tion. When measuring the coherence of a quantum system,
we actually do not need to know the full information about its
state because not all the information about the this state is
related to the quantity that we desire. Therefore, particular
methods can be designed to directly measure the quantum
coherence without tomography. Similar (but not the same)
situations also appear in the measurement of other quantum
resources, such as the detection of the quantum system-
environment correlations using local operation [38—40] or
some other purposes like state discrimination [41].

In this Letter, we introduce a method—inspired by the
ancilla-assisted measurement methods [6,30,42-44] and as
an alternative to the tomographic technique—to measure
the magnitude of the quantum coherence directly using its
most remarkable feature, i.e., the interference fringes, and
the polarization state of the single photons is used as the
example to illustrate this method. During the measurement
process, a varying ancilla state (z) is mixed into the target
state (p) with a varying ratio (denoted as s and which will
be discussed later), and then, the visibility on the reference
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bases of the “mixed state” is monitored. The smallest ratio
making the interference disappear is taken as the coherence
value of the target state, denoted as C. This measurement
result is actually the robustness of coherence (ROC), which
is defined in Ref. [6,30] as

c:min{s20|p+”ez}, (1)
€D 1+s

where D is the convex set of all the qubit states, and Z C D
denotes the subset of the incoherent states. ROC has been
proven to be a bona fide measure of coherence [6,30],
which satisfies all the conditions raised by the resource
theory [28,34]. We also use the coherence-witness oper-
ators to detect the quantum coherence, and the result of
the optimal coherence witness (denoted as Cyy) becomes
the same as the above-mentioned measurement result C
(i.e., ROC), which provides another way to directly
measure the quantum coherence, i.e., by using an observ-
able [6,30]. Moreover, for the purpose of comparison, we
still perform the state tomography for this instantiated
situation and calculate the /; norm of coherence [defined as
Cy,(p) = >_i.izjlpijl1—a typical distance-based coherence
measure (the /; norm distance between p and its corre-
sponding incoherent state) [28]. Our results show that
the values of the quantum coherence measured directly,
using either the interference fringes or the optimal witness
observable, are both the same as that of the /; norm of
coherence, obtained by tomography in our instantiated
situation [6,30], which shows the validity of our direct
measurement methods.

The interference-fringe method.—The experimental
setup is shown in Fig. 1, and details can be referred to
in the Supplemental Material [29]. The target quantum
state to be measured in our experiment is prepared in
process (a). This state can be expressed as p :%[ﬂ—l—
r,(sin@, cos @,0, + sinf, sin @,0, 4 cos6,0,)], where 1
is the identity matrix, o, 6,, and ¢, are the Pauli matrices,
0, and @, are the azimuth angles, and r, is the radius
of the state in the Bloch sphere. After the preparation,
this state is sent to process (b) for the coherence meas-
urement. As mentioned previously, during this process, an
ancilla state is prepared, which can be expressed as
t=3[1 4 r(sin6, cos .6, + sin 6, sin .6, + cos 6,5,)],
with the symbols similar to those in p; especially, we denote
©, = arccos(r,cosf,) and u, = r,sin6, [representing
the distance between 7 and r, in the Bloch sphere; see
Fig. 2(e)]. According to the definition Eq. (1), this ancilla
state is mixed into the target state with a varying ratio s,
and the state after mixing is u = (p + s7)/(1 +5). To
check whether u (s dependent) is in the incoherent-state
set Z, the interference fringes of u is monitored by
detecting the probability of yx to collapse on the basis of
|f >= (|H) + ¢?|V))/+/2, where |H) and |V) denote the
horizontal- and vertical-polarization reference bases,
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FIG. 1. Experimental setup. (a) The preparation of the target
state. (b) The direct coherence-measurement method using the
interference fringes. The same setups as those in (a) prepare the
various ancilla states and the half-wave plate (HWP) and polar-
izing beam splitter (PBS) before it adjusts the mixing ratio s by
tuning the number of the ancilla photons. Then, the beam splitters
(BSs) mix the target and ancilla states. The following rotated
phase plates (RPPs), HWP, PBS, and the electronic module detect
and monitor the interference fringes. The inset figure on the top of
the box are actually two sample fringe data that we obtain. The
blue and red dots, respectively, correspond to the “mixed state”
with and without coherence. (c) The method using coherence-
witness observable. The quarter-wave plates (QWPs) and HWP
can map the bases of the PBS to the eigenstates of any witness
observable. Each of the eigenstates corresponds to the detection
events with the value of the corresponding eigenvalue. Then, the
expectation value of the events can be calculated. (d) Tomography
method. Details can be referred to in Ref. [31] and Supplemental
Material [29]. PP, phase plate; SPAD, single-photon avalanche
diode.

respectively, and ¢ is the relative phase. The vanished
visibility means u € Z. Then, the next step of this method is
to seek the optimal ancilla state z*, which provides the
minimal s, while keeping the visibility of the interference
fringes of the “mixed state” (u) vanished. This minimal s
value is just the coherence measure C, according to the
definition Eq. (1).

The searching process for 7* can be various, for example,
the traversal method and the Bayesian method [45], etc.
To show the characteristics of the monitored interference
fringes more completely and clearly, we adopt the traversal
method. However, we emphasize that this searching proc-
ess can be more efficient when other methods are utilized;
especially, in some particular situations, the full searching
process can be greatly simplified; e.g., in our situation, the
ancilla state contains three parameters to be scanned for a
full search, i.e., ¢,, u,, and 6., but we will show that later,
the u, and 6, scannings are trivial for a qubit system, and
only ¢, scanning is necessary. Here, the p state with
r,=097,0,=63° and ¢, = 0°, is taken as the example
to illustrate the full search process. The first step is to sweep
the parameter ¢,, and the visibility results (denoted as V)
are shown in Figs. 2(a) and 2(b); (b) is the enlargement of
the red dashed rectangle in (a), using different dots, with the
lines being the corresponding theoretical simulations (the
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FIG. 2. Searching process for 7* (part of the interference-fringe
method). (a) The typical results of sweeping ¢, (¢, = nx/4, with
n =0 to 7). V is the visibility of the interference fringes of the
“mixed state,” and the mixing ratio s is determined by the finally
detected photon numbers of, respectively, the target and ancilla
states. The dots are the experimental data, and the lines are the
corresponding theoretical simulations. The error bars originate
from the fitting errors of the interference fringes. (b) The
enlargement of the red dashed rectangle in (a). The minimum
visibility is marked using red color, and it vanishes within the
error bar. The corresponding s is denoted as sy_q, which only
appears when ¢, = ¢, + #. (¢) The typical results of sweeping u,
[along the blue dashed arrow in (e)]. The minimum sy_ appears
when u, = sin@, (or r, = 1), i.e., the pure state situation. (d) The
typical results of sweeping @, [along the green dotted arrow in
(e)]. The minimum sy_, appears when 6, = /2. (e) The cross
section of the Bloch sphere in the r, — r, plane.

same below in Fig. 2 and Fig. 3). We should note that here,
only the typical data are shown in Fig. 2 and Fig. 3, and
other corresponding data are similar. The detailed param-
eters of the showed data can be referred to in the captions
of these figures. These ¢,-sweeping results indicate that
only when ¢, = ¢, + =, the interference fringes of y can
disappear; especially, see the visibility data marked using
red dot in Fig. 2(b), which reaches zero within its error bar.
Therefore, ¢, is setas ¢, +  in the following steps, and the
incoherent u (i.e., 4 with V = 0) can always be obtained
with a proper s (denoted as sy_g). The second step is to
sweep the parameter u, for each fixed ®, along the
direction shown in Fig. 2(e) (the cross section of the
Bloch sphere in the r, — r, plane), using the blue dashed
arrow, and the results are shown in Fig. 2(c). It is clear that
the minimal sy_q to derive the incoherent y is obtained
when the condition u, = sin 4, is fulfilled, i.e., r, = 1, the
pure state situation. The last step is then to sweep the
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FIG. 3. Searching process for W* (part of the witness-observable

method). (a) The typical results of sweeping ¢)y. The dots are
experimental data, and the line is the theoretical simulation. The
error bars originate from the standard deviation. The maximum
~Tr[pWV] appears when ¢y, = ¢, + 7. (b) The typical results of
sweeping 6,y in the 0 < ryy, <1 case [along the purple dashed
arrow in (f)]. The maximum —Tr[pWV] appears when 6, = 7 — 6,
(c) The typical results of sweeping 6, in the ), > 1 case [along the
green dotted arrow in (f)]. The maximum —Tr[pW] appears
between 7 — 6, and z/2. All the maximums of (b),(c) are marked
in (f) using the blue dot-dashed arrow. (d) The results of sweeping
ryw =2/a—1 (a) along the blue dot-dashed arrow. (e) The
enlargement of the red dashed rectangle in (d). The maximum
—Tr[pWV] appears when a=0, i.e., W* = —(cos 9,0, + sing,0,).
(f) The cross section of the W’s space in the r, — r, plane. All
possible W’s are sandwiched between the planes of r, = £1.

parameter 6, in the pure states along the direction repre-
sented by the green dotted arrow. Figure 2(d) shows the
results, which indicate that the minimal sy_, is obtained
when 0, = /2. Therefore, after these sweeping steps, we
derive the optimal ancilla state to be the state satisfying
re=1, 0 =nr/2, and ¢ =@, +7n [ie, |y.)=
(1/v2)(|H)=e|V)) or 1/vV2(|H)=|V)) for this ¢,=0
case], and the mixing ratio s, making u incoherent in
this case, is the measured coherence of the target state p,
which is C = 0.860 £ 0.019. We find that u,- (r,-) and 6,
are independent of the target state p, which means the
scannings for the corresponding parameters are trivial, so
the number of the searching parameters for 7* can be
reduced to 1; the full process can be simplified.

The witness-observable method.—The target state is also
sent to the process shown in Fig. 1(c) for the coherence
witness. During this process, the expectation value of a
witness observable WV is detected under the target state of
the single photons (details on the experimental descriptions
and the data analysis are seen in the Supplemental Material
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[29]). The witness observable W has the following proper-
ties [6,30]: (1) Tr[pW] > 0 for all incoherent states, which
means once the negative expectation value emerges, we
can conclude the target state contains the coherence;
(2) —Tr[pW] <C always holds for all possible W,
and there always exists an optimal WV (denoted as W*),
which makes the equation reached, which means another
way to directly measure the coherence of p, i.e., the
observable method, and this coherence measure can be
written as Cyy = —Tr[pW*]. W can be expressed as VW=
(a/2)[14ryy(sinb)ycospyyo,+sindyysing,yo,+cosbyyo. )],
which has also some constraint conditions: 0 < a (real) < 2,
rw <2/a—1,and —1 < ry,cosby, < 1 (these conditions
can be clearly illustrated in Fig. 3(f), and details on the
derivation of these conditions can be found in Ref. [6] and
the Supplemental Material [29]). In other words, all possible
W’s are sandwiched between the planes of r, = %1 in the
W’s space [corresponding to the space of Bloch sphere,
see Fig. 3(f)]. Similar to the interference-fringe method, the
next step of this observable method is to seek the optimal
witness operator VV* and furthermore, detect Cyy.

Similar to the searching process for z*, we also adopt
the traversal searching method for W* for the purpose of
completeness. As discussed above, the searching parame-
ters here are ¢y, 0y, and ry, (or a), respectively. The first
step is to sweep the parameter ¢y, and the typical data can
be seen in Fig. 3(a). When ¢y, = ¢, + 7, =Tr[pW] reaches
its maximum. The second step is to sweep the parameter
6y. Figures 3(b) and 3(c) show the results obtained by
sweeping 6, along the paths indicated, using the purple
dashed arrow and the green dotted arrow shown in Fig. 3(f),
respectively. Figure 3(f) is the cross section of the WW’s
space in the r, — r, plane. Figure 3(b) corresponds to the
case of 0 < ry, < 1. The maximum —Tr[pWV)] is obtained
when 6y, = 7 — 6, (i.e., 117°). Figure 3(c) corresponds to
the case of r)y, > 1. The optimal 6, varies from 7 — 6, to
7/2 as the increasing of ryy. All the optimal cases of both
Figs. 3(b) and 3(c) are marked using the blue dot-dashed
arrow in Fig. 3(f). By sweeping the parameter ry, =2/a— 1
(or a) along this path, we obtain the results shown in
Figs. 3(d), 3(e), with the latter being the enlargement of the
red dashed rectangle in the former figure. These results
indicate that the value of —Tr[pWV] increases as the
increasing of ryy, i.e., the decreasing of a, and the optimal
a is zero. Consequently, the optimal coherence-witness
observable W* should satisfy ¢y = @, + 7, Oy = 7/2,
ay = 0, and ry = 2/ay- — 1. In this case, although ry-
does not converge, W* is convergent, which is W* =
—(cos ¢ 0, + sing,0,) (=0, for this ¢, =0 case). We
want to note that, during this method, we always set
ryw =2/a—1 because —Tr[pW] for the ry <2/a—1
case is always less than that of the ry, =2/a—1 case.
The result of the optimal witness of the coherence is
Cyy = 0.851 £ 0.030. In this particular situation, we can
find that the scannings for 6, and ry, (or a) are trivial
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FIG. 4. Results of the three coherence-measurement methods
(C, Cyy, and C;, that are shown in (a), (b), and (c), respectively).
The target state is varied by going through a pure-dephasing
evolution. The lines are the corresponding theoretical fits for
these data.

because @y, ay+, and ry- are independent of p, and the
only parameter that needs to be scanned is ¢y, which
means this searching process can be greatly simplified.
Comparison of the results of the three coherence-
measurement methods.—For the purpose of comparison,
we send the same target state p to the tomography
process shown in Fig. 1(d), which generally bases on
the maximume-likelihood-estimation method (details on the
tomography process can be found in Ref. [31] and the
Supplemental Material [29]). We then calculate the /; norm
of coherence through the derived density matrix and obtain
C;, = 0.874 £ 0.015. This value is almost the same as those
of C and Cy, for this instantiated p. Moreover, we prepare a
series of target states with a pure state going through a pure-
dephasing channel (a pure-dephasing dynamical evolution).
The channel length is proportional to the relative delay
between the two eigenmodes of the channel and is varied
by inserting different numbers of the phase plates (PPs) in
Fig. 1(a). The instantiated p discussed above corresponds to
the state with the relative delay of 201. All the results of C,
Cyy, and C;, are shown in Fig. 4(a), 4(b), and 4(c), respec-
tively, and the lines are the corresponding fits. These three
results coincide with each other well and they all show the
decay of coherence as the channel length increases. Actually,
it has been proved theoretically that all these three quantities
are equivalent for the qubit system [6,30]. The experimental
results shown in Fig. 4 validate the reliability of our methods
to directly measure the coherence of the target state, using
the interference fringes and the optimal witness observable.
Conclusions.—We have developed the methods to directly
measure the quantum coherence, using the interference
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fringes and the optimal witness observable, and compare their
results with /; norm of coherence. These three results
coincide with each other for our polarization states. The
interference-fringe method is explicit in the physical mean-
ings and robust for various sources of ancilla state [according
to Eq. (1)]. The witness-observable method is direct in a way
of observable measurement. Moreover, both our methods and
the tomography method contain the searching processes.
The difference is that our searching processes are based on the
experimental detections and that tomography relies on the
likelihood-function calculation (details about these discus-
sions can be found in the Supplemental Material [29]), but
this point becomes more and more trivial when all the
parameter controls and the data acquisitions are integrated
into one single computer program. Therefore, our methods
provide a nice alternative to the state tomography method.
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