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In biology, template-directed copolymerization is the fundamental mechanism responsible for the
synthesis of DNA, RNA, and proteins. More than 50 years have passed since the discovery of DNA structure
and its role in coding genetic information. Yet, the kinetics and thermodynamics of information processing
in DNA replication, transcription, and translation remain poorly understood. Challenging issues are the facts
that DNA or RNA sequences constitute disordered media for the motion of polymerases or ribosomes while
errors occur in copying the template. Here, it is shown that these issues can be addressed and sequence
heterogeneity effects can be quantitatively understood within a framework revealing universal aspects of
information processing at the molecular scale. In steady growth regimes, the local velocities of polymerases
or ribosomes along the template are distributed as the continuous or fractal invariant set of a so-called
iterated function system, which determines the copying error probabilities. The growth may become
sublinear in time with a scaling exponent that can also be deduced from the iterated function system.
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The growth of copolymers such as DNA, RNA, and
proteins is catalyzed by molecular machines running on
templates where the required information is coded in
nucleotide sequences. In general, template sequences con-
stitute disorderedmedia for the stochastic motion of molecu-
lar machines [1–6]. Since themotion is powered by chemical
energy, it is biased and themachine drifts along the template.
Accordingly, the kinetic processes of template-directed
copolymerization are examples of random walks along
disordered one-dimensional chains [7–12]. Yet, the disorder
is not fixed during copolymerization. Indeed, the molecular
machine synthesizing the copolymer modifies its own
motion upon the occurrence of replication errors. In this
regard, the growth of the copy differs from random walks on
quenched disorder that have previously been investigated. It
is only in the limit of perfect error-free replication that copy
and template sequences would be identical, and the disorder
of the copy would be quenched. In general, copy sequences
and their statistical properties are self-generated by the
copolymerization process, which is a challenging aspect
for kinetic and transport theory.
DNA replication and other biological copolymerization

processes such as transcription and translation are often
modeled by supposing that rates depend only on whether
nucleotide pairing is correct or incorrect, which reduces the
kinetics to the one of free copolymerization as if template
sequences were homogeneous [13–19]. However, this
assumption overlooks sequence heterogeneity effects asso-
ciated with the fact that the template forms a disordered
medium for the motion of molecular machines such as
polymerases or ribosomes [1–6]. Moreover, experimental
data are available for the rates of all possible pairings in the

case of DNA replication [20]. A major challenge is thus
to understand the sequence-specific effects of template-
directed copolymerization processes and their implications
for thermodynamics.
The purpose of the present Letter is to show that the

aforementioned difficulties can be overcome in steady
growth regimes where the molecular machine is running
at a constantmeanvelocity. In these regimes, copy sequences
turn out to form Bernoulli or Markov chains, depending on
whether previously incorporated monomeric units influence
the molecular machine motion. Accordingly, the kinetic
equations ruling the time evolution of the process can be
solved to obtain the nucleotide incorporation probabilities by
a nonlinear recurrence defined along the template sequence.
This recurrence is here demonstrated to be controlled by an
iterated function system (IFS) [21–23], which remarkably
generates fractals under specific conditions. In this way,
the probabilities of nucleotide pairings as well as the growth
velocity and thermodynamic quantities such as entropy
production can be computed more accurately and much
faster than with Monte Carlo simulations. Furthermore, it is
shown that, as a consequence of sequence heterogeneity, the
catalyst random drift may become anomalous with elonga-
tion interrupted by frequent stalling and depolymerization
steps. The present theory can determine with precision
anomalous transport regimes where the mean length of the
copy sequence grows sublinearly in time with an exponent
that can be calculated, providing a framework for under-
standing sequence heterogeneity effects.
In the following, the theory will be first developed for

kinetics generating Bernoulli chains and, thereafter, for
DNA replication, transcription, and translation.
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In template-directed copolymerization by a catalyst
such as DNA polymerase, monomers m ∈ f1; 2;…;Mg
(i.e., the nucleotides dNTP) are attached to or detached
from the growing copy, which is the nascent DNA strand.
Replication proceeds by pairing between the monomeric
units ml∶nl of the copy ω ¼ m1m2…ml and template
α ¼ n1n2…nl…. The simplest kinetics supposes that the
attachment and detachment rates W�ml;nl depend only on
pairings between the reacting monomer ml and the corre-
sponding template unit nl. The kinetic equations can be
established for this reaction network. At the single-
molecule level, they rule the time evolution of the prob-
abilities to find the copy with a given sequence. With this
kinetics, the probability of a given sequence factorizes as
for Bernoulli chains:

Pt

�
m1…ml

n1…nlnlþ1 � � �

�
≃ ptðlÞ

Yl
j¼1

μðmj; jÞ; ð1Þ

in terms of the probability ptðlÞ that the copy has the length l
at time t and the probabilities μðmj; jÞ that the copy
monomeric unit mj is paired with the unit nj at the location
j of the template. The length probability ptðlÞ obeys the
equations for a random walk along a one-dimensional
disordered chain [7–12]. The novel aspect is that the hopping
rates of this random walk here depend on the probabilities μ
of pair formations, which are themselves generated by the
process. In steady growth regimes, we may introduce the
local velocity xl, i.e., the rate of elongationbyonemonomeric
unit at the location l of the template. Its inverse x−1l is the local
dwell time of the catalyst. Now, the probability μðml; lÞ
to find the unit ml at this location is resulting from the
balance between its attachment probability given by the
ratio of the attachment rateWþml;nl to the local velocity xl−1
and its detachment probability given by the ratio of the
detachment rate W−ml;nl to the local velocity xl, multiplied
by the probability μðml; lÞ itself: μðml;lÞ¼ ðWþml;nl=xl−1Þ−
ðW−ml;nl=xlÞ×μðml;lÞ. Inverting this relation, we get

μðml; lÞ ¼
xl
xl−1

Wþml;nl

W−ml;nl þ xl
: ð2Þ

Since these probabilities are normalized to unity, the follow-
ing IFS is found:

xl−1 ¼ fnlðxlÞ with fnðxÞ≡ x
XM
m¼1

Wþm;n

W−m;n þ x
: ð3Þ

Wenotice that this nonlinear recurrence is iterated backwards
along the template α ¼ n1n2…nl…. The mean growth
velocity v is obtained as

1

v
¼

�
1

xl

�
≡ lim

L→∞

1

L

XL
l¼1

1

xl
ð4Þ

in terms of the local velocities xl [24].

In order to illustrate the IFSmethod,we consider a kinetics
with a mass-action law for the copolymerization of two
species. The attachment and detachment rates are, respec-
tively, given by Wþm;n ¼ kþm;ncm and W−m;n ¼ k−m;n,
where cm is the constant concentration of monomer m
(in moles per liter). Figure 1 shows the IFS invariant set
(giving the distribution of local velocities) versus the
common concentration c1 ¼ c2, aswell as the corresponding
box counting dimension, in the case of a random template.
The set is fractal beyond the critical concentration
c1 ¼ c2 ≃ 0.02526, where gaps open. Below, the invariant
set has a continuous support that shrinks to a single point at
the concentration c1 ¼ c2 ≃ 0.02199.
The velocity and thermodynamic quantities are plotted in

Fig. 2. The results of Monte Carlo simulations [41] are in
excellent agreement with the predictions of the IFS method.
The internal thermodynamic entropy production (denoted
with the subscript i) has the rate

1

kB

diS
dt

¼ vA ¼ v½ϵþDðωjαÞ� ≥ 0; ð5Þ

expressed in terms of Boltzmann’s constant kB, the velocity
(4), the affinity A (i.e., the entropy production per mono-
meric unit), the free-energy driving force ϵ, and the
conditional Shannon disorder DðωjαÞ of the copy with
respect to the template [24]. This disorder is calculated with
the probability (2) and can be expressed as the difference
DðωjαÞ ¼ DðωÞ − Iðω; αÞ between the overall copy dis-
order and the mutual information between the copy and
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FIG. 1. Kinetics generating Bernoulli chains with the rate
constants kþ1;1 ¼ 1, kþ1;2 ¼ 0.3, kþ2;1 ¼ 0.2, kþ2;2 ¼ 2,
k−1;1 ¼ 0.01, k−1;2 ¼ 0.02, k−2;1 ¼ 0.03, and k−2;2 ¼ 0.04.
(a) Invariant set of the IFS (3) for the local velocity x ¼ xl
versus the concentration c1 ¼ c2. (b) Box counting dimension d.
The fractal is generated by 106 IFS iterations and the dimension
computed with 5 × 105 points.
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template, which characterizes the replication fidelity [42].
We see in Fig. 2 that the velocity v vanishes at the
concentration c1 ¼ c2 ≃ 0.01238, together with the
entropy production rate (5). In contrast with homogeneous
copolymerization processes, this critical concentration does
not coincide with thermodynamic equilibrium. Indeed, the
copolymer is still growing at lower concentrations but
sublinearly in time, so that there is a plateau at v ¼ 0, as
shown in the inset in Fig. 2. In this anomalous transport
regime, the mean length increases as hli ∼ tγ with an
exponent 0 < γ < 1, which is determined by the distribu-
tion of the local velocities x ¼ xl. If its probability density
is singular as pðxÞ ∼ xγ−1, the sum of L inverse local
velocities has a Lévy distribution of parameter γ, so that the
length scales in time with the same exponent. For random
templates, the scaling exponent is obtained by solving the
equation

P
M
n¼1 jf0nð0Þj−γ ¼ M, where f0nð0Þ is the deriva-

tive of the function (3) at x ¼ 0 [24]. The exponent γ is zero
at the concentration c1 ¼ c2 ≃ 0.01201, which corre-
sponds to thermodynamic equilibrium, because it is at this
critical concentration that the affinity A vanishes.
At still lower concentrations, the copy undergoes

depolymerization if its initial length is large enough.

Interestingly, the depolymerization speed depends on the
initial copy sequence besides the template sequence. This
is also illustrated by the inset in Fig. 2, showing the
depolymerization velocity of different initial copy sequen-
ces. The depolymerization of the periodic sequence 222…
is faster than for a random one, while the sequence 111…
has the slowest depolymerization. Within numerical errors,
the depolymerization velocity vanishes at the concentration
c1 ¼ c2 ≃ 0.01165 for the three sequences. Between this
critical concentration and equilibrium, depolymerization is
anomalous. The plateau of vanishing velocity in the inset
in Fig. 2 is characteristic of random walks in disordered
media and shows that anomalous transport also manifests
itself in template-directed copolymerization.
The IFS method applies to DNA replication, transcrip-

tion, and translation. For DNA replication, the attachment
and detachment rates depend not only on the last nucleotide
that is incorporated in the copy but also on the previous
one. Besides, the kinetics is of the Michaelis-Menten type,
because base pairing is faster than elongation. As a
consequence, the rates depend on three consecutive tem-
plate nucleotides, and they are denoted for simplicity as
W�mlml−1;l with l≡ nlþ1nlnl−1. Because of the dependence
on previously incorporated nucleotides, the probability (1)
here factorizes as for Markov chains. In this case, the IFS
for the local and partial velocities vml;l associated with the
four nucleotide species ml ∈ fA;C;G;Tg reads

vml−1;l−1 ¼
X
ml

Wþmlml−1;l

W−mlml−1;l þ vml;l
vml;l; ð6Þ

which is running backward along the template sequence.
Besides, the bulk probabilities of the copy nucleotides
at the location l of the template are given by μ̄ðml; lÞ ¼
uml;lvml;l in terms of the variables uml;l that are computed by
the forward recurrence:

uml;l ¼
X
ml−1

Wþmlml−1;l

W−mlml−1;l þ vml;l
uml−1;l−1; ð7Þ

once the partial velocities vml;l are determined by the
backward recurrence (6). The bulk probabilities are nor-
malized to unity, so that

P
ml
uml;lvml;l ¼ 1. The velocity is

given by Eq. (4) with xl ¼ ðPml
uml;lÞ−1 [24]. In steady

growth regimes, the properties of replication kinetics with
sequence heterogeneity are surprisingly given with full
accuracy by Eqs. (6) and (7), which provide an algorithm
much more efficient than Monte Carlo simulations. In the
limit where the rates differ only between correct and
incorrect pairings, the IFS (6) has a fixed point for the
invariant set and the sequence heterogeneity effects
disappear.
The proposed algorithm is applied to a realistic model

of exonuclease-deficient human mitochondrial DNA
polymerase, allowing us to go beyond the mean-field
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FIG. 2. Kinetics generating Bernoulli chains under the same
conditions as in Fig. 1: Velocity v (solid triangles), affinity A
(open squares), free-energy driving force ϵ (open circles), condi-
tional disorder DðωjαÞ (solid squares), overall copy disorder
DðωÞ (open diamonds), mutual information Iðω; αÞ (solid dia-
monds), and entropy production rate diS=dt (crossed squares)
versus the concentration c1 ¼ c2. The dots are obtained by
statistics over 102 copy sequences of maximum length 105

generated by Monte Carlo simulations. The lines are the results
of the IFS (3) running over sequences of length 105. The inset
shows the velocity v at the crossover between copolymerization
and depolymerization for an initial copy given by a random
sequence (solid triangles) and the periodic sequences 111… and
222… (open triangles). For the inset, the statistics is performed
over 103 copies of maximum length 106. Note that the plateau
velocity is not strictly zero because of the finite-time effect.
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analysis of Refs. [18,19] that neglected sequence hetero-
geneity effects. The kinetic parameters of this polymerase
have been measured experimentally [20,24]. Sequence
heterogeneity effects are more pronounced if the nucleotide
concentrations are imbalanced [43], e.g., if ½dATP� ¼
10½dCTP� ¼ 100½dGTP� ¼ 1000½dTTP�. For this example,
the velocity and thermodynamic quantities are depicted
in Fig. 3 as a function of the dATP concentration, showing
the accuracy of the results obtained with Eqs. (6) and (7)
plotted as lines with respect to the dots given by
Monte Carlo simulations. For a comparable accuracy, the
computational time is 105 times shorter with the recur-
rences (6) and (7) than with Monte Carlo simulations.
As the dATP concentration decreases, the velocity and
entropy production rate also decrease to vanish at the
critical concentration ½dATP�≃ 1.2 × 10−7. Below, the
copy growth becomes anomalous, the length sublinearly
increasing in time as hli ∼ tγ with 0 < γ < 1. The reason is
the occurrence of numerous stalling and depolymerization
events in this regime. The entropy irreversibly produced
during the time interval t also increases as hΔiSi ∼ tγ .
However, the affinity A, the free-energy driving force ϵ,
and the conditional disorder DðωjαÞ continue to take
nonvanishing values, because they are defined per incor-
porated nucleotide, as seen in Fig. 3. Thermodynamic
equilibrium happens at ½dATP�≃ 1.2 × 10−8, where the
affinity vanishes, A ¼ 0. The inset in Fig. 3 shows that the

velocity is zero in some interval of dATP concentrations,
which is due to anomalous transport caused by sequence
heterogeneity. Below equilibrium, the copy undergoes
depolymerization, which is itself sublinear in time down
to ½dATP�≃ 2.5 × 10−9 and linear in time for still lower
concentrations.
If the velocity is positive enough, the IFS (6) generates

a fractal invariant set in the space of the four partial
velocities, as illustrated in Fig. 4 at the low concentration
½dATP� ¼ 5 × 10−7. Its box counting dimension has the
value d≃ 0.3 in the four-dimensional space, so that this
fractal is thin. This dimension increases as the velocity
decreases towards the anomalous transport regime.
For the transcription of DNA into RNA, the rates depend

on k ¼ 8–9 consecutive base pairs of the DNA-RNA
hybrid duplex in the polymerase: W�mlml−1…ml−k;l with
l≡ nlþ1nlnl−1…nl−k. Besides the main reaction pathway,
backtracking pathways into translocation modes are also
observed [5,44,45]. Most remarkably, the IFS method still
applies with mlml−1 replaced by mlml−1…ml−k in Eqs. (6)
and (7). Instead of Eq. (4), the velocity is here given by
v ¼ h½xlð1 − flÞ�−1i−1, where 0 ≤ fl ≤ 1 is the fraction of
time spent into backtracking at transcript length l [24]. As a
consequence, elongation is slowed down and sequence
dependence enhanced. In anomalous transport regimes
around the equilibrium concentration or near the stall force,
the local velocities xlð1 − flÞ have a power-law distribu-
tion, as in the previous cases. An important implication is
that the slowing down promotes error correction by proof-
reading mechanisms [19,46,47].
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FIG. 3. Exo− human mitochondrial DNA polymerase: velocity
v, affinity A, free-energy driving force ϵ, conditional Shannon
disorder DðωjαÞ, error probability η, and entropy production rate
diS=dt versus dATP concentration. The dots are obtained by
Monte Carlo simulations generating 105 copies of maximum
length 105. The lines depict the results of the IFS run over
sequences of length 106. The inset shows the velocity v at the
crossover between copolymerization and depolymerization ver-
sus the dATP concentration.
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concentration ½dATP� ¼ 5 × 10−7; otherwise, under the same
conditions as in Fig. 3. Inset: Enlargement of the fractal. The
fractal is generated by 107 iterations of the IFS. Here, the velocity
has the value v ¼ 2.53 × 10−2 nt=s.
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The IFS method can also be applied to the translation of
RNA into proteins by ribosomes, where similar results are
expected.
In conclusion, this Letter presents a complete theory for

the sequence-dependent motion of molecular machines
catalyzing biological template-directed copolymerization,
overcoming the difficulty that, if template disorder is
quenched, this is not the case for copy disorder, which
is self-generated during motion. In steady growth regimes,
the theory shows that an IFS rules the statistical properties
of copy sequences, which is computationally much faster
than Monte Carlo simulations. By varying the external
conditions, the IFS invariant set determining the local
velocities undergoes metamorphoses from fractal to con-
tinuous. The motion becomes anomalous if the invariant set
accumulates at zero local velocities. In this way, the IFS
method can explain the sequence heterogeneity effects on
the statistical and thermodynamic properties of DNA
replication, transcription, and translation.
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