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Spectra of sparse non-Hermitian random matrices determine the dynamics of complex processes on
graphs. Eigenvalue outliers in the spectrum are of particular interest, since they determine the stationary
state and the stability of dynamical processes. We present a general and exact theory for the eigenvalue
outliers of random matrices with a local tree structure. For adjacency and Laplacian matrices of oriented
random graphs, we derive analytical expressions for the eigenvalue outliers, the first moments of the
distribution of eigenvector elements associated with an outlier, the support of the spectral density, and the
spectral gap. We show that these spectral observables obey universal expressions, which hold for a broad

class of oriented random matrices.
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Introduction.—Directed graphs represent graphically
the causal relations between a discrete number of degrees
of freedom of a dynamical system. Neural networks,
transportation networks, and the Internet are examples of
systems modeled by directed graphs. The dynamics of
processes governed through directed graphs can be mod-
eled with sparse non-Hermitian matrices, for example,
Markov matrices define the dynamics of stochastic proc-
esses [1,2], and Jacobian matrices determine the stability of
dynamical systems [3].

The dynamics of complex systems can be studied from
the spectra of sparse non-Hermitian random matrices,
even when the interactions between the relevant degrees
of freedom are not known. Sparse non-Hermitian random
matrices generalize random-matrix ensembles with inde-
pendent and identically distributed matrix elements [4—12].
A general theory has been developed for the spectral
density of sparse and non-Hermitian random matrices
[13-20], but other spectral properties of these ensembles
are still poorly understood.

Of particular importance are eigenvalue outliers, which
are isolated eigenvalues located outside the continuous
(bulk) part of the spectrum [see Fig. 1(a)]. Eigenvalue
outliers of sparse non-Hermitian random-matrix ensembles,
and their associated eigenvectors, are important for studies
on the dynamics of complex systems, and for the evaluation
of ranking and inference algorithms on graphs. The
stationary state of a stochastic process is given by the left
eigenvector associated with an outlier of a Markov matrix,
the relaxation time is the inverse of the corresponding
spectral gap [2,21], and the large-deviation function of an
observable is given by an outlier of a modified Markov
matrix [22-26]. Complex dynamical systems, such as
neural networks [27-30] or ecosystems [31,32], are often
modeled in terms of differential equations coupled through

0031-9007/16/117(22)/224101(6)

224101-1

random matrices. The eigenvalue with the largest real part,
which is often an outlier, determines the local stability of
these systems [33,34]. The PageRank algorithm of Google
Search uses the eigenvector associated with the outlier of
a Markov matrix to rank pages of the World Wide Web
[35,36]. Spectral algorithms detect communities in sparse
graphs based on the eigenvectors of outliers in the spectrum
of the non-backtracking matrix [18,37,38]. If these outliers
exist, then it is possible to detect the communities of the
graph. Conversely, if these outliers do not exist, then it is
impossible for an algorithm to detect the communities.
Quite apart from these applications, the study of outliers of
random matrices is also a topic of interest in mathematics
[39-41].

In this Letter we present a general theory for the
outliers of matrices with a local tree structure. We present
a set of exact relations for outliers of sparse non-Hermitian
random matrices, and for the left- and right-eigenvector
elements associated with an outlier. For oriented random
matrices or oriented random graphs, i.e., directed graphs
that have no bidirected links, we present explicit expres-
sions for the eigenvalue outliers, the spectral gap, and
the first two moments of the distribution of eigenvector
elements associated with an outlier. Interestingly, we show
that the eigenvalue outliers of oriented random matrices
and their associated eigenvector moments obey universal
expressions.

Outliers of non-Hermitian matrices.—We consider an
n x n random matrix A, with probability density p(A,).
The matrix A, has n complex-valued eigenvalues 4, ..., 4,,
and its empirical spectral distribution is [42]:

1 n
=-Y"s 1
=520, (1
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with 6, the Dirac measure, i.e., 5, (S) =0 if 4; ¢ S and
5;,(8) = 1if 4; € S, with S a Lebesgue-measurable subset
of C. We assume that the matrix ensembles considered here
are self-averaging, ie., py — pu for n — co, with pu a
deterministic measure. The Lebesgue decomposition theo-
rem [43] states that p consists of an absolute continuous
part ji,., a singular continuous part pg,,, and a pure point
part j,,. The spectral density p(4), also called the density of
states, is the probability density function of p,. [44]. Its
support is the set Q of all values A € C for which p(1) > 0,
and 0Q is the boundary of Q. The measure ,, is discrete;
ie., ppp =1 era,0;, , with £ a countable set, and a,
the algebraic multiplicities of the eigenvalues A,. The
outliers of a random matrix are the eigenvalues 4, that
lie outside the support Q of the spectral density (1, ¢ Q).
We consider here isolated outliers Aiy,, which are non-
degenerate. In Fig. 1(a) we show the eigenvalues of a single
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FIG. 1. The outlier 4, the spectral gap y and the first moment
(r) of the eigenvector, associated with 4, of oriented adjacency
matrices. Direct-diagonalization results of matrices of finite
size n = 1000 (markers) are compared with our theory for
infinite-sized matrices, given by Eqgs. (14)-(17) (solid lines).
(a) Eigenvalues of one c-regular matrix with Gaussian distributed
off-diagonal elements, mean degree ¢ =3 and y = 0.5, with
y = (J2),/(c(J)?) the disorder parameter. The boundary 9Q of
the support of the spectral density, the spectral gap y, and the
outlier A;,, are indicated. (b)-(d) The eigenvalue A, with the
largest real part, the spectral gap y, and the first moment (r) of
the right eigenvector associated with A, all plotted as a function
of y. The eigenvalue 4; is an outlier, i.e., 4; = 4;s, for y < 1,
and 1; € 0Q for y > 1. Results shown are for four different
ensembles of oriented matrices. The ensembles are either
c-regular or Poissonian with mean connectivity c; nonzero off-
diagonal elements are i.i.d. with either a bimodal distribution
p;(N)=(1=A)8(J+ 1)+ AS(J—1), or a Gaussian distribu-
tion with mean (J), = 1; diagonal matrix elements are set to zero.
Direct-diagonalization results in subfigures (b)—(d) are from 1000
samples. Error bars represent the standard deviation of the

sampled population and @ = /((K°")?) gou — c/c.

instance of a random matrix; the outlier A, and the
boundary 0Q are indicated.

Sparse matrices.—We consider a sparse random and
non-Hermitian matrix A,. The matrix elements of A, are
[A,]jx = CjiJ jk» with Cj; the elements of the adjacency
matrix of a random and directed graph [45], and Jj
complex-valued weights that determine the dynamics of
a process on a graph. A connectivity element Cj is either 0
or 1; if there is a directed link from vertex j to vertex k,
then Cj, = 1, whereas if there is no link between the two
vertices, then Cj; = 0. We set the diagonal elements C;; to
one. We consider graph ensembles of finite connectivity, in
other words, the outdegrees K = Zzzl(k 2j) Cji- and the
indegrees Kij“ =371, (k) Cy;j» are finite and independent
of n. Additionally, we consider that the random graph with
adjacency matrix Cj; is locally treelike [46], which means
that a typical neighborhood of a vertex has no cycles of
degree three or higher [47]. The ensemble of regular
directed graphs [15,17] and the directed Erdds-Rényi (or
Poisson) ensemble [14] are examples of ensembles that are
locally treelike in the infinite-size limit n — oo.

General theory.—We present a theory for the outliers
Aisol Of locally treelike random matrices A,, and their
corresponding left and right eigenvectors, which we denote
by (lisoi| and | ris1), respectively. We first write the right and
left eigenvectors of a given outlier 4,y in terms of the
resolvent G, of a matrix A,. We define the resolvent G,,(1)
of the matrix A, as

Gn(ﬂ) = (An - /1111)_1’ (2)
with 1 € C. The resolvent G,, is singular at the eigenvalues
A=24; of A,. Indeed, when we apply the eigen-
decomposition theorem to G,,, we find

P GAWMO)
G — |risol><lisol|+zlvj)><vj |

, (3)
Bl =4 = A=A

with |U;r)> and <v§-1>|, respectively, the right and left
eigenvectors associated with 4;. If we set 1 = A — in,

with # a small real-valued regularizer, then we have
’171_{18 ”7 Gn (j'isol - ”7) = |ris01><lisol‘ + O(”) (4)

Since 4,y is an outlier, the relation (4) holds, and is well
defined for n — oo.

We compute the elements of the resolvent G, (4 — in)
using the local tree structure of sparse ensembles in the
infinite-size limit. The outcome of our procedure is a
set of recursive equations for the eigenvector elements
r; = (J|risor) and I; = (j|liso1) (see Supplemental Material
[48]):
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rj= —ngAjk’ij), (5)
keo,;

I =—g;> (1) Ay, (6)
keo

with the “neighborhood” 0; the set of vertices k(# j)
for which either C;; #0 or Cj #0. The variables g;
are the diagonal elements of the resolvent G, i.e.,
g; = [G,(4 —in)];;. They solve the equations

1
9; = : ; ’ (7)
—A+in+Aj; - ZkeajAjkgl((j)Akj

o) = : —®
—A+in+A;— Zkeﬁ,\{t’}AijE{J)Akj

for A ¢ Q. The random variables r;f) and lﬁf) in Egs. (5)
and (6) solve

‘ 4 j
rj):— J<> Z Ajkr]((]), (9)
ked;\{¢}
)\ * 14 i)\ *
(1) == 3 ) Ay (10)
ked;\{¢}

with # € 0;, and where the limit # — 0 is implicit. An
outlier 4;y, is given by a value A for which the Egs. (5)—-(10)
admit a nontrivial solution, i.e., a solution for which all
eigenvector components r; and [; are neither zero-valued
nor infinitely large. The Eqgs. (5)—(10) apply to outliers of
non-Hermitian matrices with a local tree structure; they
extend the equations for the largest eigenvalue of sparse
symmetric matrices in Refs. [56-59].

Oriented matrices.—We illustrate our theory on oriented
random-matrix ensembles. Oriented matrices contain only
directed links, i.e., C;Cy; = 0 for all j # k. For oriented
matrices the resolvent Egs. (7) and (8) simplify and admit
the solution

g =97 = (=a+ ;)" (11)

The eigenvector components are then given by

rp=r forall, ¢eop (12)
_ ) ou
l;=1;", forall, ¢€ 8j ¢ (13)

where the random variables rﬁf) and l;ﬂ represent a

nontrivial solution to the Egs. (9) and (10). The
“in-neighborhood” 8}“ is the set of vertices k(# j) with

Cyj # 0, and the “out-neighbourhood” 8;?“‘ is the set of
vertices k(# j) with Cj; # 0.

We derive explicit analytical and numerical results
by ensemble averaging the Eqgs. (12) and (13). An outlier
Aisol» and its associated eigenvector moments (r™) =

n (370 ) and (1) = N (300 1), with m =1, 2,
follow from a nontrivial solution to the ensemble-averaged
equations; the symbol (...) denotes here the ensemble
average with respect to the distribution p(A,).
Additionally, we can compute the associated ensemble-
averaged distribution of eigenvector elements using the
population dynamics algorithm [48,60-63]. We illustrate
this ensemble-averaging procedure on two paradigmatic
examples of sparse matrix ensembles: adjacency matrices
and Laplacian matrices of oriented random graphs.

Adjacency matrices.—We consider random adjacency
matrices associated with random oriented graphs with
a given joint distribution pgin gou of in- and outdegrees
[45,64,65]. The off-diagonal weights J;;, with k # j, are
independent and identically distributed (i.i.d.) with distri-
bution p;, and the diagonal weights J;; are i.i.d. with
distribution pp,.

The oriented adjacency matrices we consider here have
either exactly one outlier [see Fig. 1(a)] or do not have any
outlier. If the outlier exists, we call the random-matrix
ensemble gapped. Conversely, if the outlier does not exist,
we call the ensemble gapless. If the outlier exists, its value
Aisol SOlves [48]

(14)

with (-), and (-), denoting, respectively, the average
with respect to the distributions pp and p;. The quantity
¢ = (K™ gin = (K°") pou is the mean degree of the graph,
where (-)gin and (-)gou denote averages with respect
to the distributions of in- and outdegrees, respectively.
Equation (14) follows from solving the ensemble-averaged
version of the Egs. (5) and (6) for the eigenvector moments.
The first two moments of the distribution of right- and
left-eigenvector elements read [48]

2702y — Q
(r)2/(r?) (K)o — ¢ (15)
N P — (16)

(KM =

with Q= ((J)3/|Aiso1 = D|*) 5! —c(J?),/{J)3. Additionally,
we find the support Q of p(1) from a stability analysis
around the solution (11) to the resolvent Egs. (7) and (8);
the set Q contains the values 4 € C with
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FIG. 2. Probability distribution pr of the right eigenvector
elements associated with the outlier of oriented adjacency
matrices. The ensembles are the same as in Fig. 1 with disorder
parameter y = 0.4, and mean connectivity (a) ¢ =3 or
(b) ¢ = 10. We compare direct-diagonalization results (markers)
with population-dynamics results [solid lines in (a)] and with the
normal distribution (dashed line). Direct-diagonalization results
are for 2e +4 matrix samples of size n = 1000. In order to
illustrate the universality of the distributions at high connectiv-
ities, we have rescaled the distributions with their mean (r) and
their standard deviation o,.

< ! >_1<c<ﬂ>,. (17)

[A=D]*/p

In Fig. 1 we compare the analytical expressions, given
by Egs. (14)—(17), with direct-diagonalization results of
matrices of finite size. Results are in good correspondence
and converge to the theoretical expressions for large matrix
sizes n> 1 (for which the ensembles become locally
treelike).

Equations (14)—(17) imply that outliers of oriented
adjacency matrices, and the first moments of their associated
eigenvector distributions, are universal. In order to illustrate
the universality of outliers, we plot in Fig. 1(b)-1(d), for
different matrix ensembles, the eigenvalue outlier, the
spectral gap, and the first two moments of the eigenvector
distribution, as a function of the disorder parameter
y = (J?),/(c(J)?). Diagonalization results for different
ensembles collapse on one universal curve given by our
analytical expressions Egs. (14)—(17).

A characteristic feature of Fig. 1 is the phase transition
from a gapless phase at high disorder, y > 1, to a gapped
phase at low disorder, y < 1. Notice that this phase
transition is generic and it also appears in symmetric
random matrix ensembles [56-59,66,67].

For large mean connectivities, ¢ > 1, the distributions of
right- and left-eigenvector elements associated with Ay,
become universal, and from Egs. (5) and (6), it follows that
they are Gaussian. In Fig. 2(b) we illustrate the universal
behavior of eigenvector distributions at high connectivities.
At low connectivities these distributions are not universal,
but direct-diagonalization results are in good correspon-
dence with numerical solutions of Egs. (5) and (6) using the
population dynamics algorithm [see Fig. 2(a)].

Laplacian matrices.—Laplacian matrices generate the
dynamics of random walks on graphs. The defining feature

2

FIG. 3. Results for unnormalized Laplacian matrices associated
with oriented Erdos-Rényi random graphs with off-diagonal
matrix elements J; = 1 for k # j. We consider here an ensemble
with correlated in- and outdegrees:  pyin gou (K", k) =
S(k™; k)S(k™; k) paeg (k). The degree distribution pyeq (k) is
Poissonian, i.e., pyeg (k) =Ne™¢ [k, if k > ko, and pgeq (k) =0
if k < ko, with / the normalization constant. Direct-diagonalization
results (markers) are compared with analytical results (solid lines)
for kp =2 and ¢ =4. (a) Spectrum of a single matrix with
n = 4000. The red line shows the boundary 0Q, of the support
of the spectral density, which follows from Egs. (19). (b),(c) The
spectral gap y and the moments () /(I)? are shown to converge to
their theoretical values for n — oo. Direct-diagonalization results
are averages over le + 3 matrices (markers) and theoretical
expressions follow from Eqgs. (18) and (19) (dashed lines).

of Laplacian matrices is the constraint J;; =

—ZZ:L(,C +j)Jjx on their diagonal elements. Symmetric

Laplacian matrices have been studied in [68,69]. Here we
study the spectra of unnormalized Laplacian matrices of
oriented graphs with off-diagonal matrix elements J;;, = 1
and with a given joint degree distribution p gin gou [45,64,65].

Laplacian matrices have an eigenvalue outlier 4;,,; = 0,
and the associated distribution of right-eigenvector ele-
ments reads pgr(r) = 8(r — 1). The associated distribution
of left-eigenvector elements py (/) determines the steady-
state statistics of the position of a random walk on the
associated graph. From Egs. (6) we find for the moments
of the distribution of left-eigenvector elements (see
Supplemental Material [48]):

(Kin>2_c
12 <T> in grout
u _ (K*)* Tgin K ' (18)

(17~ (o — ()

Kou

We furthermore find that the support Q of the spectral
density is the set of values 41 € C for which either

Kout Kin
<7|/1+K°“‘|2> >1, or <—|/1+K°‘“2> _ >1. (19)
K()Ll[ Kln,KOUI

In Fig. 3(a) we compare the Egs. (19) for Q with direct-
diagonalization results of Laplacian matrices of finite size.
Additionally, in Figs. 3(b) and 3(c) we compare direct-
diagonalization results for the spectral gap y and the ratio of
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the moments (/?)/(l)* with the exact expressions (18) and
(19) for n — oo.

Discussion.—We have presented an exact theory for the
outliers of random matrices with a local tree structure.
Remarkably, for oriented matrices, we find general ana-
lytical expressions for the outliers, the associated statistics
of eigenvector elements, and the support of the spectral
density. These results show that the statistics of outliers of
sparse oriented random matrices obey universal expres-
sions. It will be interesting to explore the implications of
these results for the dynamics of complex systems with
unidirectional interactions, which often appear in biological
systems that operate far from thermal equilibrium, for
example, neural networks [70,71] or networks of biochemi-
cal reactions [72]. Our theory, based on the Eqgs. (5)—(10),
applies also to sparse nonoriented random matrices, and
we illustrate this on the elliptic regular ensemble in the
Supplemental Material [48]. Following Refs. [15,16], it is
possible to extend our approach to random matrices that
contain many short cycles. We expect that studies along
these lines will lead to a general theory for the outliers of
sparse random matrices.

L. N. thanks José Negrete Jr. for a stimulating discussion.

[1] E. Seneta, Non-Negative Matrices and Markov Chains
(Springer Science & Business Media, New York, 2006).

[2] D. A. Levin, Y. Peres, and E. L. Wilmer, Markov Chains and
Mixing Times (American Mathematical Society, Providence,
2009), Chap. 12.

[3] R. Seydel, Practical Bifurcation and Stability Analysis
(Springer Science & Business Media, New York, 2009),
Vol. 5.

[4] J. Ginibre, Statistical ensembles of complex, quaternion,
and real matrices, J. Math. Phys. (N.Y.) 6, 440 (1965).

[5] V.L. Girko, Teor. Veroyatnost. i Primenen. 30, 640 (1985)
[The elliptic law, Theory Probab. Appl. 30, 677 (1986)].

[6] H.J. Sommers, A. Crisanti, H. Sompolinsky, and Y. Stein,
Spectrum of Large Random Asymmetric Matrices, Phys.
Rev. Lett. 60, 1895 (1988).

[7] J. Feinberg and A. Zee, Non-Gaussian Non-Hermitian
random matrix theory: Phase transition and addition for-
malism, Nucl. Phys. B501, 643 (1997).

[8] J. Feinberg and A. Zee, Non-Hermitian random matrix
theory: Method of Hermitian reduction, Nucl. Phys. B504,
579 (1997).

[9] Y. V. Fyodorov, B. A. Khoruzhenko, and H.-J. Sommers,
Almost-Hermitian random matrices: Eigenvalue density in
the complex plane, Phys. Lett. A 226, 46 (1997).

[10] R. A. Janik, M. A. Nowak, G. Papp, and 1. Zahed, Non-
Hermitian random matrix models, Nucl. Phys. B501, 603
(1997).

[11] G. Akemann, J. Baik, and P. Di Francesco, The Oxford
Handbook of Random Matrix Theory (Oxford University
Press, Oxford, 2011).

[12] C. Bordenave and D. Chafai, Around the circular law,
Probab. Surv. 9, 1 (2012).

[13] Y. V. Fyodorov, H.-J. Sommers, and B. A. Khoruzhenko,
Universality in the random matrix spectra in the regime of
weak Non-Hermiticity, Ann. LH.P. Phys. Théor. 68, 449
(1998).

[14] T. Rogers and 1. P. Castillo, Cavity approach to the spectral
density of non-Hermitian sparse matrices, Phys. Rev. E 79,
012101 (2009).

[15] F. L. Metz, I. Neri, and D. Bollé, Spectra of sparse regular
graphs with loops, Phys. Rev. E 84, 055101 (2011).

[16] D. Bollé, F. L. Metz, and I. Neri, On the spectra of large
sparse graphs with cycles, Spectral Analysis, Differential
Equations and Mathematical Physics: A Festschrift in
Honor of Fritz Gesztesy’s 60th Birthday, Proceedings of
Symposia in Pure Mathematics (American Mathematical
Society, Providence, 2013), Vol. 87, pp. 35-58.

[17] I. Neri and F. L. Metz, Spectra of Sparse Non-Hermitian
Random Matrices: An Analytical Solution, Phys. Rev. Lett.
109, 030602 (2012).

[18] A. Saade, F. Krzakala, and L. Zdeborov, Spectral density of
the non-backtracking operator on random graphs, Europhys.
Lett. 107, 50005 (2014).

[19] H. Rouault and S. Druckmann, Spectrum density of large
sparse random matrices associated to neural networks,
arXiv:1509.01893.

[20] A. Amir, N. Hatano, and D.R. Nelson, Non-Hermitian
localization in biological networks, Phys. Rev. E 93, 042310
(2016).

[21] C. Monthus and T. Garel, An eigenvalue method for
computing the largest relaxation time of disordered systems,
J. Stat. Mech. (2009) P12017.

[22] M. D. Donsker and S. S. Varadhan, Asymptotic evaluation
of certain Markov process expectations for large time, I,
Commun. Pure Appl. Math. 28, 1 (1975).

[23] M. Donsker and S. Varadhan, Asymptotic evaluation of
certain Markov process expectations for large time, II,
Commun. Pure Appl. Math. 28, 279 (1975).

[24] M. Donsker and S. Varadhan, Asymptotic evaluation of
certain Markov process expectations for large time, III,
Commun. Pure Appl. Math. 29, 389 (1976).

[25] M. Donsker and S. Varadhan, Asymptotic evaluation of
certain Markov process expectations for large time. IV,
Commun. Pure Appl. Math. 36, 183 (1983).

[26] C. De Bacco, A. Guggiola, R. Kiihn, and P. Paga, Rare
events statistics of random walks on networks: Localisation
and other dynamical phase transitions, J. Phys. A 49,
184003 (2016).

[27] H. Sompolinsky, A. Crisanti, and H.J. Sommers, Chaos in
Random Neural Networks, Phys. Rev. Lett. 61, 259
(1988).

[28] K. Rajan and L. F. Abbott, Eigenvalue Spectra of Random
Matrices for Neural Networks, Phys. Rev. Lett. 97, 188104
(2006).

[29] Y. Ahmadian, F. Fumarola, and K. D. Miller, Properties of
networks with partially structured and partially random
connectivity, Phys. Rev. E 91, 012820 (2015).

[30] J. Aljadeff, M. Stern, and T. Sharpee, Transition to Chaos in
Random Networks with Cell-Type-Specific Connectivity,
Phys. Rev. Lett. 114, 088101 (2015).

[31] R. M. May, Will a large complex system be stable?, Nature
(London) 238, 413 (1972).

224101-5


http://dx.doi.org/10.1063/1.1704292
http://dx.doi.org/10.1137/1130089
http://dx.doi.org/10.1103/PhysRevLett.60.1895
http://dx.doi.org/10.1103/PhysRevLett.60.1895
http://dx.doi.org/10.1016/S0550-3213(97)00419-7
http://dx.doi.org/10.1016/S0550-3213(97)00502-6
http://dx.doi.org/10.1016/S0550-3213(97)00502-6
http://dx.doi.org/10.1016/S0375-9601(96)00904-8
http://dx.doi.org/10.1016/S0550-3213(97)00418-5
http://dx.doi.org/10.1016/S0550-3213(97)00418-5
http://dx.doi.org/10.1214/11-PS183
http://dx.doi.org/10.1103/PhysRevE.79.012101
http://dx.doi.org/10.1103/PhysRevE.79.012101
http://dx.doi.org/10.1103/PhysRevE.84.055101
http://dx.doi.org/10.1103/PhysRevLett.109.030602
http://dx.doi.org/10.1103/PhysRevLett.109.030602
http://dx.doi.org/10.1209/0295-5075/107/50005
http://dx.doi.org/10.1209/0295-5075/107/50005
http://arXiv.org/abs/1509.01893
http://dx.doi.org/10.1103/PhysRevE.93.042310
http://dx.doi.org/10.1103/PhysRevE.93.042310
http://dx.doi.org/10.1088/1742-5468/2009/12/P12017
http://dx.doi.org/10.1002/cpa.3160280102
http://dx.doi.org/10.1002/cpa.3160280206
http://dx.doi.org/10.1002/cpa.3160290405
http://dx.doi.org/10.1002/cpa.3160360204
http://dx.doi.org/10.1088/1751-8113/49/18/184003
http://dx.doi.org/10.1088/1751-8113/49/18/184003
http://dx.doi.org/10.1103/PhysRevLett.61.259
http://dx.doi.org/10.1103/PhysRevLett.61.259
http://dx.doi.org/10.1103/PhysRevLett.97.188104
http://dx.doi.org/10.1103/PhysRevLett.97.188104
http://dx.doi.org/10.1103/PhysRevE.91.012820
http://dx.doi.org/10.1103/PhysRevLett.114.088101
http://dx.doi.org/10.1038/238413a0
http://dx.doi.org/10.1038/238413a0

PRL 117, 224101 (2016)

PHYSICAL REVIEW LETTERS

week ending
25 NOVEMBER 2016

[32] S. Allesina and S. Tang, The stability—complexity relation-
ship at age 40: A random matrix perspective, Popul. Ecol.
57, 63 (2015).

[33] The phase of a complex system depends also on the
nonlinearity of the differential equations [34].

[34] Y. V. Fyodorov and B. A. Khoruzhenko, Nonlinear analogue
of the May-Wigner instability transition, Proc. Natl. Acad.
Sci. U.S.A. 113, 6827 (2016).

[35] A.N. Langville and C. D. Meyer, Google’s PageRank and
Beyond: The Science of Search Engine Rankings (Princeton
University Press, Princeton, 2011).

[36] L. Ermann, K. M. Frahm, and D. L. Shepelyansky, Google
matrix analysis of directed networks, Rev. Mod. Phys. 87,
1261 (2015).

[37] F. Krzakala, C. Moore, E. Mossel, J. Neeman, A. Sly, L.
Zdeborovd, and P. Zhang, Spectral redemption in clustering
sparse networks, Proc. Natl. Acad. Sci. U.S.A. 110, 20935
(2013).

[38] C. Bordenave, M. Lelarge, and L. Massoulié, in IEEE 56th
Annual Symposium on Foundations of Computer Science,
Berkeley, CA, 2015 (The Institute of Electrical and Elec-
tronics Engineers, Inc., Piscataway, 2015), pp. 1347-1357.

[39] T. Tao, Outliers in the spectrum of iid matrices with bounded
rank perturbations, Probab. Theory Relat. Fields 155, 231
(2013).

[40] C. Bordenave and M. Capitaine, Outlier eigenvalues for
deformed i.i.d random matrices, Commun. Pure Appl.
Math. 69, 2131 (2016).

[41] F. Benaych-Georges and J. Rochet, Outliers in the single
ring theorem, Probab. Theory Relat. Fields 165, 313
(2016).

[42] T. Tao, Topics in Random Matrix Theory (American
Mathematical Soc., Providence, 2012), Vol. 132.

[43] E. Hewitt and K. Stromberg, Real and Abstract Analysis:
A Modern Treatment of the Theory of Functions of a Real
Variable (Springer-Verlag, New York, 2013).

[44] The measure ,.(A) = [,c, dip(4).

[45] B. Bollobas, Modern Graph Theory (Springer, New York,
1998), pp. 215-252.

[46] C. Bordenave and M. Lelarge, Resolvent of large random
graphs, Random Struct. Algorithms 37, 332 (2010).

[47] Loops are typically of size O(Inn).

[48] See  Supplemental Material at  http://link.aps.org/
supplemental/10.1103/PhysRevLett.117.224101, which in-
cludes Refs. [49-55], for detailed derivations of several
results discussed in the main text, such as the recursive
Egs. (5)—(10), and the results for oriented random matrices
Egs. (14)—(19), as well as for results on non-oriented
random matrices.

[49] Y. Weiss and W.T. Freeman, Correctness of belief propa-
gation in Gaussian graphical models of arbitrary topology,
Neural Comput. 13, 2173 (2001).

[50] D. Bickson, Guassian belief propogation: Theory and
application, arXiv:0811.2518.

[51] J.W. Negele and H. Orland, Quantum Many-particle
Systems (Addison-Wesley, New York, 1988), Vol. 200.

[52] I. Neri and D. Bollé, The cavity approach to parallel
dynamics of Ising spins on a graph, J. Stat. Mech. (2009)
P08009.

[53] E. Aurell and H. Mahmoudi, Three lemmas on dynamic
cavity method, Commun. Theor. Phys. 56, 157 (2011).

[54] T. Rogers, 1. P. Castillo, R. Kiihn, and K. Takeda, Cavity
approach to the spectral density of sparse symmetric random
matrices, Phys. Rev. E 78, 031116 (2008).

[55] G. Biroli, G. Semerjian, and M. Tarzia, Anderson model
on Bethe lattices: Density of states, localization properties
and isolated eigenvalue, Prog. Theor. Phys. Suppl. 184, 187
(2010).

[56] Y. Kabashima, H. Takahashi, and O. Watanabe, Cavity
approach to the first eigenvalue problem in a family of
symmetric random sparse matrices, J. Phys. Conf. Ser. 233,
012001 (2010).

[571 Y. Kabashima and H. Takahashi, First eigenvalue/
eigenvector in sparse random symmetric matrices: Influences
of degree fluctuation, J. Phys. A 45, 325001 (2012).

[58] H. Takahashi, Fat-tailed distribution derived from the first
eigenvector of a symmetric random sparse matrix, J. Phys. A
47, 065003 (2014).

[59] T. Kawamoto and Y. Kabashima, Limitations in the spectral
method for graph partitioning: Detectability threshold
and localization of eigenvectors, Phys. Rev. E 91, 062803
(2015).

[60] R. Abou-Chacra, D. Thouless, and P. Anderson, A Self-
consistent theory of localization, J. Phys. C 6, 1734 (1973).

[61] P. Cizeau and J.-P. Bouchaud, Theory of Lévy matrices,
Phys. Rev. E 50, 1810 (1994).

[62] F. L. Metz, 1. Neri, and D. Bollé, Localization transition in
symmetric random matrices, Phys. Rev. E 82, 031135 (2010).

[63] M. Mézard and G. Parisi, The Bethe lattice spin glass
revisited, Eur. Phys. J. B 20, 217 (2001).

[64] M. Molloy and B. Reed, A critical point for random graphs
with a given degree sequence, Random Struct. Algorithms
6, 161 (1995).

[65] M. Molloy and B. Reed, The size of the giant component
of a random graph with a given degree sequence, Comb.
Probab. Comput. 7, 295 (1998).

[66] S.F. Edwards and R.C. Jones, The eigenvalue spectrum
of a large symmetric random matrix, J. Phys. A 9, 1595
(1976).

[67] K.E. Bassler, P.J. Forrester, and N. E. Frankel, Eigenvalue
separation in some random matrix models, J. Math. Phys.
(N.Y.) 50, 033302 (2009).

[68] J. Stiring, B. Mehlig, Y. V. Fyodorov, and J. M. Luck,
Random symmetric matrices with a constraint: The spectral
density of random impedance networks, Phys. Rev. E 67,
047101 (2003).

[69] R. Kiihn, Spectra of random stochastic matrices and
relaxation in complex systems, Europhys. Lett. 109, 60003
(2015).

[70] D.J. Amit and N. Brunel, Dynamics of a recurrent network
of spiking neurons before and following learning, Netw.,
Comput. Neural Syst. 8, 373 (1997).

[71] N. Brunel, Dynamics of sparsely connected networks of
excitatory and inhibitory spiking neurons, J. Comput.
Neurosci. 8, 183 (2000).

[72] J. Edwards and B. Palsson, The Escherichia coli MG1655
in silico metabolic genotype: Its definition, characteristics,
and capabilities, Proc. Natl. Acad. Sci. U.S.A. 97, 5528
(2000).

224101-6


http://dx.doi.org/10.1007/s10144-014-0471-0
http://dx.doi.org/10.1007/s10144-014-0471-0
http://dx.doi.org/10.1073/pnas.1601136113
http://dx.doi.org/10.1073/pnas.1601136113
http://dx.doi.org/10.1103/RevModPhys.87.1261
http://dx.doi.org/10.1103/RevModPhys.87.1261
http://dx.doi.org/10.1073/pnas.1312486110
http://dx.doi.org/10.1073/pnas.1312486110
http://dx.doi.org/10.1007/s00440-011-0397-9
http://dx.doi.org/10.1007/s00440-011-0397-9
http://dx.doi.org/10.1002/cpa.21629
http://dx.doi.org/10.1002/cpa.21629
http://dx.doi.org/10.1007/s00440-015-0632-x
http://dx.doi.org/10.1007/s00440-015-0632-x
http://dx.doi.org/10.1002/rsa.20313
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.224101
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.224101
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.224101
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.224101
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.224101
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.224101
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.224101
http://dx.doi.org/10.1162/089976601750541769
http://arXiv.org/abs/0811.2518
http://dx.doi.org/10.1088/1742-5468/2009/08/P08009
http://dx.doi.org/10.1088/1742-5468/2009/08/P08009
http://dx.doi.org/10.1088/0253-6102/56/1/27
http://dx.doi.org/10.1103/PhysRevE.78.031116
http://dx.doi.org/10.1143/PTPS.184.187
http://dx.doi.org/10.1143/PTPS.184.187
http://dx.doi.org/10.1088/1742-6596/233/1/012001
http://dx.doi.org/10.1088/1742-6596/233/1/012001
http://dx.doi.org/10.1088/1751-8113/45/32/325001
http://dx.doi.org/10.1088/1751-8113/47/6/065003
http://dx.doi.org/10.1088/1751-8113/47/6/065003
http://dx.doi.org/10.1103/PhysRevE.91.062803
http://dx.doi.org/10.1103/PhysRevE.91.062803
http://dx.doi.org/10.1088/0022-3719/6/10/009
http://dx.doi.org/10.1103/PhysRevE.50.1810
http://dx.doi.org/10.1103/PhysRevE.82.031135
http://dx.doi.org/10.1007/PL00011099
http://dx.doi.org/10.1002/rsa.3240060204
http://dx.doi.org/10.1002/rsa.3240060204
http://dx.doi.org/10.1017/S0963548398003526
http://dx.doi.org/10.1017/S0963548398003526
http://dx.doi.org/10.1088/0305-4470/9/10/011
http://dx.doi.org/10.1088/0305-4470/9/10/011
http://dx.doi.org/10.1063/1.3081391
http://dx.doi.org/10.1063/1.3081391
http://dx.doi.org/10.1103/PhysRevE.67.047101
http://dx.doi.org/10.1103/PhysRevE.67.047101
http://dx.doi.org/10.1209/0295-5075/109/60003
http://dx.doi.org/10.1209/0295-5075/109/60003
http://dx.doi.org/10.1088/0954-898X_8_4_003
http://dx.doi.org/10.1088/0954-898X_8_4_003
http://dx.doi.org/10.1023/A:1008925309027
http://dx.doi.org/10.1023/A:1008925309027
http://dx.doi.org/10.1073/pnas.97.10.5528
http://dx.doi.org/10.1073/pnas.97.10.5528

