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The Borromean ®He nucleus is an exotic system characterized by two halo neutrons orbiting around a

compact “He (or @) core, in which the binary subsystems are unbound. The simultaneous reproduction of its

small binding energy and extended matter and point-proton radii has been a challenge for ab initio theoretical

calculations based on traditional bound-state methods. Using soft nucleon-nucleon interactions based on
chiral effective field theory potentials, we show that supplementing the model space with *“He 4 n 4 n cluster
degrees of freedom largely solves this issue. We analyze the role played by a clustering and many-body
correlations, and study the dependence of the energy spectrum on the resolution scale of the interaction.
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Introduction.—Achieving a comprehensive and unified
treatment of many-body correlations and clustering in
atomic nuclei constitutes a frontier for contemporary nuclear
theory. A light exotic nucleus that has been challenging our
understanding of such complex phenomena based on
nucleonic degrees of freedom and high-quality models of
their interactions (i.e., within an ab initio framework) is
helium-6 (°He). This is a prominent example of Borromean
quantum ‘“halo,” i.e., a weakly-bound state of three particles
(a + n + n) otherwise unbound in pairs, characterized by a
“large probability of configurations within classically for-
bidden regions of space” [1]. In the last few years, its binding
energy [2] and charge radius [3] have been experimentally
determined with high precision. The ’He ground state (g.s.)
is also of great interest for tests of fundamental interactions
and symmetries. Precision measurements of its -decay half-
life have recently taken place [4] and efforts are underway to
determine the angular correlation between the emitted
electron and neutrino [5]. To date, traditional ab initio
bound-state calculations can successfully describe the
interior of the ®He wave function [6-10], but are unable
to fully account for its three-cluster asymptotic behavior.
At the same time, the only ab initio study of a +n+n
dynamics naturally explains the asymptotic configurations,
but underbinds the ®He g.s. owing to missing many-body
correlations [11,12]. As a result, a comprehensive descrip-
tion of the °He g.s. properties is still missing.

In this Letter we present a study of the ®He g.s. in which
both six-body correlations and clustering are successfully
addressed by means of the no-core shell model with
continuum (NCSMC) [13]. This approach, introduced to
describe binary processes starting from two-body [14,15]
and later three-body [16—18] Hamiltonians, is here gener-
alized to the treatment of three-cluster dynamics. We
further explore the role of six-body correlations in the
description of the low-lying & + n + n continuum, required
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to accurately evaluate the “He(2n, y)°He radiative capture
(one of the mechanisms by which stars can overcome the
instability of the five- and eight-nucleon systems and create
heavier nuclei [19]), and of the *H(*H,2n)*He reaction
contributing to the neutron yield in inertial confinement
fusion experiments [20,21].

Approach.—In the NCSMC, the A-nucleon wave func-
tion of a system characterized by a core 4+ n + n asymp-
totic in the total angular momentum, parity, and isospin
channel J”T is written as the generalized cluster expansion

(WT) =N ") T|AA"T)

7
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where ¢]'7 and G/'7(x,y) are, respectively, discrete and
continuous variational amplitudes to be determined,
|AAJ™T) is the square-integrable (antisymmetric) solution
for the Ath energy eigenstate of the system obtained
working within the A-body harmonic oscillator (HO) basis
of the no-core shell model (NCSM) [22],
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are continuous microscopic-cluster states [11] describing
the organization of the nucleons into an (A — 2)-nucleon
core and two neutrons |n), and the intercluster antisym-

metrizer ./zly enforces the Pauli principle. The core eigen-
states are also computed in the NCSM, with the same HO
frequency 7€ and consistent number of quanta above the
lowest-energy configuration N,,,, used for the A-nucleon
system. The states of Eq. (2) are labeled by the quantum
numbers v={A-24.J¢T;s,,T,,S¢ ¢ ,L}. Furthermore,
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ﬁc,nn = ’/Ic,nnﬁc,nn and ’_/inn = Nunilnn are coordinates propor-
tional to the separation between the centers of mass (c.m.s)
of the core and residual two neutrons, and to the neutrons’
relative position, respectively.

Similar to the binary-cluster case [15], upon orthogon-
alization of expansion (1), we obtain the unknown ¢] ” and
G/™T(x, y) amplitudes by solving the Schrodinger equation
in the model space spanned by the basis states |AAJ”T) and
A,|®].T). However, given the additional relative coordinate,
in the three-cluster case we first express the continuous
amplitudes in the orthogonalized expansion (i.e., the rela-
tive-motion wave functions) in terms of the hyperradius p =
\/x* + y* and hyperangle @ = arctan x/y and expand them
in the hyperangular basis q’)?"ﬂ"' (a) analogously to Ref. [11].
The ®He g.s. energy and wave function |W, ), as well as the
matrix elements of the o + n + n scattering matrix, are
found by matching the orthogonalized form of expansion (1)
with the known asymptotic behavior of the wave function
using an extension of the microscopic R-matrix method on
Lagrange mesh [15,23-27]. We obtain convergence of
the hyperangular expansion and R-matrix method using
the same parameters as in Refs. [11,12]. We then analyze the
hyper-radial components of the @ 4+ n + n relative motion
and preferred spatial configurations within the g.s. of °He.
To this end, we perform a projection of [¥, ) into the
orthogonalized cluster basis (2), i.e.,

> // A dy'xyN Y2 (5, .6 ) (W | A, 2T )

5/22 vK p)¢l( )7 (3)

where N,/ (x,y,x',y') is the overlap between the antisym-
metrized states (2) [11]. Finally, we obtain the matter (r,,)
and point-proton (r,,) root-mean-square (rms) radii by
computing the square root of the expectation values on
the g.s. wave function of the operators
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respectively. Here Z is the total number of protons, = ( is the
third component of isospin and r; the distance from the

A-nucleon c.m. of the ith nucleon, 5. and p ,,) are core
operators defined analogously to Eqs. (4) and (5), respec-
tively, and R = ,/2/A(A-2)n.,, is the distance
between the c.m. of the core and that of the whole system.
The expressions on the far right-hand side of Egs. (4) and (5)
are used to compute the matrix elements involving the
microscopic-cluster portion of the basis and were specifi-
cally derived for core +n + n partitions. In particular, the

formulation of Eq. (5) is only valid for the present case of
isospin T. =0 core. A more detailed account of the
formalism will follow in a separate publication [28].

Results.—We start from the chiral next-to-next-to-next-to
leading order (N*LO) nucleon-nucleon (NN) interaction of
Ref. [29] softened via the similarity renormalization group
(SRG) method [30-32], which minimizes momentum
components above a given resolution scale A, and disregard
for the time being three-nucleon (3N) initial and SRG-
induced components of the nuclear Hamiltonian. This
defines a new NN interaction, unitarily equivalent to the
initial potential in the two-nucleon sector only. In particu-
lar, we select A = 2.0 fm~!. At this momentum resolution,
the net effect of the (here disregarded) 3N forces tends to be
suppressed in nuclei up to mass number A = 6, leading to
binding energies close to experiment [33], and two- and
higher-body SRG corrections to the >H and “He matter radii
computed with bare operators have been shown to be
negligible (less than 1%) [34]. In the interest of showcasing
the vast improvement of the present approach over the use
of expansions based exclusively on @ + n + n microscopic-
cluster states, we also perform calculations with the even
softer A = 1.5 fm™! resolution scale adopted in our earlier
studies of Refs. [11,12]. Calculations for A = 1.5 and
2.0 fm~! were carried out using the same 7Q = 14 and
20 MeV HO frequencies of Refs. [11,12] and [17],
respectively. All results were obtained including only the
JeT,. = 070 g.s. of the « particle and the first four, three,
and two square-integrable eigenstates of the six-nucleon
system for the J* = 0F, 1%, and 27 channels, respectively.
The effect of such truncation of the generalized cluster
expansion (1) becomes negligible as the HO basis size
increases, but can occasionally lead to a delayed onset of
variational behavior. This can be seen, e.g., in the results for
the ®He g.s. energy, presented in Table I.

Convergence within the NCSMC is achieved within less
than 10 keV for A = 1.5 fm~!, in excellent agreement with

TABLEL Computed °He g.s. energies in MeV for the A = 1.5
and 2.0 fm~! interactions as a function of the absolute HO model
space size N = Ny + N, Where Ny is the number of quanta
shared by the nucleons in their lowest configuration. For the
“He (g.s.) + n + n calculation of Ref. [11], Ny = 0. However, for
the p-shell ®He nucleus within the NCSM and NCSMC, N, = 2.
The last two rows show NCSM extrapolated results and the
experimental value, respectively.

A=15fm™! A =20 fm™!

Ne Ref.[11] NCSM NCSMC NCSM  NCSMC
6 -28.91 -27.71 -30.02 —-26.44 —28.64
8 —28.62 -28.95 -29.69 -27.70 —28.81
10 —28.70 -29.45 —29.86 -28.37 -28.97
12 -28.70 -29.66 —-29.86 —28.72 -29.17
0 e —29.84(4) [11] ~29.20(11) [8]

Expt. —29.268
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(a) Most relevant hyper-radial components i1, (p) of the @ + n + n relative motion [see Eq. (3)] within the ®He g.s. after

projection of the A = 2.0 fm~! full NCSMC wave function in the largest model space (blue solid lines) as well as of its NCSM portion
(red dashed lines) into the orthogonalized microscopic-cluster basis. (b),(c) Contour plots of the probability distribution obtained from
the projection of the full NCSMC wave function of panel (a) and its NCSM component, respectively, as a function of the relative

coordinates 7, = /21, and rg = \/3/Hgnn-

the infinite-space extrapolation of the NCSM [11]. Such a
test, thanks also to accurate extrapolation techniques
recently developed for NCSM g.s. energies [35-39], can
be used to establish convergence of the NCSMC in more
uncertain situations. This is the case for the harder
(A =2.0 fm™") interaction, where the good agreement
with the extrapolated value of Ref. [8] is proof that results
in the largest model space are close to convergence. The
“He(g.s.) + n + n degrees of freedom efficiently account
for the onset of clustering already in small model spaces.
Conversely, the square-integrable eigenstates supply
many-body correlations that are not accounted for in a
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microscopic-cluster expansion including only the g.s. of
4He, such as the one shown in the first column of Table T
(note that ®He is unbound in the analogous calculations
for A = 2.0 fm™"). As shown in Fig. 1(a), the *He(g.s.) +
n + n portion of the basis serves also the important role of
providing the correct asymptotic behavior and extended
configurations of the hyper-radial motion typical of a
Borromean halo such as ®He.

The projection over the orthogonalized microscopic-
cluster basis of Eq. (3) captures 97% of the original
NCSMC solution, confirming the a4+ n + n picture of
the ®He g.s. As shown in Fig. 1(b), similar to numerous
previous studies [8,11,23,40-43] the “dineutron” configu-
ration (two neutrons about 2 fm apart orbiting the core at a
distance of about 3 fm) prevails over the “cigar” picture
(two neutrons far from each other with the a particle in
between). While these structures are already captured by
the square-integrable portion of the basis [see Fig. 1(c)],
they are more spatially extended in the full calculation.

The rms matter and point-proton radii obtained using the
more “realistic” A = 2.0 fm~! momentum resolution are
shown together with the corresponding two-neutron sep-
aration energy (S,,) in Fig. 2 and summarized in Table IL
Also shown as shaded bands are the accurate S,, meas-
urement of Ref. [2], the range of experimental matter radii
spanned by the values and associated error bars of
Refs. [44-46], and the bounds for the point-proton radius
as evaluated in Ref. [7] from the charge radius reported in
Ref. [3]. All three observables exhibit a considerably

FIG. 2. NCSMC (blue solid lines) and NCSM (red dashed
lines) rms matter (triangles) and point-proton (squares) radii, and
two-neutron separation energy (circles), obtained using the SRG-
N3LO NN interaction with A = 2.0 fm~" as a function of the HO
basis size. Also shown are the infinite-basis extrapolations from
Ref. [8] and the effective interaction hyperspherical harmonics
(EIHH) results from Ref. [7] at the resolution scales Ay, = 1.8
and 2.0 fm~!. The range of experimental values are represented
by horizontal bands (see text for more details).

TABLE II. Summary of the results presented in Fig. 2, with
Apowi in units of fm~!. See text for further details.

Sy, MeV)  r,, (fm)  r,, (fm)
NCSMC (Npmax = 10) 0.94(5) 243(2)  1.88(2)
NCSM [8] (Npax = 00) 0.95(10) e 1.820(4)
EIHH [7]  (Apwx =2.0)  0.82(4) 2.33(5) 1.804(9)
Expt. 0.975 2.32(10)  1.938(23)
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FIG. 3. Eigenphase shifts for channels 2+ and 1~ as a function of

the energy relative to the two-neutron emission threshold E,, (a +
n+n) calculated with A = 1.5 fm~! within the microscopic
cluster basis (red dot-dashed lines) and NCSMC (blue solid lines),
and A = 2.0 fm~! within the NCSMC (green dashed lines).

weaker dependence on the size of the HO basis compared
to the results obtained within the NCSM (also shown in
Fig. 2 as dashed red lines). An estimate of our uncertainties,
based on both the convergence of the two-neutron emission
threshold E,,(a + n + n) and the influence of *He square-
integrable states beyond the g.s., is reported in Table II and
shown in Fig. 2 for the largest model space. There, the
theoretical S,, is closest to its empirical value, and the
computed r,, and r,, radii are, respectively, at the upper
end and just below the lower bound of their experimental
bands. More interestingly, our point-proton radius is sub-
stantially larger than both the extrapolated value of Saif
et al., which “calls for further investigations” [8], and the
EIHH result of Bacca et al. [7]. This latter calculation,
based on the Viu, (N*LO) NN interaction, also yields a
matter radius smaller than ours, though within the exper-
imental bounds. The present combination of S, and r,,
values are more in line with the Green’s function
Monte Carlo results of Ref. [6], based on NN + 3N forces
constrained to reproduce the properties of light nuclei
including ®He.

With the present approach we are also able to quantify
how the polarization of the a core affects the low-lying
continuum of °He, a question that had been left unanswered
by our previous study [12]. At the level of the “He + n + n
scattering eigenphase shifts obtained for the A = 1.5 fm™!
momentum resolution, the most significant effect is
observed for the first J* = 2" resonance, which becomes
much sharper (with a width of I' = 15 keV) and is shifted to
lower energies (with the new centroid at 0.536 MeV). This
behavior, indicative of a likely influence of the chiral 3N
force on this state, can be seen in Fig. 3, which compares
results obtained with (NCSMC) and without (cluster basis)
coupling of ®He square-integrable eigenstates. The effect in
other partial waves is much more moderate. In particular, the
1~ eigenphase shift does not change significantly, excluding
core-polarization effects as the possible origin of a low-lying
dipole mode. A summary of the resonance centroids and
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FIG. 4. Spectrum of SHe. Results for A = 1.5 fm~! are shown
in the left for both NCSM and NCSMC. The third set of states
corresponds to A = 2.0 fm~! within the NCSMC and the fourth
to the experimental spectrum [49]. See text for further details.

widths (shown as shaded areas) extracted [47,48] from the
computed A = 1.5 and 2.0 fm~! positive-parity eigenphase
shifts is presented and compared with experiment [49] in
Fig. 4. Also shown, for the softer interaction, are extrapo-
lated [50] energy levels (and their uncertainties) obtained
within the NCSM by treating the ®He excited states as
bound states (note that the NCSM does not yield resonance
widths). Clearly, such an approximation is only justified for
the very narrow 2] resonance. The two SRG resolution
scales produce a qualitatively similar picture, with the harder
interaction leading to higher-lying and wider resonances
(see also Fig. 3).

Conclusions.—We presented a comprehensive study of
many-body correlations and « clustering in the g.s. and
low-lying energy continuum of *He. While the inclusion of
3N forces (currently underway) remains crucial to restore
the formal unitarity of the adopted SRG transformation of
the Hamiltonian and arrive at an accurate description of the
spectrum as a whole, the present results demonstrate that rms
matter and point-proton radii compatible with experiment
can be obtained starting from a soft NN interaction repro-
ducing the °He small binding energy. A significant portion
of the g.s. energy and the narrow width of the 2 resonance
stem from many-body correlations that, in a microscopic-
cluster picture, can be interpreted as core-excitation effects.
In the future we plan to reexamine the ab initio calculation of
the ®He -decay half-life, first carried out in Ref. [51], in the
context of chiral effective field theory using wave functions
with proper asymptotic behavior. This Letter also sets the
stage for the ab initio study of the “He(2n, y)°He radiative
capture and is a stepping stone in the calculation of the
SH(*H, 2n)*He fusion.

We thank J. Dohet-Eraly and A. Calci for multiple
useful discussions and critical reading of the manuscript.
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