
Ultimate Precision Bound of Quantum and Subwavelength Imaging

Cosmo Lupo1 and Stefano Pirandola1,2
1York Centre for Quantum Technologies (YCQT), University of York, York YO10 5GH, United Kingdom

2Computer Science, University of York, York YO10 5GH, United Kingdom
(Received 6 July 2016; published 4 November 2016)

We determine the ultimate potential of quantum imaging for boosting the resolution of a far-field,
diffraction-limited, linear imaging device within the paraxial approximation. First, we show that the
problem of estimating the separation between two pointlike sources is equivalent to the estimation of the
loss parameters of two lossy bosonic channels, i.e., the transmissivities of two beam splitters. Using this
representation, we establish the ultimate precision bound for resolving two pointlike sources in an arbitrary
quantum state, with a simple formula for the specific case of two thermal sources. We find that the precision
bound scales with the number of collected photons according to the standard quantum limit. Then, we
determine the sources whose separation can be estimated optimally, finding that quantum-correlated
sources (entangled or discordant) can be superresolved at the sub-Rayleigh scale. Our results apply to a
variety of imaging setups, from astronomical observation to microscopy, exploiting quantum detection as
well as source engineering.
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Introduction.—Quantum imaging aims at harnessing
quantum features of light to obtain optical images of
high resolution beyond the boundary of classical optics.
Its range of potential applications is very broad, from
telescopy to microscopy and medical diagnosis, and has
motivated substantial research activity [1–10]. Typically,
quantum imaging is scrutinized to outperform classical
imaging in two ways: first to resolve details below the
Rayleigh length (sub-Rayleigh imaging) and second to
improve the scaling of the precision with the photon
number, by exploiting nonclassical states of light. It is
well known that a collective state of N quantum particles
has an effective wavelength that is N times smaller than
individual particles [11–18]. If N independent photons
are measured, one expects that the blurring of the image
scales as 1=

ffiffiffiffi
N

p
(known as standard quantum limit or

shot-noise limit), while for N entangled photons, one
can sometimes achieve a 1=N scaling (known as the
Heisenberg limit).
In this Letter, we compute the optimal resolution limit

of quantum imaging for estimating the linear or angular
separation between two pointlike monochromatic sources,
by using a linear diffraction-limited imaging device in the
far-field regime and within paraxial approximation [19].
We show that the ultimate precision bound scales with the
number of photons according to the standard quantum
limit, for an arbitrary state of the sources. We then study the
precision achievable for sources which are in thermal,
discordant, or entangled states. We determine the optimal
entangled states that saturate the bound, and we show that
sources of quantum-correlated light yield optimal imaging
of sub-Rayleigh features, allowing for higher resolution
below the Rayleigh length. Our findings generalize the

seminal Ref. [10], which has led to several experimental
advances in quantum imaging [20–23].
To achieve our results, we estimate the ultimate precision

bound in terms of the quantum Fisher information. The
ultimate error of any unbiased estimator of the separation s
between two sources is given by the quantum Cramér-Rao
bound [12,13]

Δs ≥
1ffiffiffiffiffiffiffiffiffiffi
QFIs

p ; ð1Þ

where QFIs is the quantum Fisher information. The latter is
a function of s, of the features of the optical imaging
system, and of the state of the light emitted by the sources.
Here, we show that a linear diffraction-limited imaging
system in the paraxial approximation is equivalent to a pair
of beam splitters, whose transmissivities are functions of
the separation (see Fig. 1). Thus, we reduce the estimate of
the separation to the estimate of the transmissivity of a
beam splitter [24–30]. In this way, not only we are able to
compute the quantum Fisher information for any pair of
sources but we also determine the optimal sources that
saturate the ultimate precision bound.
The quantum model.—Consider the canonical annihila-

tion and creation operators c1, c
†
1 and c2, c

†
2 describing two

monochromatic pointlike sources. The sources are separated
by distance s and lay on the object plane orthogonal to the
optical axis at position −s=2 and s=2. The imaging system
maps the source operators into the image operators a1, a

†
1

and a2, a
†
2, describing the optical field on the image screen.

Without loss of generality, we assume that the optical system
has a unit-magnification factor. This implies that the point-
spread function has the form Tðx; yÞ ¼ ffiffiffi

η
p

ψðx − yÞ, where
x and y are, respectively, the coordinates on the image and
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object plane, ψ is a function on the image plane with unitL2

norm, and η is an attenuation factor. In particular, the image
operators read

a†1¼
Z

dxψðxþ s=2Þa†x; a†2 ¼
Z

dxψðx− s=2Þa†x; ð2Þ

where ax and a
†
x are the canonical creation and annihilation

operators for the field at location x on the image screen.
The image modes are distorted and attenuated versions

of the source modes. In fact, the optical imaging system
transforms the source operators as [31]

c1 →
ffiffiffi
η

p
a1þ

ffiffiffiffiffiffiffiffiffiffi
1−η

p
v1; c2 →

ffiffiffi
η

p
a2þ

ffiffiffiffiffiffiffiffiffiffi
1−η

p
v2; ð3Þ

where v1 and v2 are auxiliary environmental modes that we
will assume to be in the vacuum state (this is a physically
reasonable assumption at optical frequencies). Because of
the nonzero overlap between the two point-spread func-
tions ψðxþ s=2Þ and ψðx − s=2Þ, the image operators a1
and a2 are not orthogonal; i.e., they do not satisfy the
canonical commutation relations. In order to make them
orthogonal, we take the sum and difference of the above
relations, obtaining

c� ≔
c1 � c2ffiffiffi

2
p →

ffiffiffiffiffiffi
η�

p
a� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − η�

p
v�; ð4Þ

where η� ≔ ð1� δÞη are transmissivities depending on the
image overlap δ¼Re

R
dxψ�ðxþ s=2Þψðx− s=2Þ between

the nonorthogonal modes a1 and a2, and

a� ≔
a1 � a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� δÞp ð5Þ

are orthogonal symmetric and antisymmetric canonical
operators on the image plane.
The nonlocal source modes c� are hence independently

mapped and attenuated into the image modes a�, by means
of effective attenuation factors η� ¼ ð1� δÞη, as also shown
in Fig. 1. Note that the overlap δ between the two point-
spread functions is a crucial parameter in our model: it
quantifies the diffraction introduced by the imaging optical

system, as well as the amount of constructive (destructive)
interference in the symmetric (antisymmetric) imagemodes.
Also note that this model is well defined only for η ≤ 1=2:
we remark that this is in accordance with the fact that in the
paraxial approximation a point source is always (by defi-
nition) imaged in the far-field regime, in which light is
attenuated by a factor η ≪ 1 (see, e.g., Refs. [32,33]) [34].
Our equivalent representation of the imaging process

leads to a simple description for the dynamical evolution of
the image operators a� in terms of the separation s between
the source. In fact, the following lemma holds (see Sec. II
of Ref. [35] for the proof).
Lemma 1.—Consider a diffraction-limited linear-optical

system creating an image of two pointlike sources. The
symmetric and antisymmetric image operators a� satisfy
the following dynamical equations in terms of the separa-
tion parameter

da�
ds

¼ iω�½Heff
� ; a��; ð6Þ

whereHeff
� are suitable beam-splitter-like Hamiltonians and

ω� are suitable angular frequencies. We have

ω� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dθ�
ds

�
2

þ ϵ2�
4ð1� δÞ

s
; ð7Þ

where θ� ¼ arccos
ffiffiffiffiffiffi
η�

p
and

ϵ2� ¼ Δk2 ∓ β −
γ2

1� δ
; ð8Þ

Δk2 ≔
Z

dx

���� dψðxÞdx

����2; γ ≔
dδ
ds

; ð9Þ

β ≔
Z

dx
dψðxþ s=2Þ

dx
dψðx − s=2Þ

dx
: ð10Þ

Note that the parameters ϵ2� in Eq. (8) contain three
terms: (i)γ2 accounts for the variations of the overlap δ due
to changes of the separation s, (ii) Δk2 equals the variance
of the momentum operator −iðd=dxÞ and hence describes
translations on the image screen, and (iii) β accounts for
interference between the derivatives of the point-spread
functions.
Upper bound on the quantum Fisher information.—With

Lemma 1, we have shown that estimating the separation
between the sources is equivalent to estimating the angle of
rotation of a beam-splitter-like transformation. We now
obtain the fundamental limits of quantum and sub-Rayleigh
imaging by exploiting the fact that the quantum Fisher
information for the angle of a beam splitter rotation, when
the other input port of the beam splitter is in thevacuumstate,
is no larger than 4n̄, where n̄ is the mean photon number
(see p. 4 of Ref. [24]). In our setting, the fact that the other
beam splitter port is in the vacuum state corresponds to the
assumption that the only light entering the optical system is
that coming from the sources to be imaged; i.e., we are
neglecting any source of background radiation, which is a
natural assumption at optical frequencies.

FIG. 1. A diffraction-limited linear-optical system creating an
image of two pointlike sources (top of the figure) is formally
equivalent to a pair of independent beam splitters (bottom of the
figure), whose transmissivities are functions of the separation
between the sources, with c� ¼ ðc1 � c2Þ=

ffiffiffi
2

p
.
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Theorem 2.—Consider two pointlike sources with
unknown separation s, and emitting a total of 2N mean
photons, which are observed by an optical systemwith point-
spread function Tðx; yÞ ¼ ffiffiffi

η
p

ψðx − yÞ and attenuation η.
Then, the quantum Fisher information cannot exceed the
upper bound

QFIs ≤
2ηN
x2

R
max ffþ; f−g; ð11Þ

where xR is the Rayleigh length and the f functions are
given by f� ≔ x2

Rfϵ2� þ γ2ð1� δÞ−1½1 − ð1� δÞη�−1g.
Proof.—To obtain the upper bound, assume that we can

measure not only the image modes a� but also the vacuum
modes v� and b�. Let us denote as jψ 0i the state of the light
of the image modes a� together with the auxiliary modes
v� and b�.
According to Lemma 1, the dynamics with respect to s is

described by the effective beam splitter Hamiltonian Heff ¼
ωþHeffþ þ ω−Heff

− . The upper bound on the quantum Fisher
information is therefore obtained by the formula [12,13]
QFIs ≤ 4hψ 0jΔ2Heffjψ 0i. The calculation of the right-hand
side of this inequality is in Sec. III of Ref. [35], where
we use the upper bound of Ref. [24]. In particular, if source
c� emits N� mean photons, then we obtain

QFIs ≤
η

x2
R
ðNþfþ þ N−f−Þ: ð12Þ

Now, if we fix the total number of photons 2N¼NþþN−,
then the maximum is obtained by either ðNþ;N−Þ¼ ð2N;0Þ
or ðNþ; N−Þ ¼ ð0; 2NÞ, yielding the bound of Eq. (11). ▪
The upper bound in Eq. (11) is proportional to the mean

number of photons 2ηN, according to the standard quantum
limit. This property is directly inherited from the optimal
estimation of a lossy bosonic channel. As expected, the
upper bound is inversely proportional to the square of
the Rayleigh length xR, in accordance to the fact that a
smaller Rayleigh length allows for higher resolution. Also
note that the bound depends on the two functions f�,
which are the contributions of the nonlocal modes cþ
and c− to the quantum Fisher information. In general, we
expect that for s ≪ xR, the symmetric mode is almost
insensitive to small variations of s, implying f− > fþ ≃ 0.
On the other hand, for s ≫ xR, the two sources decouple,
yielding fþ ≃ f−. Although these functions are smooth,
the maximum may occur in correspondence of a crossover,
which yields a cusp in the plot of the upper bound;
see Fig. 2 and see also Fig. 1 of Ref. [35], where f�
are plotted individually. A special case is η ¼ 0.5, which
implies ηþ ≃ 1 for small s: the symmetric mode is
hence perfectly transmitted, yielding fþ > f− almost
everywhere.
Achievability: Optimal states.—Now, we show that

the upper bound established in Theorem 2 can in fact be
achieved. Before presenting optimal states saturating the
bound, we derive the quantum Fisher information for the

case where the state of the light impinging on the image
screen takes the form

ρaþa− ¼
X
n;m

pnmjn;mihn;mj; ð13Þ

where jn;mi is a Fock state with n photons in the
symmetric mode and m photons in the antisymmetric one.
The quantumFisher information for the parameter s can be

computed from QFIs¼TrðL2
sρÞ, where Ls is the symmetric

logarithmic derivative. For states as in Eq. (13) and given that
the modes c� emit N� mean photons each, we obtain

QFIs ¼ hð∂s logpÞ2i þ ηNþϵ2þ þ ηN−ϵ
2
−; ð14Þ

where hð∂s logpÞ2i ¼
P

nmpnmð∂s logpnmÞ2. See Sec. IV
of Ref. [35] for proof. Sources as in Eq. (13) include thermal
states and two-mode squeezed states, whose quantum Fisher
information is computed in Sec. V of Ref. [35].
The case of thermal states is particularly important since

most natural sources of light are thermal, especially in
astronomical observations. For two sources emitting N
thermal photons each, we obtain

QFIthermal
s ¼ 2ηN

�
Δk2 −

ηNð1þ ηNÞγ2
ð1þ ηNÞ2 − δ2η2N2

�
: ð15Þ

This result extends that of Ref. [10] for highly attenuated
incoherent sources to the case of thermal sources of any
intensity. A comparison with Eq. (11) shows that thermal
light is always suboptimal for estimating the separation
between the sources, apart from the region s ≫ xR, where
we obtain QFIthermal

s ≃ ηNΔk2. An interesting regime is
that of highly attenuated light (ηN ≪ 1), in which case we
find QFIthermal

s ≃ ηNΔk2 for all values of the separation s.
From Eq. (14), it follows that the optimal states among

number-diagonal states are those maximizing hð∂s logpÞ2i,
which incidentally is the classical Fisher information of
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FIG. 2. Ultimate precision bound for the estimation of the
separation between two pointlike sources, measured in Rayleigh
units. The plot shows the ultimate quantum Fisher information
per photon, for a Gaussian point-spread function. From bottom to
top, we consider the following optical attenuation η ¼ 0.1, 0.4,
and 0.5. The corresponding functions f� are plotted in
Fig. 1 of Ref. [35].
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the probability distribution pnm [41]. This observation is
exploited for proving the following result.
Theorem 3.—For integer 2N, the upper bound of

Theorem 2 is saturated by sources cþ and c− emitting the
Fock state jNþ; N−i with Nþ þ N− ¼ 2N. In particular,
the optimal state is either jþi ≔ j2N; 0i or j−i ≔ j0; 2Ni.
In terms of the original source modes c1 and c2, these are
the entangled states

j�i ¼ 1

2N

X2N
j¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2N
j

�s
ð�1Þ2N−jjji1j2N − ji2; ð16Þ

where jki1;2 is a Fock state for c1;2.
Proof.—Since each mode c� is independently attenuated

by a attenuation factor η�, the source state jNþ;N−i¼
ðNþ!N−!Þ−1=2ðc†þÞNþðc†−ÞN− j0i is mapped into an image
state of the form (13) with pnm ¼pþ

n p−
m and p�

n ¼
ðN�
n Þηn�ð1−η�ÞN�−n. For such a state, we obtain

hð∂s logpÞ2i¼
ηNþγ2

ð1þδÞ½1− ð1þδÞη�þ
ηN−γ

2

ð1−δÞ½1− ð1−δÞη� :

Inserting this result into Eq. (14), we obtain that the
Fock state jNþ; N−i yields QFIs ¼ η=x2

RðNþfþ þ N−f−Þ.
The maximum of this quantity under the constraint
Nþ þ N− ¼ 2N is obtained by putting either Nþ ¼ 2N or
Nþ ¼ 0, hence saturating the upper bound of Theorem 2. ▪
We remark that the optimal states in Theorem 3 have the

same form of the optimal states for the estimation of the loss
parameter of a bosonic channel [25]. Following Ref. [25],
optimal states for noninteger 2N can be approximated by
superposition of Fock states with different photon numbers.
Sources emitting photons in a two-mode squeezed vacuum
and sources of separable but quantum-correlated thermal
light exhibit features similar to the optimal states (see
Secs. V. B and V. C of Ref. [35]).
Ultimate quantum Fisher information.—Having found a

matching lower bound implies that Eq. (11) is in fact
achievable and represents the ultimate quantum Fisher
information, optimized over the state of the light emitted
by the sources. It is clear that optimal states can be explicitly
engineered in all those scenarios where we can control the
light emitted by the sources, which is a typical case in
microscopy.
For s≫xR, the overlap δ between the image modes

becomes negligible; hence, Eq. (11) yields QFIs ≃
2ηNΔk2∼2ηNx−2

R . On the other hand, for generic values
of the separation s and all values of the optical attenuation η,
we find QFIs > 2ηNΔk2. This means that the closer the
sources are, the better their distance can be estimated. This
counterintuitive phenomenon is a superresolution effect
which appears at the sub-Rayleigh scale for entangled
sources. We have also found examples of quantum-
correlated sources that are not entangled (but discordant)

which displays superresolution at the sub-Rayleigh scale
(see Sec. V. C of Ref. [35]).
The superresolution is explicitly shown in the example of

Fig. 2, where we consider a Gaussian point-spread function
ψðxÞ ∼ exp½−x2=ð4x2

RÞ� with variance x2
R. In this case,

Δk2¼1=ð4x2
RÞ, which yields lims≫xR

QFIs¼2ηNΔk2 ¼
ηN=ð2x2

RÞ. Figure 2 shows the ultimate (normalized)
quantum Fisher information per photon, i.e.,
x2

RQFIs=ð2ηNÞ, versus the dimensionless separation
s=xR. The maximum value of the quantum Fisher infor-
mation per photon is 1=2, which is reached for s=xR → 0.
Optimal measurements at the sub-Rayleigh scale.—We

now present a suboptimal measurement that is optimal for
s≲xR. We consider sources emitting light in the optimal
state as in Theorem 3. We also consider a standard setting
where the point-spread function is symmetric around its
center, i.e., ψðx − yÞ ¼ ψðjx − yjÞ. It follows that the image
modes

a†� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1�δÞp Z

dx½ψðxþ s=2Þ�ψðx− s=2Þ�a†x ð17Þ

are, respectively, even and odd functions of the coordinate
x. We can hence consider a measurement able to distinguish
the parity as, for example, photodetection of the Hermite-
Gauss modes. (This kind of measurement is optimal also in
other settings [10]. See also Ref. [42] for a more general
approach.)
Consider photon counting in the space of even and odd

functions. The probability of counting n photons in even
modes is given by pþ

n , and the probability of n photons in
odd modes is given by p−

n . The (classical) Fisher informa-
tion associated with this measurement is

Fs¼
ηNþγ2

ð1þδÞð1− ð1þδÞηÞþ
ηN−γ

2

ð1−δÞð1− ð1−δÞηÞ : ð18Þ

For s≲xR, this nonadaptive measurement is optimal for
almost all values of η (but for η ∼ 0.5). For larger values of s,
it fails to be optimal because it does not account for the fact
that a change in the value of the separation s also implies a
translation of the image modes on the image screen.
Conclusions.—We have found the ultimate precision

bound for estimating the separation between two pointlike
sources using a linear-optical imaging system, considering
arbitrary quantum states for the sources. Although we have
focused on the problemof estimating the separation between
two sources, our approach can be immediately extended to
the problem of estimating the location of a single source.
Our findings show that the separation between sources

emitting quantum-correlated light (entangled or discordant)
can be superresolved at the sub-Rayleigh region. In
particular, we have found the optimal entangled states with
this feature. Under optimal conditions, one can increase the
sub-Rayleigh quantum Fisher information by a constant
factor with respect of its value for separations much larger
than the Rayleigh length. In the sub-Rayleigh regime, we
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have shown that photon counting in the symmetric and
antisymmetric modes is an optimal measurement.
Another consequence of our findings is that the ultimate

accuracy for any linear-optical, far-field imaging system in
the paraxial approximation scales according to the standard
quantum limit. While, in principle, it could still be possible
to beat the standard quantum limit, our results show that in
order to do so, it is necessary to rely on a biased estimator
for the source separation, to consider nonpointlike sources,
or to employ a near-field, nonlinear, or nonparaxial imaging
system.
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valuable comments. C. L. is very grateful to R. Accardo and
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Note added.—The formula for thermal sources [see
Eq. (15)] has been independently found by Nair and
Tsang [43]; these authors also study tailored measurements
that are almost optimal for estimating the separation between
two thermal sources.
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