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Using arbitrary periodic pulse patterns we show the enhancement of specific frequencies in a frequency
comb. The envelope of a regular frequency comb originates from equally spaced, identical pulses and
mimics the single pulse spectrum. We investigated spectra originating from the periodic emission of pulse
trains with gaps and individual pulse heights, which are commonly observed, for example, at high-
repetition-rate free electron lasers, high power lasers, and synchrotrons. The ANKA synchrotron light
source was filled with defined patterns of short electron bunches generating coherent synchrotron radiation
in the terahertz range. We resolved the intensities of the frequency comb around 0.258 THz using the
heterodyne mixing spectroscopy with a resolution of down to 1 Hz and provide a comprehensive theoretical
description. Adjusting the electron’s revolution frequency, a gapless spectrum can be recorded, improving
the resolution by up to 7 and 5 orders of magnitude compared to FTIR and recent heterodyne
measurements, respectively. The results imply avenues to optimize and increase the signal-to-noise ratio
of specific frequencies in the emitted synchrotron radiation spectrum to enable novel ultrahigh resolution
spectroscopy and metrology applications from the terahertz to the x-ray region.
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Introduction.—Frequency combs are powerful tools for
frequency metrology measurements spanning the range
from radio frequencies (rfs) to more recent laser-based
combs, encompassing nearly all spectral regions of the
electromagnetic spectrum enabling, among other applica-
tions, high-resolution spectroscopy to study the rotational
states of molecular gases and hyperfine structure lines of,
e.g., ions, atoms, molecules, and radicals [1–4].
In general, frequency combs are generated by an almost

infinite train of equally spaced short pulses. Some sources,
however, have burstlike emissions separated by a gap
between bursts of consecutive pulses. This can be the case
for a high power laser that has to regenerate between
emissions [5] or recent mode-locked laser systems that
produce pulse bursts with a controllable number of pulses
[6]. This applies also for accelerator based sources like free
electron lasers [7] and especially synchrotron light sources
with separated trains of electron bunches. In the past, the
spectra of these time structures have been observed at
pulsed bunch trains in linear accelerators [8] as well as
synchrotrons [9] by interferometric methods. A separate
case is machine-setting-independent phenomena like wake
fields due to the shape of a given vacuum chamber, as
studied in detail by Billinghurst et al. [10] [see Eq. (4)].
The observed peaks at specific frequencies have been

found to depend on the filling pattern, the structure of pulse

heights, and gaps. Recently, measurements showing the
potential to exploit the discrete spectral lines of synchrotron
radiation have been demonstrated with high resolution
heterodyne methods [11]. The synchrotron frequency comb
driven by the accelerating radio frequency and a second
comb, both locked to the accelerator master oscillator,
could enable dual-comb spectroscopy [12].
Here, we first provide a mathematical model to calculate

the spectrum emitted by periodic sources in general and then
support our findings with measurements at a synchrotron
radiation facility where we systematically studied the effect
of the filling pattern on the frequency-comb spectrum.
A detailed understanding of how the filling pattern

influences the resulting spectrum is especially important
for setups that can vary the parameters like pulse spacing
and pulse height, synchrotron light sources, or setups that
produce tunable electron trains in linear accelerators
[13,14]. The results shown here can also be used for the
direct analytic calculation of the spectral effects of manip-
ulated pulse trains as used in laser-based experiments, e.g.,
by spectral self-imaging [15] or microwave modulation
[16]. Additionally it has been shown that coupled-bunch
instabilities in an accelerator can be damped by using
special filling patterns [17].
Spectrum of repeating patterns.—The basis of a fre-

quency comb is a signal s0ðtÞ in the time domain that is
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repeating after a period T0. This can mathematically be
described as an infinite series of Dirac delta pulses
with distance T0, convoluted with the signal of a single
emission [18];

sðtÞ ¼
X∞

n¼−∞
s0ðt − nT0Þ ¼

X∞

n¼−∞
δðt − nT0Þ � s0ðtÞ

≡ШT0
ðtÞ � s0ðtÞ; ð1Þ

where � denotes convolution and ШT0
the Shah distribu-

tion [19].
In the simplest case the signal s0ðtÞ consists of a single

pulse spðtÞ. In the frequency domain, the convolution
transforms into a multiplication. The Fourier transform
of the Shah distribution is again a Shah distribution, leading
to a discrete line spectrum at the revolution frequency
harmonics f0 ¼ 1=T0. The envelope is determined by the
spectrum of the single pulse SpðfÞ:

SðfÞ ¼ 1

T0

X∞

p¼−∞
δðf − pf0ÞSpðfÞ ¼

1

T0

Ш 1
T0
ðfÞSpðfÞ: ð2Þ

This is the known nature of the frequency comb.
However, the signal s0 may in general consist of a series
of pulses with identical, normalized shape spðtÞ and
individual peak heights Vk,

s0ðtÞ ¼
Xh

k¼1

Vkspðt− kTpÞ ¼
�Xh

k¼1

Vkδðt− kTpÞ
�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
sFðtÞ

� spðtÞ:

ð3Þ

It consists of a finite sum of h individual pulses separated
by the pulse spacing time Tp and gap specified by Vk ¼ 0.
Note that Vk scales with the electric field of the pulse and
not with the emitted power that is typically measured. The
information of the position and height of the pulses is
contained in the “filling pattern” function sFðtÞ. The entire
signal is then given by (cf. Fig. 1)

sðtÞ ¼ ШT0
ðtÞ � sFðtÞ � spðtÞ: ð4Þ

Wake field effects due to the vacuum chamber (Billinghurst
et al. [10]) could be incorporated in our formalism via the
single pulse signal spðtÞ. The finite sum within the filling
pattern sF leads in the frequency domain to the discrete
Fourier transformation (DFT) that is continuous and
periodic with period 1=Tp ¼ fp:

DFTfsFðtÞ; fg≡
Xh

k¼1

Vke−i2πfkTp : ð5Þ

The Fourier transform of the entire signal is then given by

SðfÞ ¼ 1

T0

Ш 1
T0
ðfÞ × DFTfsFðtÞ; fg × SpðfÞ: ð6Þ

It, SðfÞ, consists of the periodic DFT of the filling pattern,
scaled by the spectrum of an individual pulse SpðfÞ and
sampled by the Shah distribution. While in the time domain
the convolution with the Shah distribution leads to a
repetition of the one-turn signal after a period T0, in the
frequency domain, a multiplication with the Shah distri-
bution leads to a discretization at multiples of 1=T0 ¼ f0.
The main theoretical result is that the magnitude of the
frequency comb peaks is determined and can easily be
calculated by the DFTof sF. In the following we investigate
the effects of different filling patterns and give experimental
evidence.
Influence of the filling pattern.—Since the energy in the

time and frequency domain is identical, two pulses in a
signal s0 always result in the same overall power no matter
where in the filling pattern they are located. However,
different pulse spacing leads to changes in the shape of the
spectrum due to the DFT of Eq. (6).
In Fig. 2, two scenarios are shown with a train of 5

consecutive pulses whose DFT leads to attenuated har-
monics. The solid line results from 5 pulses with the same

FIG. 1. Scheme of a signal pattern s0 which repeats after the
period time T0 ¼ 1=f0 ¼ h Tp. Tp denotes the time between
consecutive pulses with individual height and h the number of
slots. Here, the signal consists of a train of 5 pulses and a gap of
3 slots.

FIG. 2. jDFTj2 of five consecutive pulses with distance Tp.
According to Eq. (6), the DFT is sampled at discrete multiples of
f0 ¼ fP=h. Two exemplary cases are shown: Without a gap
(h ¼ 5) the DFT is sampled at multiples of f0 ¼ fP=5 (green
crosses). If a gap of three slots is added (h ¼ 8) it is sampled at
multiples of f0 ¼ fP=8 (red dots). Solid line: all five pulses have
the same height; dotted line: filling pattern as in Fig 1. Note how
the uneven filling pattern leads to a sizable contribution at the
zeros of the even filling pattern.
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height. In this case the magnitude squared of the DFT has
zeros at multiples of the repetition frequency fP divided by
the number of consecutive pulses h. In the complete
spectrum [see Eq. (6)], the DFT is sampled only at the
discrete harmonics of f0 ¼ fP=h. For a total of 8 slots
(h ¼ 8), where a gap of 3 follows 5 pulses (positions as in
Fig. 1), all harmonics have significant power according to
the height of the DFT. On the other hand, the special case
of h ¼ 5 (without gap) leads to discrete harmonics at
f0 ¼ fP=5, corresponding to the zeros of the DFT.
Consequently, only harmonics of fP would be left. The
case is different if the pulse height is not all the same. The
dotted line in Fig. 2 depicts the jDFTj2 if the height of
the pulses is the one shown in Fig. 1. Here more harmonics
of f0 have significant value while the intensity at the fP
harmonics decreases accordingly (not visible on log scale).
The simplest case without enhancement is a single pulse.

The power is equally distributed to all revolution frequency
harmonics with a low over-all power drawback. The dc bin
and all the fP harmonics are the most intense frequencies,
because the filling pattern signal s0ðtÞ contains only
positive values. These frequencies are maximized by an
even filling pattern: every slot is filled with the same
intensity. Every symmetry break of the time-domain signal
leads to a power redistribution of the f0 harmonics. While
it’s not possible to get enhancement at a single frequency, it
is possible to enhance a pattern of specific frequencies. This
can be done by superimposing a modulation with n periods
onto the filling pattern, which will selectively enhance the
f0 harmonics at a distance n × f0 above and below every
fP harmonic.
Synchrotron radiation sources.—Most light sources are

limited in simultaneous spectral coverage or bandwidth.
However, synchrotron radiation sources, which are based on
the emission of photons from relativistic electrons, are
unique because they can provide powerful broadband light
spanning several orders of the electromagnetic spectrum
from the microwave region, via terahertz (THz), infrared and
visible to the x-ray region, simultaneously. In the electron
storage ring, which forms the core of a synchrotron light
source, the repetition rate fP of the pulses is the frequency of
the accelerating field of the cavities frf determining the
minimal pulse spacing. The period time is given by the
revolution time of the circulating particles. The charge in
the stored electron bunches constitutes the filling pattern. If
the charged electrons are observed by pickup devices, the
single pulse spectrum sp corresponds usually to the detector
response as the signal is much shorter than the resolution of
the detector. If the emitted synchrotron light is observed
directly, the single-pulse spectrum is given by the known
synchrotron radiation spectrum [20].
Taking into account the enhancement of coherent syn-

chrotron radiation (CSR)[21] with the form factor FðfÞ and
the number of electrons Ne in a bunch, the expected power
of the synchrotron radiation is given by

jSðfÞj2 ¼ 1

T0

Ш 1
T0
ðfÞ

zfflfflfflfflfflffl}|fflfflfflfflfflffl{f0frequency comb

×

����
Xh

k¼1

Vke−i2πfkTrf

����
2

zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{filling pattern

× ½Ne þ NeðNe − 1ÞFðfÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
CSR enhancement

× jSpðfÞj2|fflfflfflffl{zfflfflfflffl}
SR spectrum

: ð7Þ

A multibunch fill of a synchrotron light source can
consist of several so-called trains with consecutively filled
bunches that are separated by a gap to damp instabilities
that could otherwise sum up and lead to beam loss.
The observation of this discrete spectrum is a standard

tool for accelerator diagnostics [22–26] where the electric
field induced into a pickup electrode is measured instead of
the emitted synchrotron radiation. Since the bandwidths of
these devices are limited and the focus is on beam
instabilities which trigger additional frequencies, the in-
fluence of the filling pattern is most often neglected.
The discrete nature of synchrotron radiation could in the

past hardly be resolved or exploited by experiments; there-
fore, synchrotron radiation in a storage ring is often treated in
literature as a continuous spectrum (Ref. [27], p. 807).
However, the discrete frequencies and the influence of the

filling pattern have been observed with very long interfer-
ometer arms [9] and recently by using THz heterodyne
mixers that allow the resolution of single frequency peaks in
the synchrotron spectrum [11]. The discrete frequency
structure is due to the repeating emission in a storage ring
and not limited to the THz range, but rather spans the entire
synchrotron radiation spectrum up to the x rays. The comb
purity and linewidth, however, will be disturbed by accel-
erator specific effects that scale with the frequency, such as
coherent phase shifts or the occurrence of synchrotron
frequency sidebands [28]. Low-alpha operation and active
damping of synchrotron motion can minimize these side-
bands. Coherent phase shifts can be reduced by using low
particle energy, low bunch currents, or an even filling pattern.
Controlling these effects maximizes the enhancement.
A yet unexploited advantage of the very broadband and

intense synchrotron radiation in combination with fre-
quency-comb measurements is that the electrons’ revolu-
tion frequency is determined by the driving accelerating
voltage. That leads to a very stable comb as well as the
ability to easily change the comb spacing by adjusting the
electrical master oscillator. At ANKA, changes of the rf
frequency up to �10 kHz do not disturb the beam.
Subsequently, above the 140th rf harmonic (≈70 GHz)

TABLE I. Parameters during measurements.

Electron beam energy E ¼ 1.3 GeV
Pulse (accelerating) frequency fP ¼ frf ¼ 499.729 MHz
Revolution frequency f0 ¼ 2.7159 MHz
Number of slots h ¼ fP=f0 ¼ 184
Local oscillator LO ¼ 258 GHz
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the frequency comb could be shifted by more than one
frequency tooth, thus covering the whole frequency range
without gaps, enabling ultrahigh resolution spectroscopy
and metrology with better than 1 Hz.
In this Letter we expand on these previous experiments

by systematically studying the influence of the filling
pattern and comparing to our model.
Measurements.—Measurements have been performed

at the IR1 beam line at the ANKA storage ring at the
Karlsruhe Institute of Technology, Germany [29]. In a
special short bunch length mode, the bunch length is
reduced to a few picoseconds and CSR in the THz range
can be observed [30,31]. Table I summarizes the param-
eters used for the measurements.
The synchrotron light is coupled out of the beam line at the

diagnostic port and focussed by an off-axis paraboloidmirror
and a horn antenna into a heterodyne Schottky mixer
connected to a high bandwidth spectrum analyzer. By using
the heterodyne receiver, the frequency resolution is deter-
mined by the spectrum analyzer, which is typically better by
at least 6 orders of magnitude than the best interferometers in
that frequency range. For further details of the experiment see

Ref. [32]. The used double-side-band mixer folds the
frequencies above (upper side band, USB) and below (lower
side band, LSB) the local oscillator (LO) into the same
output. Because of the discrete spectrum of the synchrotron
radiation, the folded frequencies of the USB and LSB can be
separated, and artifacts and spurious signals identified and
masked easily [32]. A measurement is presented in Fig. 3
where the frequency axis is only valid for the USB, the
aliased contributions from the LSB are shown in grey. The
discrete frequencies of the synchrotron radiation at multiples
of f0 can be seen. In the following data evaluation, only the
peak maxima is taken into account.
Figure 4 presents data for different filling patterns. The

displayed average noise level during the measurement was
at −100 dBm. The filling pattern, shown in the right panel,
has been recorded by time-correlated single-photon count-
ing (TCSPC) that measures the intensity (i.e., the charge) of
each electron bunch [33]. The initial filling pattern structure
and different individual bunch currents resulted from the
injection process of ANKA and instabilities, respectively.
The preaccelerating booster formed one train consisting of
33 bunches, which was injected into the storage ring. Four
trains from the booster filled up to 132 of the 184 possible
slots. Then every second bunch was removed by the ANKA
bunch-by-bunch feedback system [34]. This leads to addi-
tional peaks at multiples of 250 MHz separation. Even
though the beam current decayed and half of the electrons
in the storage ring were removed, the power at the specific
250MHz harmonics increased by almost a factor of 10 with
respect to the initial filling pattern. A similar result is
observed when only every fourth bunch is kept and all
others removed. Finally, a single bunch leads to a 2.71MHz
frequency comb whose harmonics have almost identical

FIG. 3. Measured synchrotron radiation shows discrete har-
monics of the revolution frequency at 259 GHz. The aliased LSB
is shown in grey. For data reduction, only the intensity of each
harmonic is used in the following, as shown on the right.

FIG. 4. Measured THz power spectrum at discrete multiples of the revolution frequency f0 for different filling patterns. The right panel
shows the corresponding filling pattern. The blue line corresponds to the initial filling pattern of 4 trains with 33 bunches each. For the red
data set every secondbunchwas removed and for thegreen line only every fourth bunch is kept. For the purple line, only a single bunch is left
leading to a 2.71MHz frequency combwith almost equal power at all observed frequency teeth, differing only by 2 dB. For better visibility
the red and blue data sets were shifted by þ5 dB and þ10 dB, respectively. The displayed average noise level was −100 dBm.
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intensity around −94 dBm at a bunch current of 250 μA.
That shows the potential to create specific enhanced
frequencies by adjusting the filling pattern.
Summary.—We have developed a mathematical model to

calculate the frequency-comb spectrum of emissions with
gaps and different pulse amplitudes. We have demonstrated
that the resulting frequency-comb spectrum is dependent
on the DFT of the filling pattern. Consequently, the gap
between trains and the length of the train lead to the leakage
of power to the harmonics next to the main repetition
frequency multiples. However, the difference in the pulse
intensities is responsible for the overall power enhancement
of revolution frequency harmonics. Furthermore, we have
demonstrated that the harmonics of the revolution fre-
quency that build up the synchrotron radiation spectrum in
a storage ring, can be resolved even in the THz regime by
heterodyne measurements. The actual filling pattern of the
storage ring has a crucial influence on the observed
spectrum and the amplification of specific frequencies.
By adjusting the filling pattern, i.e., with a feedback
system, enhanced frequencies can be created.
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