PRL 117, 137202 (2016)

PHYSICAL REVIEW LETTERS

week ending
23 SEPTEMBER 2016

Exact Bethe Ansatz Spectrum of a Tight-Binding Chain with Dephasing Noise

Mariya V. Medvedyeva,' Fabian H. L. Essler,” and TomaZ Prosen'
1Physics Department, Faculty of Mathematics and Physics, University of Ljubljana, Ljubljana 1000, Slovenia
*The Rudolf Peierls Centre for Theoretical Physics, Oxford University, Oxford OX1 3NP, United Kingdom
(Received 20 June 2016; revised manuscript received 12 August 2016; published 21 September 2016)

We construct an exact map between a tight-binding model on any bipartite lattice in the presence of
dephasing noise and a Hubbard model with imaginary interaction strength. In one dimension, the exact
many-body Liouvillian spectrum can be obtained by application of the Bethe ansatz method. We find that
both the nonequilibrium steady state and the leading decay modes describing the relaxation at late times
are related to the n-pairing symmetry of the Hubbard model. We show that there is a remarkable relation
between the time evolution of an arbitrary k-point correlation function in the dissipative system and

k-particle states of the corresponding Hubbard model.
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Introduction.—The coupling to the environment often
has a non-negligible influence on a many-particle system,
and the coupling may drive it to a nonequilibrium steady
state (NESS) that is different from the ground or thermal
equilibrium states. Within the so-called Markovian descrip-
tion, assuming that the internal bath dynamics is much
faster than that of the system so there is no backaction of
the system onto its environment, one has a well-defined
mathematical description of open many-body systems in
both classical and quantum contexts. In the quantum realm,
the open system’s Liouvillian dynamics is described by
the Lindblad master equation [1] for the time-dependent
density matrix. A standard way of analyzing the Lindblad
equation is by means of perturbative methods [2,3], but
it is highly desirable to have exact solutions in specific
representative cases. While NESSs have been constructed
exactly in a number of cases, in both classical [4] and
quantum settings [5-7], solving the full dynamics, i.e.,
diagonalizing the Liouvillian, for any nontrivial many-body
system is a formidable task. In the quantum case, this has
been possible until now only for noninteracting systems
[5]. On the other hand, in certain classical stochastic many-
body systems, like the asymmetric simple exclusion proc-
esses, the full Markov chain can be diagonalized in terms of
the Bethe ansatz [8]. It is then natural to ask whether there
are quantum many-body dissipative systems that are Bethe
ansatz solvable.

In this Letter we present an exactly solvable dissipative
many-body quantum system that is not equivalent to a
free theory: a fermionic tight-binding model on a bipartite
lattice with dephasing noise. In one spatial dimension,
this model is equivalent, up to boundary conditions, to a
dephased spin-1/2 XX chain. The model has applications
to ultracold atoms in an optical lattice subjected to light
scattering [9], and to superconducting flux qubits coupled
to a fluctuating electromagnetic environment [10]. The
dissipation in the form of dephasing destroys the quantum
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coherence, i.e., off-diagonal density matrix elements in the
Fock space basis. It is known that such models exhibit
diffusive behavior [11,12].

Even though the Hamiltonian of our model is quadratic
in fermion operators, the dissipative term leads to quartic
terms in the effective evolution operator, which renders its
diagonalization a nontrivial task. We put forward a simple
unitary transformation, within the thermofield description
[13], that maps the Liouvillian superoperator of our model
on an arbitrary bipartite lattice to the Hubbard Hamiltonian
with imaginary interaction strength. In one spatial dimen-
sion, this means that the entire machinery of the Bethe
ansatz formalism [14] is applicable: we can obtain the full
Liouvillian spectrum by solving the Bethe ansatz equa-
tions, as well as reconstructing the time evolution of the
density matrix by expanding it over the Bethe ansatz wave
functions.

Dephasing model.—We consider dissipative many-body
dynamics of free fermions on a bipartite lattice in the tight-
binding approximation with the Hamiltonian

H =Y (aja; + aja;). (1)

(k)
Here, aj. (a;) is the fermionic reaction (annihilation)
operator on site j, and (j, k) denote nearest-neighbor links
connecting the two sublattices A and B. The dissipative

dynamics is described by the Lindblad equation
(Op/0t) = L]p], where

Llp] = —i[H, p] + Dlp],
Dlp] = > _(2Lpl} = {1j1;.p}). (2)

J

The Lindblad operators are /; = \/ﬂa}a ;. The derivation

of this dissipation term follows Refs. [1,9,15]. The dephas-
ing strength y is a function of the laser intensity and
detuning.
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It is useful to express the generator of the time evolution
(Liouvillian) in the thermofield representation [13]. To that

end, we introduce a second set of fermionic operators, sz
and a;, which act on the density matrix by right multipli-
cation [16,17]. The Liouvillian then takes the form

la-aa). ()

L=—-iH+ 2}/2 2a1ajajaj - aTa/
j

where H = H — H is the time-evolution generator of the
closed system in the thermofield representation. We
note that the total numbers of particles of each “flavor”
(nontilde and tilde operators) M, =5 _.a ia; Ta; i My = aTa
are conserved during time evolution, as is their sum,
N=M;,+M,. In the following, we will choose
M, = M and N as good quantum numbers for our problem.
Transformation to an imaginary-u Hubbard model.—
We now perform a unitary transformation which flips the

sign of the tilde Hamiltonian

u=T[e"% =TJ1-2ala). (4)

JEA JjEA

In the transformed basis, the generator of time evolution
can be written as the Hamiltonian of the Hubbard model
at a finite imaginary chemical potential and imaginary
interaction strength u = iy:

HHubb = ZUTEU = Z (C}-,o'ck,o' + HC)
(Jk)io=1.1

duYy njngy=2u Y ng (5
7

Jio=1.1

Here the spin-up and spin-down fermion operators are
related to the normal and tilde operators of the depha-
sing model by c¢;3=a;, ¢;y =a;, and n;, = cj oCjo
The imaginary-u Hubbard model (5) exhibits an SO(4)
symmetry [14,18,19]. The generators of the constituent
n-pairing SU(2) algebra are n*=3} .(n;;+n; —1),
nt= Z:IEACLC;T - ZjeBC;,¢C},T =(n7)", and they will
play an important role in the following.

Steady state.—The NESS 1is characterized by the con-
dition Lp = 0. In the sector L = N = 2M, where L is the
total number of sites, it is easy to read off the NESS in the
Hubbard model representation

INESS) = (1)"|0). (6)

where |0) is the fermion vacuum defined by c;,|0) = 0.
Given that Hyy,|0) = 0, the #-pairing symmetry implies
that the state (6) has a zero eigenvalue as well and therefore
is a steady state. y-pairing states like (6) attracted attention
in the early 1990s in relation to high-T'. superconductivity
because they are exact eigenstates of the Hubbard
Hamiltonian that display off-diagonal long-range order
[19]. However, in the Hubbard model, they can never be
ground states. The corresponding state in the dissipative

model is obtained by undoing the unitary transformation
(4) and is of the form >’ copylni,....no)y ®
Iny,....,n), where |n,...,n;) run over all Fock states
of one flavor. Hence, the density matrix corresponding
to the NESS is an identity operator and represents a
completely mixed (infinite temperature) state.

Correlation function—wave function duality.—The evo-
lution of the expectation value of the operator O obeys the
equation

%_u@f ) — u(L]p]0). (7)

A straightforward calculation [substituting the explicit form
of L[p] in Eq. (7) and using cyclic permutation invariance
under the trace] shows that the equation for the dissipative
time evolution of the 2k-point correlation function

anp(1)]

is given by the same equation as the evolution of the density
matrix elements corresponding to the wave functions in the
2k-particle sector Wyt = Gk,

,,,,,,,,

.
[aml,...,amkanl,...,

.....

This duality, combined with the integrability of the
imaginary-u Hubbard model, gives a simple way for cal-
culating general correlation functions of the tight-binding
model with dephasing.

It was noted previously [12] that a one-dimensional
tight-binding model with (different) dephasing gives rise to
a closed system of equations for correlation functions up to
a given order, but in our case the Bethe ansatz solvability
makes the duality much more powerful.

Liouvillian spectrum in one dimension.—The fact that
the interaction strength is purely imaginary does not spoil
the algebraic integrability structure of the Hubbard model.
In fact, the Bethe ansatz wave functions (related to the
system’s density matrix) and the Bethe ansatz equations
(BAEs) are simply obtained from the regular Hubbard
model by taking the interaction strength to be imaginary.
The BAEs for our case read [20]

—sink; —l—}/
lkL =F
11_[A —sink; —

—sink; + Ay—A,+2
HA 5T _F, ”77 a=1....M.

«—sink;—y /i/s;eaAﬂ -2y’

Here, k; and A, are rapidities corresponding to charge
and spin excitations, and we have introduced phase factors
F,, for our later convenience. In the case at hand, we
have F; = F, = 1. The eigenvalues of the Liouvillian
Lp. = ep. corresponding to a given solution of the
Bethe equation {k;} are
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e({k;}) = =2i ) cos k; —2Ny. 9)

J=1

While the BAEs allow us, in principle, to determine the full
spectrum of the Liouvillian, we will be mainly interested
in the structure of the slowest decaying NESS excitations
[21], i.e., eigenvalues with the largest real parts.

Spectral properties of the Hubbard Hamiltonian are
commonly analyzed in the framework of the so-called
string hypothesis [14,22,23], which assumes that, up to
corrections that are exponentially small in system size, the
roots of all solutions form particular “string” patterns in
the complex plane. The structure of the solutions of the
imaginary-u BAEs is substantially different than in the
usual Hubbard model. Interestingly, there exists a class of
string solutions involving both k’s and A’s that is important
for describing the late time behavior. A single such “k-A

(m)

«,; and

string” of length m consists of 2m charge rapidities k,

m spin rapidities Af;z.) such that, for A" < 0,
(m) _ soq g m) i
kej = arcsin[idy ~ — (m —2j + 2)y],

k(m)

a,j+m

=r- arcsin[ilg,m + (m—=2j+2)y],

A = i+ y(m+ 1= 2)), 1<j<m. (10)

For a positive /L(xm > 0, the structure of the string solution is
the same as Eq. (10), with the replacement y — —y. We
stress that Eq. (10) is quite distinct from the k-A strings in
the usual Hubbard model [14]: the string centers are
imaginary rather than real, and the k’s enter as pairs (k,
7 + k*) rather than as (k, k*). An example of a k-A string
solution in our model is shown in the left inset of Fig. 1. In
the usual Hubbard model, a k-A string of length m is a
multiparticle bound state of m fermions with spin-up and m
fermions with spin-down [14,24]. In the present context,
k-A string solutions to the BAEs correspond to density
matrices of our open system that have exponentially
decaying off-diagonal matrix elements. For example,
in the sector N =2M =2, the NESS excitations

LPp = €mPrm» Pm =P can be represented as p,, =
D o 0Pm(X15%2)[0... 1, .0)(0.. 1,0 py(xy,x0) =
[(=1) 2w + we~sni=2l if x; > x, and p,, (x5, x;) =
Pm(x1, %)%, where w = e~n1+%2) and ¢, = +(zm/L),
&, = arccosh(y/sing,,), 1 <m < (L/2).

For the particular subset of solutions of Eq. (8) that
consists only of k-A strings, we may use the string
hypothesis (10) to obtain the following set of equations

for the string centers AJ":

/1((1’”) _ /1(")
Lfm(/lflm)) = 277:Jr(lm> + Z®nm (713) : (11)
4
(m.f)
Here, f,,(x)=sgn(x)[z—arcsin(ix+my)+arcsin(ix—my)],
and  0©,,(x)=20(x/|n—m|+2)+---+20(x/n+m—-2)+
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FIG. 1. Spectrum of the tight-binding model with dephasing
for L =6, 2y = 1.75. Vertical dashed lines indicate multiples
of —2y. As a result of the PT-symmetry [25] of the Liouvillian,
the spectrum exhibits a D, point group symmetry. (Left inset)
Schematic representation of the 1kA-string solution of the Bethe
equations, for the imaginary u-Hubbard model (the solid sym-
bols), and for the usual Hubbard chain with a real u (the empty
symbols). (Right inset) Close-up of the slowest decaying modes.
The numbers indicate the degeneracies, which are consistent with
the translation from lower to higher magnetization sectors via the
n symmetry. For example, 10 = 5 x 2 is obtained by counting the
number of n-pairing descendant states in sectors with higher
numbers of particles (there are L — 1 = 5), while the factor of 2 is
due to a degeneracy in the sector N = 2, M = 1 of the n-pairing
lowest weight states, which is a consequence of the parity
symmetry of the Hamiltonian (5). The nondegenerate state shown
has N = 2M = 6 and is a singlet with respect to both parity and
the # pairing.

O(x/n+m)+(1-6,,,)0(x/|n—m|), with 0(x) =
2 arctan(x), is the same function as in the usual Hubbard
model. The (half-odd) integers J&m) have the ranges
L < (L= 1/2) = (1/2) 31 2 min(m, n) = 3,,,]M,.
Here, M, is the number of k-A strings of length n, and
N =2M =% ,2nM,. The corresponding eigenvalues
of the Liouvillian are real and are given by

€= 4ZIm\/1 — A = my)2 —2yN. (12)
()

Moreover, studies of small systems L < 8 strongly suggest
that k-A string solutions and their #-pairing descendant
states provide all of the slowly decaying NESS excitations.
In Fig. 1 we show the full spectrum of L’s for L = 6.
The states with Re(e) > —2y are all given by k-A string
solutions and their #-pairing descendants; cf. the right inset
of Fig. 1. The situation for L = 8 is analogous. Assuming
this to hold in general, we can obtain the eigenvalues of £
with the largest real parts (i.e., the eigenvalues closest to
zero) from Eq. (11) for the string centers. For solutions
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consisting of a single k-A string n, i.e., M, = 1, M, = 0,
we find a sequence of eigenvalues with

1272%(n+j—1)?

=L L O(LY),
671.] y nL2 ( )

JjeNT, (13)
where we have assumed n,|j| < L. Let us denote the
corresponding eigenstates by |n, j). Using the n-pairing
symmetry we can construct degenerate states in the sector
N = 2M = 2k + 2n of the form

(") . ). (14)

This shows that the spectrum of the dephasing model is
gapless in the thermodynamic limit in any magnetization
sector. For a large but finite L, the smallest gap is given
by €, ;. The above construction carries over to general
nonintegrable bipartite lattices in the sense that NESS
excitations can be constructed from two-particle states by
acting with an appropriate power of 5. In contrast to the
usual Hubbard model [26], perturbation theory in 1/y
suggests that n-pairing NESS excitations are stable to
typical perturbations in the sense that they do not couple
to states in the complex part of the spectrum and that they
retain real eigenvalues.

Large-y limit.—It is known that in the limit of a strong
dephasing y > 1, the late time dynamics of our system is
described by a classical stochastic process on the space of
the diagonal density matrices, with an evolution operator
that is equivalent to the Hamiltonian of the spin-1/2
Heisenberg chain [27]. This relation implies that the
NESS excitations are gapless in any space dimension, as
the lowest lying excitations of the ferromagnet are gapless.
We have already commented that the k-A solutions describ-
ing the longest living NESS excitations have exponentially
decaying off-diagonal matrix elements (they decay expo-
nentially away from diagonal with a scale determined from
the solution of the BAE). In the large-y limit, further
simplifications occur. Specifically, the BAEs (11) reduce
to Takahashi’s equations for the spin-1/2 Heisenberg
ferromagnet [22]: rescaling the rapidities AT = yul™
and then taking y — oo gives

+ Z(anm - )’

1 2m
e=—y — = 15
W%mH(Aé’"))z )

LO(us" m) = 221"

The emergence of an effective description in terms of a
Heisenberg ferromagnet in the large-y regime of the
dissipative model should be contrasted with the large-u
expansion in the real-u Hubbard model. Indeed, the low
energy manifold for the Hubbard model with a large real
interaction strength consists of configurations with zero or
one fermion per site only, while, for the strongly dissipative

case, the allowed configurations are those with zero or two
fermions per site (corresponding to the mostly diagonal
density matrices). The analogue of the large-u expansion in
the dissipative case gives access to rapidly decaying modes
with € & —2yN.

Relaxation dynamics.—It has been shown [11,12] that
in the sector N =2, M =1 the relaxation dynamics is
diffusive, both by means of spectral considerations [11] and
by studying the decay [12] (2aja; —1) x 7/2 of an
initially localized excitation (Za;a = 1)—0=0;1 [28].
By considering the off-diagonal elements of the density
matrix and using the duality between the density matrices
and correlation functions, one can easily calculate the
decay of coherences in the many-particle states of the
tight-binding model and obtain the dependence ~t~3/?
(similar to a numerical result for the coherences in the
XXZ model with dephasing obtained in Ref. [27]. The long
time relaxation of many-particle states is influenced by the
bound-state-like NESS excitations.

XX model with dephasing.—Most of our results apply
also to the spin-1/2 XX chain with the dephasing

H* = (I/Z)ZL( 0;110; t0; 5/+1)
o', 67, 6% are Pauli spin matrices. The XX chaln can be
mapped to a tight-binding model with dephasing by means
of a Jordan-Wigner transformation, but we now have to
impose periodic (p) [antiperiodic (a)] boundary conditions
in the even (odd) magnetization sectors [29]. Proceeding as
before, we eventually arrive at an imaginary-u Hubbard
Hamiltonian (5). However, spin-c fermions now have
periodic (antiperiodic) boundary conditions if their total
number is even (odd). Altogether, we therefore have four
distinct sectors, (p, p), (p.a), (a,p), (a,a). As a conse-
quence, the imaginary-u Hubbard Hamiltonian does not
exhibit the full SO(4) symmetry, but as ()? acts within a
given sector, it commutes with the Hamiltonian. In spite of
the changed boundary conditions, the model remains
integrable. The BAEs are again of the form (8), but we
now have F| = (=1)V"M-1 F, = (-1)". Low-lying exci-
tations can again be analyzed by means of the string
hypothesis (10) and Eq. (11) for the string centers. The
main difference from the dissipative tight-binding model is
that, in the XX case, there is no closed form expression
for the expectation values of the k-point spin correlation
functions, as the spins are nonlocal in terms of the
Jordan-Wigner fermions.

Generalization to open boundaries.—If, in addition to
dephasing, there is an influx or outflux of particles on the

boundary sites; i.e., there are additional Lindblad operators

_ T _ XX _ + XX _ —
ho=ay;, lia=ay or ly3 =0y, I35 =0 ,—the

Liouvillian in the thermofield language has the form of
the Hubbard model with imaginary interaction and with an
imaginary boundary magnetic field. The resulting model is
again Bethe ansatz solvable [30]. We note that the current-
carying NESS of such a model has a simple explicit matrix
product form [6].

v/2075, where
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Conclusions.—We have shown that a dissipative tight-
binding model on a bipartite lattice can be mapped to a
Hubbard model with imaginary interaction strength. The
NESS and the relaxational dynamics at late times is related
to the n-pairing symmetry of the Hubbard model. In one
spatial dimension, we have used the Bethe ansatz solution
to derive exact results on the spectrum of the Liouvillian.
Our result paves the way for further study of Bethe ansatz
solvable quantum dissipative systems.
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