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We present a general theory of bicircular high-order-harmonic generation from N-fold rotationally
symmetricmolecules. Using a rotating frame of referencewe predict the complete structure of the high-order-
harmonic spectra for arbitrary driving frequency ratios and show how molecular symmetries can be directly
identified from theharmonic signal.Our findings reveal that a characteristic fingerprint of rotationalmolecular
symmetries can be universally observed in the ultrafast response of molecules to strong bicircular fields.
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High-order-harmonic generation (HHG) represents one
of the primary gateways towards obtaining novel tabletop
light sources with unique properties for a wide range of
applications [1]. At the same time it holds the promise to
revolutionize our understanding of fundamental dynamical
processes in atoms and molecules, demonstrated, for
example, by the ultrafast tracing of charge dynamics
[2,3], as well as in condensed-matter systems, exemplified
by the advent of extreme ultraviolet spectroscopy in solids
[4]. While the generation of bright linearly polarized light
through HHG is well established [5], efforts to expand the
toolbox of ultrafast light probes towards circular and
elliptical polarization have subsequently attracted great
interest, motivated by the vast potential for applications
in, e.g., the study of circular dichroism in chiral molecules
[6] or the measurement of quantum phases [7,8]. The most
promising approach, namely, the HHG of circularly polar-
ized light by bicircular driving, has recently garnered much
attention due to several groundbreaking experiments dem-
onstrating tunable polarization through helicity-selective
phase matching [9–11], the generation of isolated atto-
second pulses [12], the extension into the x-ray regime
[13], and even detailed three-dimensional tomography of
the HHG fields [14]. Even though the generation of
circularly polarized pulses via HHG was examined already
in the 1990s [15–20] these experimental studies reinvigo-
rated interest also from the theoretical side particularly
regarding the question of selection rules [21,22] and the
role of molecular and orbital symmetries [23,24]. Most
notably, a recent article provided a detailed analysis on the
correlation between symmetries and HHG spectra in both
atoms and molecules [25]. However, these studies mostly
focused on the simplest bicircular HHG scheme, which
involves a circularly polarized driver with a fundamental
frequency ω and another driver with opposite circular
polarization at 2ω. For atomic targets one observes in this
setup harmonics of opposite circular polarization at frequen-
cies ð3nþ 1Þω and ð3nþ 2Þω (n ∈ N) whereas no signal is
observed for frequencies 3nω. For molecular targets this
pattern generally becomes more elaborate [24,25].

In a previous work [26] we argued that bicircular HHG
can be understood in a rotating frame of reference. For
axially symmetric targets the neighboring HHG peaks in the
laboratory frame can be regarded as originating from a
linearly polarized harmonic in the rotating frame. This
explains, e.g., the similar emission strength of those two
harmonics from s states in atomic targets [25]. While the
orbital symmetry influences the relative strength, the
molecular symmetry can lead to the appearance and com-
plete disappearance of certain peaks in the spectrum.
Although the connection between dynamical symmetries
and HHG selection rules has been known for a long time
[27–29], the impact of the molecular symmetry for bicircular
driving was discussed only recently [24,25]. Still, the focus
was mostly on specific driving-field configurations under
particular rotational symmetries. Here, using the rotating-
frame picture, we show that the fingerprint of arbitrary N-
fold rotational molecular symmetries can be found in any
bicircular driving scheme with pulses of equal strength
pointing towards the possibility of the ultrafast readout of
molecular symmetries in, e.g., chemical reactions.
We briefly review the rotating-frame transformation for a

field-free Hamiltonian H0 under the influence of the
electric field of two counterrotating circularly polarized
pulses with envelope F0ðtÞ and frequencies ω, ω0 polarized
in the xy plane

HðtÞ ¼ H0 þ F0ðtÞ½x cos ðωtÞ þ y sin ðωtÞ
þ x cosðω0tÞ − y sinðω0tÞ�: ð1Þ

Although we employ a single-active-electron picture it is
straightforward to show that the discussion holds when
multiple electrons are considered, see the Supplemental
Material [30].
The unitary transformation UðtÞ ¼ e−iαtLz with α ¼

ðω0 − ωÞ=2 and Lz the angular momentum operator
describing rotation around the z axis leads to the
Hamiltonian in the rotating frame

H0ðtÞ ¼ H0
0ðtÞ þ αLz þ 2F0ðtÞx cos ð ~ωtÞ; ð2Þ
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where ~ω ¼ ðωþ ω0Þ=2 and H0
0ðtÞ ¼ UðtÞH0U†ðtÞ [26].

The right-circularly polarized (RCP) [left-circularly polar-
ized (LCP)] signal in the laboratory frame SlabðΩÞ is
obtained via the corresponding signal in the rotating frame
shifted in frequency by α to the left [to the right] [26]

SlabRCPðΩ − αÞ ¼ SrotRCPðΩÞ; SlabLCPðΩþ αÞ ¼ SrotLCPðΩÞ:
ð3Þ

These formulas are valid even in the absence of axial
symmetry. In a nonaxially symmetric setting, however, the
linearly polarized driver in the rotating frame now irradiates
a rotating target. As such, the simple selection rule leading
to only odd multiples of the driving frequency in the
rotating frame ceases to be valid.
Since the bicircular driving field is polarized in the xy

plane the HHG process is well described in two dimen-
sions. We can simplify our discussion even further
by focusing on the projection of the molecular potential
in the x direction in the rotating frame, i.e., Vðx; tÞ≡
Vðx; y ¼ 0; tÞ. This is motivated by the fact that the driving
field in the rotating frame is linearly polarized in the x
direction and the ground-state wave function is centered at
the rotational center, i.e., hyi ¼ 0. Thus, ionization events,
which are the first step in HHG [31–33], are centered
around y ¼ 0. Moreover, the deflection from the angular
momentum term in the rotating frame, usually called the
Coriolis term, is generally negligible even for moderately
high values of α [26]. In particular, it alters neither the
inversion symmetry nor the selection rules.
The molecular potential in the rotating frame inherits a

dynamical symmetry if a static N-fold rotational symmetry
in the laboratory frame is present in the polarization plane
of the bicircular driver,

Vðx; tÞ ¼ V

�
x; tþ 2π

Nα

�
: ð4Þ

We choose t ¼ 0 such that Vðx; tÞ ¼ Vðx;−tÞ, i.e., at time
zero the potential is symmetric with respect to reflection on
the x axis, cf. Fig. 1. This allows us to express the potential
in a Fourier series as follows:

Vðx; tÞ ¼ V0ðxÞ þ
X
k≠0

VkðxÞ cos ðNkαtÞ; ð5Þ

where

VkðxÞ ¼
Nα

2π

Z ð2π=NαÞ

0

Vðx; tÞ cosðNkαtÞdt:

At this point it becomes important to distinguish between
even and odd N. For even N one observes that Vðx; tÞ ¼
Vð−x; tÞ ∀ t; hence, all VkðxÞ are even, too. For odd N
one obtains instead Vðx; tÞ ¼ V( − x; tþ ð2π=2NαÞ) since
after half a period the potential inverts in the x direction,
cf. Fig. 1, and inserting this relation in Eq. (5) leads to

V0ðxÞ þ
X
k≠0

VkðxÞ cos ðNkαtÞ

¼ V0ð−xÞ þ
X
k≠0

ð−1ÞkVkð−xÞ cos ðNkαtÞ:

Evidently, VkðxÞ is even for even k (including k ¼ 0)
whereas it is odd for odd k. The Hamiltonian in the rotating
frame thus reads

H0ðtÞ ¼ T þ V0ðxÞ þ αLz þ 2F0ðtÞx cos ð ~ωtÞ
þ
X
k≠0

VkðxÞ cos ðNkαtÞ ð6Þ

with T the kinetic energy operator and V0ðxÞ the even time-
averaged part of the potential. The form of Eq. (6) allows us
to interpret the time dependence of themolecular potential in
the rotating frame as additional driving fields with frequen-
cies Nkα that couple spatially via the coefficient VkðxÞ. We
call these fields “virtual” driving fields, as opposed to the
“actual” driving. They appear due to the transformation to
the rotating frame and the resulting rotation of the nuclei
therein. Thevirtual driving has a perturbative character since
its strength is related to the strength of the Coulomb
potential. Specifically, when the electron gathers energy
in the continuum, particularly for higher harmonics with
corresponding long excursions from the ionic core, the effect
of the virtual driving is decreased with distance.
The interplay between actual and virtual driving gives

rise to a set of characteristic line features in the HHG
spectra if one varies over different values of α for fixed ~ω.
Harmonic emission is associated with the dipolar response
by the driven system. In all cases V0ðxÞ is even such that the
combined parity of actual and virtual driving needs to be
odd to obtain a dipolar radiation signal, cf. Table I. In a
photon picture, for even N this is only possible if an odd
number of photons is absorbed by the actual driver since the
virtual driving is always even. No participation (k ¼ 0) of

FIG. 1. Illustration of nuclear rotation in the rotating frame for
N-fold rotational symmetry with N ¼ 3, 4. The position of the
nuclei recurs after a period of 2π=ðNαÞ; the initial position is
indicated for reference by a dashed circle. At the half point
t ¼ 2π=ð2NαÞ the projected potential in the x direction inverts for
odd N whereas for even N the inversion symmetry is preserved
for all times.
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the virtual driver leads to a signal at frequencies m ~ω for
odd m (the main line) as well as additional signatures at
m ~ω� Njkjα for odd m and arbitrary jkj > 0 (the side
lines). For odd N there are two possibilities. If an odd
number of photons is absorbed from the actual driver then
the virtual driver needs to make an even contribution. This
includes no contribution, creating the main line at m ~ω, and
the leading-order even contribution �2Nα, giving rise to
secondary side lines (jkj ¼ 2) at m ~ω� 2Nα for odd m.
However, the primary side lines (jkj ¼ 1) can be found at
m̄ ~ω�Nα for even m̄ combining an even number of
photons absorbed from the actual driver with the leading
odd virtual driving contribution at �Nα.
Because of the comparatively small impact of the

Coriolis term the emitted harmonics in the rotating frame
are approximately linearly polarized [26]. Thus, by
Eqs. (3), they contribute roughly equally to the RCP and
LCP signals in the laboratory frame. The positions of the

main as well as the first two side lines in the general case
are shown at the top of Table II.
It is instructive to discuss a particular example following

from these general predictions. To this end we consider a
threefold molecular symmetry under the driving-field
configurations ω0 ¼ 2ω and ω0 ¼ 3ω in Eq. (1). The lower
part of Table II summarizes the expected main and side
lines in these two settings according to our model,
expressed in terms of multiples of ω. The polarization of
particular peaks in the HHG spectrum is determined by the
superposition of the contributions from the main and side
lines. For ω0 ¼ 2ω all main and side lines with a given
circular polarization coincide leading to alternating right-
and left-circular polarization [RCP at ð3nþ 1Þω and LCP
at ð3nþ 2Þω, n ∈ N]. Conversely, for ω0 ¼ 3ω there exist
secondary side-line contributions with opposite polariza-
tion compared to the main lines at ð4nþ 1Þω and
ð4nþ 3Þω. Furthermore, there is both a left- and right-
circular contribution at the level of a primary side line at
4nω and ð4nþ 2Þω. In the former case we expect the total
signal to be predominantly circularly polarized since the
secondary side lines are expected to be much weaker than
the main line. For the latter case the superposition occurs
for side lines of the same order; hence, we expect the result
to be close to linearly polarized. These predictions are in
perfect agreement with the theoretical analysis and
numerics shown in Ref. [24]. We note, however, that in
some settings superpositions between, e.g., main and
primary side lines, may occur and a precise prediction
on the resulting polarization of the total signal would
require a more in-depth analysis.
To illustrate our model’s high degree of predictability we

performed numerical simulations of the two-dimensional
time-dependent Schrödinger equation in the laboratory
frame using a single-active electron approximation (meth-
odology as in Ref. [26]) on a set of N-fold rotationally
symmetric model molecules. They are described by the
potential

TABLE I. Possible combinations of actual andvirtual driving (as
defined in themain text)with the corresponding parity indicated by
½þ� (even) and ½−� (odd). The total parity is the product of the
constituents’ parities. Signals with even total parity are forbidden
(indicated by⊗). Signals with high order jkj in the virtual driving,
cf. Eq. (6), are generally expected to be less pronounced.

V0 Actual driver Virtual driver Total Line

N odd ½þ� m ~ω, m odd ½−� None ½þ� ½−� Main
½þ� m ~ω, m odd ½−� �Nα½−� ½þ� ⊗
½þ� m ~ω, m odd ½−� �2Nα½þ� ½−� 2nd side
½þ� m̄ ~ω, m̄ even ½þ� None ½þ� ½þ� ⊗
½þ� m̄ ~ω, m̄ even ½þ� �Nα½−� ½−� 1st side
½þ� m̄ ~ω, m̄ even ½þ� �2Nα½þ� ½þ� ⊗

N even ½þ� m ~ω, m odd ½−� None ½þ� ½−� Main
½þ� m ~ω, m odd ½−� �Nα½þ� ½−� 1st side
½þ� m ~ω, m odd ½−� �2Nα½þ� ½−� 2nd side
½þ� m̄ ~ω, m̄ even ½þ� None ½þ� ½þ� ⊗
½þ� m̄ ~ω, m̄ even ½þ� �Nα½þ� ½þ� ⊗
½þ� m̄ ~ω, m̄ even ½þ� �2Nα½þ� ½þ� ⊗

TABLE II. Predicted leading-order signals in the laboratory frame both in general and for two particular setups analyzed in Ref. [24].
For easier comparison we report the positions in the latter case in terms of the frequency ω of the RCP driver, cf. Eq. (1). The two side-
line branches, indicated by I (II) in the table header, correspond to absorption (emission) from the virtual driver, cf. the� sign in Table I.
Note the opposite convention for RCP and LCP compared to Ref. [24].

Main 1st side (I) 1st side (II) 2nd side (I) 2nd side (II)

General case, odd N RCP m ~ω − α m̄ ~ωþðN − 1Þα m̄ ~ω−ðN þ 1Þα m ~ωþ ð2N − 1Þα m ~ω − ð2N þ 1Þα
(m ∈ N odd, m̄ ∈ N even) LCP m ~ωþ α m̄ ~ωþðN þ 1Þα m̄ ~ω−ðN − 1Þα m ~ωþ ð2N þ 1Þα m ~ω − ð2N − 1Þα
General case, even N RCP m ~ω − α m ~ωþ ðN − 1Þα m ~ω − ðN þ 1Þα m ~ωþ ð2N − 1Þα m ~ω − ð2N þ 1Þα
(m ∈ N odd) LCP m ~ωþ α m ~ωþ ðN þ 1Þα m ~ω − ðN − 1Þα m ~ωþ ð2N þ 1Þα m ~ω − ð2N − 1Þα
N ¼ 3, ~ω ¼ 3

2
ω, α ¼ 1

3
~ω ¼ 1

2
ω RCP 3nωþ ω 3nωþ ω 3nωþ ω 3nωþ ω 3nωþ ω

(n ∈ N) LCP 3nωþ 2ω 3nωþ 2ω 3nωþ 2ω 3nωþ 2ω 3nωþ 2ω

N ¼ 3, ~ω ¼ 2ω, α ¼ 1
2
~ω ¼ ω RCP 4nωþ ω 4nωþ 2ω 4nω 4nωþ 3ω 4nωþ 3ω

(n ∈ N) LCP 4nωþ 3ω 4nω 4nωþ 2ω 4nωþ ω 4nωþ ω
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Vðx; yÞ ¼
XN−1

p¼0

−Q=Nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x − R cosð2πpN Þ�2 þ ½y − R sinð2πpN Þ�2 þ a

q ;

which represents a set of N atomic cores at a distance R
from the origin evenly distributed at polar angles ð2πp=NÞ.
We employ a smoothening parameter a for all cores and
smear out a total charge Q homogeneously among them
(parameter values are given in the Supplemental Material
[30]). This model potential represents the simplest form of
an N-fold rotational symmetry found in, e.g., diatomic
homonuclear molecules (N ¼ 2) or the trihydrogen cation
H3

þ (N ¼ 3). Moreover, although the specific form of
VkðxÞ in Eq. (6) depends on the details of the molecular
potential, only the underlying N-fold rotational symmetry
governs the presence or absence of the characteristic
spectral line structure. Consequently, our numerical results

are representative even for more complicated molecules
like, e.g., benzene C6H6 (N ¼ 6).
Figure 2 shows the HHG spectra obtained via the

expectation value of the dipole acceleration in the labo-
ratory frame of RCP and LCP emission for the threefold
and fourfold cases. The strong difference between odd and
even N immediately becomes apparent with the primary
side lines originating at α ¼ 0 for even multiples of ~ω when
N is odd, cf. the top panels of Fig. 2. Conversely, for evenN
all main and side lines originate at odd multiples of ~ω,
cf. the bottom panels in Fig. 2. Generally speaking, the
primary side lines serve as the fundamental fingerprint of
the N-fold rotational symmetry: while the position of the
main lines is independent of N, the slope of the primary
side lines is directly related to N, cf. Table II. Although the
fingerprint of secondary and higher-order side lines is also
characteristic for the underlying rotational symmetry their

FIG. 2. HHG signal intensity obtained by numerical simulations for N ¼ 3 (top) and N ¼ 4 (bottom) (left for RCP signal and right for
LCP signal). The circles indicate the expected position of the main line; the squares (triangles) indicate the primary (secondary) side line.
For reference, two dashed horizontal lines indicate the driving field configurations ω0 ¼ 2ω (bottom line) and ω0 ¼ 3ω (top line) in the
laboratory frame.
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signal strength is suppressed since these lines originate
from high-order contributions from the perturbative virtual
driving [larger jkj in Eq. (6)].
Our analysis encompasses the cases of continuous

symmetry, i.e., an axially symmetric target, as well as that
of no symmetry. Continuous symmetry is formally equiv-
alent to N → ∞ and we therefore predict only the main line
to be present in the HHG α scans since the slope of the side
lines becomes zero. This is consistent with the results of
Ref. [26] where an axially symmetric atomic target was
considered. In the absence of symmetry we expect that
N ¼ 1, i.e., the potential only recurs after a full revolution
in the rotating frame. In the Supplemental Material [30] we
show that main and side lines according to Table II with
N ¼ 1 indeed signal the occurrence of symmetry breaking.
In conclusion, we have developed a model for bicircular

HHG in the presence of rotational molecular symmetry that
explains all principal characteristics of the observed high-
order-harmonic emission. Our numerical simulations show
that the resulting spectral fingerprint is a reliable indicator of
the presence or absence of symmetry for arbitrary driving
frequencies. These findings enable the extraction of con-
structive tomographic information fromHHGspectra regard-
ing molecular symmetries and can be employed to track
symmetry forming and breaking on ultrafast time scales.
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