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The p(770) meson is the most extensively studied resonance in lattice QCD simulations in two (N = 2)
and three (N, = 2 + 1) flavor formulations. We analyze N, = 2 lattice scattering data using unitarized
chiral perturbation theory, allowing not only for the extrapolation in mass but also in flavor,
Ny=2—- N;=2+1. The flavor extrapolation requires information from a global fit to zz and zK
phase shifts from experiment. While the chiral extrapolation of N, = 2 lattice data leads to masses of the
p(770) meson far below the experimental one, we find that the missing KK channel is able to explain this

discrepancy.

DOI: 10.1103/PhysRevLett.117.122001

Introduction and method.—With advances in algorithms
and increasing computational resources it has become
feasible to extract phase shifts from lattice-QCD simula-
tions. The Liischer formalism relates the discrete energy
eigenvalues of the QCD Hamiltonian simulated in a finite
box to phase shifts, up to contributions that are exponen-
tially suppressed with the box size [1,2]. Moving frames,
twisted boundary conditions, or asymmetric boxes are
means to extract more eigenvalues from the same volume
[3-11]. This allows us to scan the amplitude at several
energies over the resonance region, which is a prerequisite
for the reliable extraction of resonance masses and widths.
An energy-dependent fit to extracted phase shifts is
required, but it is also possible to short circuit the
Liischer equation and fit amplitude parameters directly
to energy eigenvalues [7].

More complicated multichannel analyses have been
carried out recently [12—14] that require in most cases a
parametrization in energy to relate different eigenvalues
and thus to compensate for missing information needed to
describe such systems at a given energy. Introducing an
optical potential absorbs degrees of freedom without the
need of explicit parametrization, applicable to multichannel
but also multiparticle systems [15,16].

Yet, the simplest hadronic system containing a reso-
nance, I = 1 elastic zz scattering via the p(770) resonance,
continues to be the subject of recent lattice QCD simu-
lations providing a more and more accurate determination
of the amplitude and a test ground to benchmark new
techniques. Phase shifts for the / = 1 zz interaction were
extracted in calculations with two mass-degenerate light
flavors (Ny = 2) [17-24] and ones that include the strange
quark flavor (N, =2+ 1) [13,25-29]. For three flavors,
the p meson was analyzed and extrapolated using unita-
rized chiral perturbation theory (UCHPT) [30-34] in
Refs. [30-32] and using chiral perturbation theory
(CHPT) with vector fields in Refs. [35,36]. Finite-volume
effects were studied in Refs. [37-39]. The first
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extrapolation of N, =2+1 lattice phase shifts was
recently performed in Ref. [40]. See Refs. [41,42] for
the chiral extrapolation of partially quenched lattice results.

A recent lattice QCD study from GWU Collaboration
[24] noted that the p mass extracted from Ny =2 simu-
lations is lighter than its physical value. This is also
supported by an independent calculation from RQCD
Collaboration [22] very close to the physical mass, which
finds an even lighter mass for p, albeit with larger error bars.

In this Letter, we discuss the hypothesis that the problem
is tied to the missing strange quark, or, formulated in terms
of hadrons as degrees of freedom, the absence of the KK
channel. At first sight, the KK channel does not seem to
play a role; indeed, from the observed small inelasticity in
the p channel [43] and the small KK phase shifts obtained
in analyses [13,44,45], it has been conjectured that p
effectively decouples from the KK channel. Yet, consider
the insertion of an intermediate KK state in the rescattering
of two pions as displayed in Fig. 1. The p wave dictates
the behavior close to the thresholds according to
i () p2a (KK) where p.,, are the momenta in the center
of mass. Additionally, there is a kaon loop Gy including
dispersive parts [24]. The combined contribution exhibits a
maximum close to the p mass. The full, unknown inter-
action differs, of course, from this expression, but by a
function that varies only slowly with energy. In other
words, while the effects from real kaons are suppressed
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FIG. 1. Insertion of a KK intermediate state in zz scattering,

iterated in the present approach to provide coupled-channel
unitarity.
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through the centrifugal barrier, virtual kaons can indeed
contribute to the zz amplitude at the p position, effectively
shifting its mass. However, a substantial shift of the p mass
might induce a significant effect of the KK channel above
threshold. Therefore, results have to be checked with
available constraints on KK phase shifts and inelasticities
from experiment and N, = 2 + 1 lattice QCD simulations
(see the discussions below and in the Supplemental
Material [46]).

In the present work, we use UCHPT to extrapolate Ny =
2 lattice results to the physical pion mass, but also to three
flavors to study the role of the strange quark. Phase shifts
from Ny = 2 + 1 simulations allow for direct extrapolation
to the physical point and will be the subject of future
studies. The discussed mechanism of virtual or real
intermediate KK states is taken into account by choosing
an SU(3) formulation in which KK states are resummed to
all orders through unitarity in coupled channels. In the
inverse amplitude formulation and taking into account
next-to-leading-order (NLO) contact interactions, this
model has been formulated in Ref. [44]. We replace here
the cutoff with dimensional regularization [24]. Also, there
is a minor modification in / = 0 zK, zn scattering [45] at
high energies. For the extrapolation of f,, the M, depend-
ence of Refs. [31,47], summarized in Ref. [48], is used. The
workflow to extrapolate to the physical point is as follows
(see also Appendix B of Ref. [24] for a similar procedure).

1. To fit the lattice phase shifts, the K K channel is
removed from the coupled-channel zz-KK system. The
low-energy constants (LECs in the definition of Ref. [24])
appear in two distinct linear combinations inthe / = L = 1
7w — o transition, || = 2L, + Ls, , = 2L, — L, + L,
which are the two fit parameters used [not to be confused
with SU(2) CHPT LECs].

2. Ny =2 lattice phase shifts are fitted including the
known correlation between the energy and phase shift [the
error bars in the (W, 5(W)) plane are effectively inclined];
in the case of Refs. [22,24], the covariance of energy
eigenvalues is included in the fit. Data to be included in the
fit are chosen in the maximal range around the resonance
position, in which the fit passes Pearson’s y? test at a 90%
upper confidence limit.

3. The result is extrapolated to the physical pion mass
M, = 138 MeV and then the channel transitions 7z — KK
and KK — KK are switched on. The combinations of
LECs appearing in these transitions are different from those
of 7z — zz and taken from a global fit to experimental zz
and zK phase shift data similar to that of Ref. [45].

4. The solution is given by LECs and their uncertainties
at the physical point. To translate the results to the
commonly used notation, all phase shifts are fitted with
the usual Breit-Wigner parametrization in terms of g and m,
(see, e.g., Ref. [24]) although they could be quoted in terms
of pole positions and residues, which becomes increasingly
popular [40,49,50].

Results.—Available ~ N, =2  phase shift data
[17,19,20,22,24] are analyzed. The data of Ref. [21] are
not considered since they are superseded by those of
Ref. [24]. The results of Ref. [19] for larger pion masses
are not analyzed, because they are beyond the expected
applicability of the chiral extrapolation.

The extrapolations for the different Ny = 2 simulations
are shown in Fig. 2. For each simulation, the left picture
shows the lattice phase shifts and fit (only the best fit is
shown). The phases included in the fit, according to the
discussed criterion, are highlighted. As for the consistency
of the performed fits, the 68% confidence ellipses in 71, ?2
from RQCD Collaboration [22], GWU Collaboration [24]
(m, =227 MeV and m, = 315 MeV), Lang et al. [20],
and CP-PACS Collaboration [17] all have a common
overlap; the ellipse from QCDSF Collaboration [18] is
very slightly off, while the one from ETMC Collaboration
[19] is clearly incompatible (see the Supplemental Material
for a picture [46]).

The right pictures of Fig. 2 show the N, =2 chiral
extrapolation to the physical mass (blue dashed line or light
blue area). Then, without changing that extrapolated result,
the UCHPT prediction for the missing strange quark is
included in terms of the KK channel (solid red line). The
experimental data [43,51] are postdicted.

In the following discussion of the results, we exclude the
data from Aoki et al. (PACS-CS Collaboration) [17] (two
measured phase shifts fitted with two parameters) and Feng
et al. (ETMC Collaboration) [19] because the uncertainties
are very large, even when simultaneously fitting data from
two different pion masses. As Fig. 2 reveals, the Ny =2
extrapolations all lead to a p mass lighter than experiment.
This is particularly clear for the results of Refs. [20,22,24]
where the computed p mass is lighter than the experimental
one even before extrapolating to the physical quark mass,
so that the extrapolation cannot be responsible for this
discrepancy.

Switching on the KK channel shows significant effects
and increases the p mass, leading in all but the excluded
cases to a much improved postdiction of the experi-
mental data. For the lattice data by Bali er al. (RQCD
Collaboration) [22], taking the covariances of energy
eigenvalues into account narrows the band of uncertainties
by about 30%. The phase shifts of Ref. [24] are the most
accurate ones, leading to a narrow band in the final result.
In fact, the lattice data uncertainties are so small that
beyond the region of +2I" around the resonance mass, the
fit does not pass the mentioned » test and therefore the data
are not included. In any case, we have also fitted all phase
shifts and found that the best fits for the two pion masses
barely change. As the fits of the two pion masses of
Ref. [24] are consistent, a common fit has been carried out
in Ref. [24] leading to the most constraining results on the
?i and the chiral and flavor extrapolations. As for the
simulation by Gockeler et al. (QCDSF Collaboration) [18]
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FIG. 2. Results for the Ny = 2 lattice simulations (ordered by
pion mass) of Bali et al. (RQCD Collaboration) [22], Guo
et al. (GWU Collaboration) [24], Gockeler er al. (QCDSF
Collaboration) [18], Lang et al. [20], Feng et al. (ETMC
Collaboration) [19], and Aoki etf al. (CP-PACS Collaboration)
[17]. For each result, the left picture shows the lattice data and
fit, and the right figure shows the Ny = 2 chiral extrapolation
(blue dashed line or light blue area). Without changing this
result, the KK channel is then included to predict the effect
from the missing strange quark (red solid line or light red area).
The experimental data (blue circles from Ref. [51], squares
from Ref. [43]) are then postdicted. For the inherent model
uncertainties, see the text.

we have also included the data from M, = 390 MeV in a
combined fit, which significantly reduces the uncertainties.
The best fit barely changes when fitting only the
M, = 240, 250 MeV phases. The highest data point by
Lang et al [20] needed to be removed to fulfill the
mentioned y° test. Including this point barely changes
the central result (red line) but only leads to smaller
uncertainties. The solution is also stable when removing
the second-highest point and keeping the highest.

For all fits, we have also checked that the inelasticity
from the KK channel does not become larger than the
observed total inelasticity [43] up to W ~ 1.15 GeV. The
wr contribution to the latter has been evaluated in Ref. [52]
(see also Ref. [35]). Our KK inelasticity is rather of similar
size as the KK inelasticity derived in Ref. [52] from the
Roy-Steiner solution of Ref. [53]. The inelasticity is in any
case smaller than the bound quoted in Ref. [54]. Yet, 47
channels are omitted in the current work because the fitted
lattice phase shifts are situated below finite-volume thresh-
olds, except for the highest energy of Ref. [22] (omitting
this point does not change the best fit). The 4z channels are
effectively absorbed in the LECs in the lattice fits, but
introduce some uncertainty in the chiral extrapolation.

In the Supplemental Material [46], the inelasticity is
shown with experiment [43] and also with the N, =2 + 1
lattice simulation of Ref. [13] at M, = 236 MeV. The
inelasticities are well predicted and the small KK phase
shift has even the same size and sign as in Ref. [13].

The predicted zz scattering lengths are close to the
O(p*) CHPT value but some are just outside the 1o range
of the experimental result, while the effective ranges are of
similar size as the O(p®) CHPT value [55] as quoted in the
Supplemental Material [46].

In Fig. 3 we show the effect of the KK channel in the
(m,, g) plane. Remember that (m,, g) emerge from Breit-
Wigner fits to the UCHPT solutions. This is also the case
for the experimental point, indicated as “phys.” The
comparability of all shown (m,, g) with other values in
the literature is therefore limited but in practice quite
accurate.

To keep the figure simple, no error bars are shown for the
chirally extrapolated results; see the previous remark on the
consistency of the fits. Once the KK channel is switched
on, Fig. 3 shows that g and m, are slightly over extrapo-
lated. A possible reason is model deficiency. On one hand,
problems could originate from the formulation: we include
NLO contact terms [44] but not the one-loop contributions
at NLO as in Ref. [31]. On the other hand, the LECs
entering the 7z — KK and KK — KK transitions are not
fully determined from the fit of N, = 2 lattice data and are
therefore taken from a global fit to experimental zz and 7K
phase shifts in different isospin and angular momentum,
similar to that of Ref. [45]. That global fit compromises
between different data sets, leading to a slightly wider p
resonance. In Fig. 3, a Breit-Wigner fit to that solution is
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FIG. 3. Effect of the KK channel in the (m,, g) plane indicated
with arrows, after chiral extrapolation to the physical pion mass.
See Fig. 2 for the labeling of the extrapolations. Only statistical
uncertainties are shown, and only for the case after including KK.
See the text for further explanations and the Supplemental
Material [46] for the effect of the chiral extrapolation.

indicated as “global” with a star. Indeed, the value for g is
slightly too large. In any case, it is instructive to remove
here the KK channel. As Fig. 3 shows (star at
m, = 690 MeV), the result (again, deduced only from
experimental information) exhibits the same trend as the
Ny =2 lattice data, i.e., a lighter and narrower p.

The inherent model uncertainties from the 2 — 2 + 1
flavor extrapolation can be roughly estimated as in
Ref. [24] by inserting the fitted I,, , in the 7z — KK
and KK — KK transitions, instead of taking them from the
global fit to experimental data. As a result, instead of over
extrapolating in m, and g, these quantities are now mostly
under extrapolated. The observed differences translate
into model or systematic uncertainties of comparable size
to the statistical uncertainties shown in Fig. 3 (see the
Supplemental Material for values [46]).

As part of the p mass shift originates from the regularized
KK propagator [24], we also test the dependence of the
results on the value of the subtraction constant, changing it
from the default value a = —1.28 [24] to a = —0.8 and
a =—1.7. The global fits to experimental phase shifts
visibly deteriorate for these extreme values, e.g., for 7K
scattering, but barely change in the p channel as the
experimental phase-shift data are more precise. Following
the described workflow, we find changes of the final results
of less than 10 MeV in m,, and less than 0.08 in g.

In conclusion, the present results demonstrate the rel-
evance of the KK channel, which can explain the system-
atically small lattice p masses at the physical point after the
chiral SU(2) extrapolation. From the discussion, it becomes
clear that a full one-loop calculation [31,56] for the
confirmation and further improvement of the present results
is desirable. A rough estimate for the neglected changes in
the nzz — zz transition when including the strange quark

can be obtained by using the SU(2)-SU(3) matching
relations for LECs [47], resulting in very small changes,
of less than 1 MeV, in the p masses.

Summary.—All accessible phase shift data on the p
meson from N, = 2 lattice QCD simulations are analyzed
using the inverse amplitude method including NLO terms
from chiral perturbation theory. The N, =2 fits are
extrapolated to the physical pion mass, and the KK channel
is subsequently switched on without further changing
the fit parameters. For this step, combinations of SU(3)
low-energy constants, which are not accessible through
the N, =2 lattice data, are taken from a glopal fit to
experimental meson-meson phase shifts. The KK channel
improves the extrapolations of the p mass significantly
except when the lattice data have large uncertainties.

This work is supported by the National Science
Foundation (CAREER Grants No. PHY-1452055 and
No. PHY-1151648, PIF Grant No. 1415459) and by the
George Washington University (startup grant). M. D. is also
supported by the U.S. Department of Energy, Office of
Science, Office of Nuclear Physics under Contract No. DE-
AC05-060R23177. A.A. is supported in part by U.S.
Department of Energy Grant No. DE-FG02-95ER40907.
The authors thank G. Bali and A. Cox for providing jackknife
ensembles to include correlations of the energy eigenvalues,
and G. Bali, D. Guo, Z.-H. Guo, C. Hanhart, B. Kubis,
C. Lang, M. Mai, U.-G. Meiliner, D. Mohler, E. Oset, S.
Prelovsek, J. Ruiz de Elvira, and A. Rusetsky for discussions.

“binhu@gwmail.gwu.edu

‘ramope71 @email.gwu.edu
%doring@gwu.edu
Saalexan @ gwu.edu

[1] M. Liischer, Volume dependence of the energy spectrum
in massive quantum field theories. 2. Scattering states,
Commun. Math. Phys. 105, 153 (1986).

[2] M. Liischer, Two particle states on a torus and their relation
to the scattering matrix, Nucl. Phys. B354, 531 (1991).

[3] K. Rummukainen and S. A. Gottlieb, Resonance scattering
phase shifts on a nonrest frame lattice, Nucl. Phys. B450,
397 (1995).

[4] C. Liu, X. Feng, and S. He, Two particle states in a box and
the S-matrix in multi-channel scattering, Int. J. Mod. Phys.
A 21, 847 (2006).

[5] M. Lage, U.-G. Meifiner, and A. Rusetsky, A method to
measure the antikaon-nucleon scattering length in lattice
QCD, Phys. Lett. B 681, 439 (2009).

[6] V. Bernard, M. Lage, U.-G. MeiBner, and A. Rusetsky,
Scalar mesons in a finite volume, J. High Energy Phys. 01
(2011) 019.

[71 M. Déring, U.-G. MeiBner, E. Oset, and A. Rusetsky,
Unitarized chiral perturbation theory in a finite volume:
Scalar meson sector, Eur. Phys. J. A 47, 139 (2011).

[8] M. Déring and U.-G. Meifiner, Finite volume effects in
pion-kaon scattering and reconstruction of the x(800)
resonance, J. High Energy Phys. 01 (2012) 009.

122001-4


http://dx.doi.org/10.1007/BF01211097
http://dx.doi.org/10.1016/0550-3213(91)90366-6
http://dx.doi.org/10.1016/0550-3213(95)00313-H
http://dx.doi.org/10.1016/0550-3213(95)00313-H
http://dx.doi.org/10.1142/S0217751X06032150
http://dx.doi.org/10.1142/S0217751X06032150
http://dx.doi.org/10.1016/j.physletb.2009.10.055
http://dx.doi.org/10.1007/JHEP01(2011)019
http://dx.doi.org/10.1007/JHEP01(2011)019
http://dx.doi.org/10.1140/epja/i2011-11139-7
http://dx.doi.org/10.1007/JHEP01(2012)009

PRL 117, 122001 (2016)

PHYSICAL REVIEW LETTERS

week ending
16 SEPTEMBER 2016

[9] L. Leskovec and S. Prelovsek, Scattering phase shifts for
two particles of different mass and non-zero total momen-
tum in lattice QCD, Phys. Rev. D 85, 114507 (2012).

[10] M. Déring, U.-G. MeiBner, E. Oset, and A. Rusetsky, Scalar
mesons moving in a finite volume and the role of partial
wave mixing, Eur. Phys. J. A 48, 114 (2012).

[11] M. Gockeler, R. Horsley, M. Lage, U. G. Meissner, P.E. L.
Rakow, A. Rusetsky, G. Schierholz, and J. M. Zanotti,
Scattering phases formeson and baryon resonances on general
moving-frame lattices, Phys. Rev. D 86, 094513 (2012).

[12] J.J. Dudek, R. G. Edwards, C. E. Thomas, and D. J. Wilson
(Hadron Spectrum Collaboration), Resonances in Coupled
7K —nK Scattering from Quantum Chromodynamics,
Phys. Rev. Lett. 113, 182001 (2014).

[13] D.J. Wilson, R. A. Bricefio, J. J. Dudek, R. G. Edwards, and
C.E. Thomas, Coupled 7z, KK scattering in P-wave and
the p resonance from lattice QCD, Phys. Rev. D 92, 094502
(2015).

[14] J.J. Dudek, R.G. Edwards, and D.J. Wilson (Hadron
Spectrum Collaboration), An a, resonance in strongly
coupled 7y, KK scattering from lattice QCD, Phys. Rev.
D 93, 094506 (2016).

[15] D. Agadjanov, M. Doring, M. Mai, U.-G. MeiBiner, and A.
Rusetsky, The optical potential on the lattice, J. High Energy
Phys. 06 (2016) 043.

[16] C.B. Lang, L. Leskovec, D. Mohler, and S. Prelovsek,
Axial resonances a;(1260), b, (1235) and their decays from
the lattice, J. High Energy Phys. 04 (2014) 162.

[17] S. Aoki, M. Fukugita, K.I. Ishikawa, N. Ishizuka, K.
Kanaya, Y. Kuramashi, Y. Namekawa, M. Okawa, K.
Sasaki, A. Ukawa, and T. Yoshie (CP-PACS Collaboration),
Lattice QCD calculation of the rho meson decay width,
Phys. Rev. D 76, 094506 (2007).

[18] M. Gockeler et al. (QCDSF Collaboration), Extracting the
rho resonance from lattice QCD simulations at small quark
masses, Proc. Sci., LATTICE2008 (2008) 136.

[19] X. Feng, K. Jansen, and D. B. Renner (ETMC Collabora-
tion), Resonance parameters of the rho-meson from lattice
QCD, Phys. Rev. D 83, 094505 (2011).

[20] C. B.Lang, D. Mohler, S. Prelovsek, and M. Vidmar, Coupled
channel analysis of the rtho meson decay in lattice QCD,
Phys. Rev. D 84, 054503 (2011); 89, 059903(E) (2014).

[21] C. Pelissier and A. Alexandru, Resonance parameters of the
rho-meson from asymmetrical lattices, Phys. Rev. D 87,
014503 (2013).

[22] G.S. Bali, S. Collins, A. Cox, G. Donald, M. Gockeler,
C.B. Lang, and A. Schafer (RQCD Collaboration), p and
K* resonances on the lattice at nearly physical quark masses
and Ny = 2, Phys. Rev. D 93, 054509 (2016).

[23] D. Guo and A. Alexandru, Resonance parameters for the
rho-meson from Lattice QCD, Proc. Sci., LATTICE2015
(2016) 073.

[24] D. Guo, A. Alexandru, R. Molina, and M. Déring, Rho
resonance parameters from lattice QCD, Phys. Rev. D 94,
034501 (2016).

[25] J. Frison et al. (Budapest-Marseille-Wuppertal Collabora-
tion), Rho decay width from the lattice, Proc. Sci.,
LATTICE2010 (2010) 139.

[26] S. Aoki, K.I. shikawa, N. Ishizuka, K. Kanaya, Y.
Kuramashi, Y. Namekawa, M. Okawa, Y. Taniguchi,

A. Ukawa, N. Ukita, T. Yamazaki, and T. Yoshie (CS
Collaboration), p meson decay in 2 + 1 flavor lattice QCD,
Phys. Rev. D 84, 094505 (2011).

[27] J.J. Dudek, R.G. Edwards, and C.E. Thomas (Hadron
Spectrum Collaboration), Energy dependence of the p
resonance in zz elastic scattering from lattice QCD, Phys.
Rev. D 87, 034505 (2013); 90, 099902(E) (2014).

[28] T. Metivet (Budapest-Marseille-Wuppertal Collaboration),
Lattice study of zz scattering using Ny, =2+ 1 Wilson
improved quarks with masses down to their physical values,
Proc. Sci., LATTICE2014 (2015) 079.

[29] J. Bulava, B. Fahy, B. Horz, K. J. Juge, C. Morningstar, and
C.H. Wong, I =1 and I = 2 n — z scattering phase shifts
from Ny =2+ 1 lattice QCD, Nucl. Phys. B910, 842
(2016).

[30] C. Hanhart, J. R. Peldez, and G. Rios, Quark Mass Depend-
ence of the Rho and Sigma from Dispersion Relations and
Chiral Perturbation Theory, Phys. Rev. Lett. 100, 152001
(2008).

[31] J. Nebreda and J. R. Peldez, Strange and non-strange quark
mass dependence of elastic light resonances from SU(3)
unitarized chiral perturbation theory to one loop, Phys. Rev.
D 81, 054035 (2010).

[32] J.R. Peldez and G. Rios, Chiral extrapolation of light
resonances from one and two-loop unitarized chiral pertur-
bation theory versus lattice results, Phys. Rev. D 82, 114002
(2010).

[33] Z.H. Guo and J. A. Oller, Resonances from meson-meson
scattering in U(3) CHPT, Phys. Rev. D 84, 034005 (2011).

[34] Z.H. Guo, J. A. Oller, and J. R. de Elvira, Chiral dynamics
in form factors, spectral-function sum rules, meson-meson
scattering and semi-local duality, Phys. Rev. D 86, 054006
(2012).

[35] P.C. Bruns, M. Emmerich, L. Greil, and A. Schéfer, Chiral
behavior of vector meson self energies, Phys. Rev. D 88,
114503 (2013).

[36] P.C. Bruns and U.-G. Meifner, Infrared regularization for
spin-1 fields, Eur. Phys. J. C 40, 97 (2005).

[37] M. Albaladejo, G. Rios, J. A. Oller, and L. Roca, Finite
volume treatment of zz scattering in the p channel,
arXiv:1307.5169.

[38] H. X. Chen and E. Oset, zz interaction in the p channel in
finite volume, Phys. Rev. D 87, 016014 (2013).

[39] J.J. Wu, T.-S.H. Lee, A. W. Thomas, and R.D. Young,
Finite-volume Hamiltonian method for coupled-channels
interactions in lattice QCD, Phys. Rev. C 90, 055206
(2014).

[40] D.R. Bolton, R. A. Bricefio, and D. J. Wilson, Connecting
physical resonant amplitudes and lattice QCD, Phys. Lett. B
757, 50 (2016).

[41] C.R. Allton, W. Armour, D. B. Leinweber, A. W. Thomas,
and R.D. Young, Chiral and continuum extrapolation of
partially-quenched lattice results, Phys. Lett. B 628, 125
(2005).

[42] W. Armour, C. R. Allton, D. B. Leinweber, A. W. Thomas,
and R. D. Young, Unified chiral analysis of the vector meson
spectrum from lattice QCD, J. Phys. G 32, 971 (2006).

[43] S.D. Protopopescu, M. Alston-Garnjost, A. Barbaro-
Galtieri, S.M. Flatté, J.H. Friedman, T.A. Lasinski,
G.R. Lynch, M. S. Rabin, and F.T. Solmitz, zz partial

122001-5


http://dx.doi.org/10.1103/PhysRevD.85.114507
http://dx.doi.org/10.1140/epja/i2012-12114-6
http://dx.doi.org/10.1103/PhysRevD.86.094513
http://dx.doi.org/10.1103/PhysRevLett.113.182001
http://dx.doi.org/10.1103/PhysRevD.92.094502
http://dx.doi.org/10.1103/PhysRevD.92.094502
http://dx.doi.org/10.1103/PhysRevD.93.094506
http://dx.doi.org/10.1103/PhysRevD.93.094506
http://dx.doi.org/10.1007/JHEP06(2016)043
http://dx.doi.org/10.1007/JHEP06(2016)043
http://dx.doi.org/10.1007/JHEP04(2014)162
http://dx.doi.org/10.1103/PhysRevD.76.094506
http://dx.doi.org/10.1103/PhysRevD.83.094505
http://dx.doi.org/10.1103/PhysRevD.84.054503
http://dx.doi.org/10.1103/PhysRevD.89.059903
http://dx.doi.org/10.1103/PhysRevD.87.014503
http://dx.doi.org/10.1103/PhysRevD.87.014503
http://dx.doi.org/10.1103/PhysRevD.93.054509
http://dx.doi.org/10.1103/PhysRevD.94.034501
http://dx.doi.org/10.1103/PhysRevD.94.034501
http://dx.doi.org/10.1103/PhysRevD.84.094505
http://dx.doi.org/10.1103/PhysRevD.87.034505
http://dx.doi.org/10.1103/PhysRevD.87.034505
http://dx.doi.org/10.1103/PhysRevD.90.099902
http://dx.doi.org/10.1016/j.nuclphysb.2016.07.024
http://dx.doi.org/10.1016/j.nuclphysb.2016.07.024
http://dx.doi.org/10.1103/PhysRevLett.100.152001
http://dx.doi.org/10.1103/PhysRevLett.100.152001
http://dx.doi.org/10.1103/PhysRevD.81.054035
http://dx.doi.org/10.1103/PhysRevD.81.054035
http://dx.doi.org/10.1103/PhysRevD.82.114002
http://dx.doi.org/10.1103/PhysRevD.82.114002
http://dx.doi.org/10.1103/PhysRevD.84.034005
http://dx.doi.org/10.1103/PhysRevD.86.054006
http://dx.doi.org/10.1103/PhysRevD.86.054006
http://dx.doi.org/10.1103/PhysRevD.88.114503
http://dx.doi.org/10.1103/PhysRevD.88.114503
http://dx.doi.org/10.1140/epjc/s2005-02118-0
http://arXiv.org/abs/1307.5169
http://dx.doi.org/10.1103/PhysRevD.87.016014
http://dx.doi.org/10.1103/PhysRevC.90.055206
http://dx.doi.org/10.1103/PhysRevC.90.055206
http://dx.doi.org/10.1016/j.physletb.2016.03.043
http://dx.doi.org/10.1016/j.physletb.2016.03.043
http://dx.doi.org/10.1016/j.physletb.2005.09.020
http://dx.doi.org/10.1016/j.physletb.2005.09.020
http://dx.doi.org/10.1088/0954-3899/32/7/007

PRL 117, 122001 (2016)

PHYSICAL REVIEW LETTERS

week ending
16 SEPTEMBER 2016

wave analysis from reactions z*p — 7"z~ A*T and 2" p —
KtK~A™" at 7.1 GeV/c, Phys. Rev. D 7, 1279 (1973).

[44] J. A. Oller, E. Oset, and J.R. Peldez, Meson meson
interaction in a nonperturbative chiral approach, Phys.
Rev. D 59, 074001 (1999); 60, 099906(E) (1999); 75,
099903(E) (2007).

[45] M. Doring, U.-G. MeiBner, and W. Wang, Chiral dynamics
and S-wave contributions in semileptonic B decays, J. High
Energy Phys. 10 (2013) 011.

[46] See  Supplemental Material at  http:/link.aps.org/
supplemental/10.1103/PhysRevLett.117.122001 for graphi-
cal representations of the fit parameter confidence regions,
of the chiral extrapolation, and of the inelasticity and KK
phase shift compared to experiment, to a dispersive deter-
mination, and to a Ny =2+ 1 lattice simulation. It also
contains tables of Breit-Wigner p masses, z#z scattering
lengths, and effective ranges.

[47] J. Gasser and H. Leutwyler, Chiral perturbation theory:
Expansions in the mass of the strange quark, Nucl. Phys.
B250, 465 (1985).

[48] R. Molina and M. Doéring, The pole structure of the Lambda
(1405) in a recent QCD simulation, arXiv:1512.05831.

[49] K. A. Olive et al. (Particle Data Group), Review of particle
physics, Chin. Phys. C 38, 090001 (2014).

[50] D. Ronchen, M. Doéring, F. Huang, H. Haberzettl, J.
Haidenbauer, C. Hanhart, S. Krewald, U.-G. MeiB3ner, and
K. Nakayama, Photocouplings at the pole from pion photo-
production, Eur. Phys. J. A 50, 101 (2014); 51, 63(E) (2015).

[51] P. Estabrooks and A.D. Martin, zz phase shift analysis
below the K anti-K threshold, Nucl. Phys. B79, 301 (1974).

[52] F. Niecknig, B. Kubis, and S.P. Schneider, Dispersive
analysis of w— > 3z and ¢p— > 3z decays, Eur. Phys. J. C
72, 2014 (2012).

[53] P. Biittiker, S. Descotes-Genon, and B. Moussallam, A new
analysis of 7K scattering from Roy and Steiner type
equations, Eur. Phys. J. C 33, 409 (2004).

[54] S. Eidelman and L. Lukaszuk, Pion form-factor phase, 7z
elasticity and new e + e- data, Phys. Lett. B 582, 27 (2004).

[55] J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M. E.
Sainio, Pion-pion scattering at low energy, Nucl. Phys.
B508, 263 (1997); 517, 639(E) (1998).

[56] A. Goémez Nicola and J. R. Peldez, Meson meson scattering
within one loop chiral perturbation theory and its unitariza-
tion, Phys. Rev. D 65, 054009 (2002).

122001-6


http://dx.doi.org/10.1103/PhysRevD.7.1279
http://dx.doi.org/10.1103/PhysRevD.59.074001
http://dx.doi.org/10.1103/PhysRevD.59.074001
http://dx.doi.org/10.1103/PhysRevD.60.099906
http://dx.doi.org/10.1103/PhysRevD.75.099903
http://dx.doi.org/10.1103/PhysRevD.75.099903
http://dx.doi.org/10.1007/JHEP10(2013)011
http://dx.doi.org/10.1007/JHEP10(2013)011
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.122001
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.122001
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.122001
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.122001
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.122001
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.122001
http://link.aps.org/supplemental/10.1103/PhysRevLett.117.122001
http://dx.doi.org/10.1016/0550-3213(85)90492-4
http://dx.doi.org/10.1016/0550-3213(85)90492-4
http://arXiv.org/abs/1512.05831
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1140/epja/i2014-14101-3
http://dx.doi.org/10.1140/epja/i2015-15063-6
http://dx.doi.org/10.1016/0550-3213(74)90488-X
http://dx.doi.org/10.1140/epjc/s10052-012-2014-1
http://dx.doi.org/10.1140/epjc/s10052-012-2014-1
http://dx.doi.org/10.1140/epjc/s2004-01591-1
http://dx.doi.org/10.1016/j.physletb.2003.12.030
http://dx.doi.org/10.1016/S0550-3213(97)80013-2
http://dx.doi.org/10.1016/S0550-3213(97)80013-2
http://dx.doi.org/10.1016/S0550-3213(98)00127-8
http://dx.doi.org/10.1103/PhysRevD.65.054009

