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We show several distinct signatures in the magnetoresponse of type-II Weyl semimetals. The energy tilt
tends to squeeze the Landau levels (LLs), and, for a type-II Weyl node, there always exists a critical angle
between the B field and the tilt, at which the LL spectrum collapses, regardless of the field strength. Before the
collapse, signatures also appear in the magneto-optical spectrum, including the invariable presence of
intraband peaks, the absence of absorption tails, and the special anisotropic field dependence.
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The exploration of solids with nontrivial band topologies
has become a focus in current research [1,2]. Besides novel
physical effects and application perspectives, the interest
also comes from the possibility of simulating intriguing
elementary particle phenomena in condensed matter sys-
tems. Notably, the Weyl fermion, which was originally
proposed as a massless solution of the Dirac equation but
remained elusive in high-energy experiments, could find its
realization as low-energy quasiparticles [3—15] in the so-
called Weyl semimetals (WSMs). In a WSM, the conduction
and valence bands touch with linear dispersion at isolated
Fermi points known as Weyl nodes. Each Weyl node is like a
monopole in reciprocal space, carrying a topological charge
of £1 corresponding to its chirality. Weyl nodes of opposite
chiralities appear or annihilate in pairs [16], and at the
system boundary their projections are connected by surface
Fermi arcs [3]. The recent progress in identifying several
WSM materials [17-25] has driven a flurry of exciting
research trying to probe the various fascinating phenomena
connected to Weyl fermions [26—45].

The energy dispersion at a Weyl node could generally be
tilted along a certain direction in k space. When the tilt is
large enough, the Weyl cone could even be tipped over such
that the Fermi surface transforms from a point to a line or a
surface. Such Weyl nodes are referred to as type-II to be
distinguished from the conventional ones, and have
recently been proposed in a few materials [46-52]. The
essential topology (like chirality) of the Weyl node is
unchanged by the tilt; however, since the geometry of
Fermi surface plays a key role in many material properties,
the type-I WSMs are expected to exhibit signatures
distinct from the conventional WSMs and also other
materials, e.g., as manifested in the predicted anisotropic
chiral anomaly and anomalous Hall effects [46,53].

Under an external magnetic field, the electrons’ motion is
typically quantized into discrete Landau levels (LLs). In a
three-dimensional (3D) solid, these LLs become dispersive
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in the direction along the field, such is the case also for
conventional WSMs. Here we show that the additional
energy tilt tends to squeeze the Landau level spacing, and
remarkably, for a type-II node, the squeezing can be so
dramatic that there always exists a critical angle between the
B field and the tilt direction, at which the LL spectrum
collapses, regardless of the field strength. We provide a
semiclassical picture for understanding such effects, showing
that the collapse corresponds to a transformation of cyclotron
orbits beyond the effective Weyl model. Before collapse, the
transitions between LLs give rise to absorption peaks in the
optical conductivity. For type-Il nodes we find that these
peaks exhibit unique features distinct from conventional
WSMs and other materials, particularly for the processes
involving the anomalous zeroth LL. These findings provide
experimental signatures for type-II WSMs, and we also
discuss possible ways for experimentally quantifying the tilt.

The essential physics that we describe in this work
can be captured by the following simple 2 x2 Weyl
Hamiltonian,

H:vok’6+W'kﬂ2X2, (1)

where ¢ is the vector of Pauli matrices, [,,, is the identity
matrix, v, is the Fermi velocity (its sign gives the chirality
of the node, and for definiteness we take v to be positive in
the following calculation), and the second term with vector
w denotes the tilt of spectrum. A finite w tilts the dispersion
along w, where w = w/w is the unit vector along the tilt
direction. For (w/vg) < 1, the Weyl node is conventional
with &k = 0 being the only zero-energy mode. However,
when (w/vg) > 1, the linear dispersion cone along w will
be tipped over, and the node becomes type-II. In both cases,
the Weyl node is topologically robust in that all the three
Pauli matrices are used up; hence, any small perturbations
can only shift the location of the node but cannot remove it.

LL squeezing and collapse.—Under an external magnetic
field, we make the usual Peierls substitution k — k + eA

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.117.077202
http://dx.doi.org/10.1103/PhysRevLett.117.077202
http://dx.doi.org/10.1103/PhysRevLett.117.077202
http://dx.doi.org/10.1103/PhysRevLett.117.077202

PRL 117, 077202 (2016)

PHYSICAL REVIEW LETTERS

week ending
12 AUGUST 2016

(we set 7 = 1 here) in Hamiltonian Eq. (1) with the vector
potential A. We neglect possible Zeeman splitting since it is
typically much smaller than the orbital effect at accessible
field strength. Without loss of generality, we could choose
our coordinates such that the z axis is along the B field and
w = (w,0,w) lies in the x-z plane, where w = w - B/B
(w, = |wx B/B|) is the projection of the tilt along
(perpendicular to) the B field. Using the gauge
A = (—By,0,0), one observes that the tilt gives rise to a
term —ew | By, which is equivalent to the effect of an
electric field E.; = w | B along the negative y direction.
Since k, is a good quantum number, for each fixed &, we
can consider the model as an effectively 2D system under
perpendicular electric and magnetic fields. In such a case, it
is known that as long as the drift velocity v; = E./B is
less than the Fermi velocity v, i.e., when f=w /vy < 1,
LL solutions exist and can be obtained either by performing
a Lorentz boost to eliminate the E g field [54], or by using a
method from Landau and Lifshitz [55,56].

After straightforward but somewhat tedious calculations
[57], we find the LL spectrum and the eigenstates for

p<1:

ea(k.) = wik, + sgn(n) /@032 + nlael,  (2)

i eikxx+ikzze—(aICtanhﬂ/2>0x |:an¢n—l :| ’ (3)

v =
! N _bn¢|n|

for integers |n| > 1, where a = \/1 — 2, w. = V2v,/¢
with £ = (1/eB)'/? the magnetic length, " is a normali-
zation factor, ¢,,’s are the harmonic oscillator eigenstates
with a scaled y coordinate [57], and the coefficients
a, =cos({/2), b,=sin({/2) for n>0; while
a, = sin({/2), b, =—cos({/2) for n <0, with (€
[0,7] satisfying tan{ = y/|n|aw./(vok,). Besides, a
Weyl node features an anomalous zeroth LL:

8n=0(kz) = (WII - aUO)kZ’ (4)
with ay = 0 and by = 1. The energies in Eq. (2) scale as
/B for large n or small k,, which is a characteristic of the
linear dispersion.

A key observation is that the cyclotron frequency w,,
which characterizes the LL spacings, gets reduced by the
factor a(< 1), arising from the tilt term, to an effective
o’ = o*?w,. Hence, the tilt has the effect of squeezing the
LL spectrum. Since @ becomes imaginary for # > 1, the LL
solution above is valid only for § < 1. For w with a fixed
magnitude, the squeezing factor is solely determined by the
relative orientations between the tilt and the B field. By
rotating either the sample or the B field, one can contin-
uously tune the degree of LL squeezing.

In Fig. 1(a), we plot the squeezing factor a*>/? on a unit
sphere denoting the direction of w. Recall that the conven-
tional Weyl node and the type-II node are distinguished by
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FIG. 1. (a) LL squeezing factor a*/? plotted versus w on a unit

sphere. (Upper): Conventional Weyl node with w/v, = 0.9.
(Lower): Type-II node with w/vy = 1.2, in which the two red
loops mark the critical angle where the LLs collapse. (b) Semi-
classical orbit transforms from closed orbit at f < 1 to open
trajectory at > 1. Here k, =0, E=0.1 eV, and the wave
vectors are in units of 0.1 eV/vj.

whether w/ v, is less than 1 or not. Hence, for conventional
nodes, # < 1 must hold, and the LL solution always exists.
The squeezing effect is enhanced when the polar angle 6 of
w (the angle between w and B) increases (decreases) for
wy > 0 (< 0). In contrast, for a type-II node, as § can take
values larger than 1, there must be a critical angle 6, =
arcsin(vy/w) for w; > 0 (or z — arcsin(vy/w) for w; < 0)
beyond which the LL solution in Egs. (2)—-(4) ceases to
exist. Remarkably, approaching the critical angle, f — 1,
we have @, w; — 0 and the whole LL spectrum collapses,
regardless of the magnetic field strength.

The LL squeezing and collapse can be more easily
understood within a semiclassical picture. In semiclassical
dynamics, we trace the motion of an electron wave-packet
center (r., k.) in both real space and k space. Under a B
field, the semiclassical orbit C in k space resides on the
intersection between a constant energy surface and a plane
perpendicular to the field direction [58]. It becomes
quantized when we apply the Bohr-Sommerfeld quantiza-
tion  condition  §.gq.-dr.=2zn[n+v/4-Tc/(2x)|
[59-61], where q. =k, — eA(r.) is the canonical conju-
gate of r., n is the quantization integer, v is the Maslov
index which equals 2 for a closed cyclotron orbit, and I'¢ is
the Berry phase of the orbit. With the help of the equations
of motion, the condition can be expressed as

I Tc
Ahc, =2x(n+5 -, 5
B ”<"+2 2n’> ©)

where A¢ is the area enclosed by the orbit C,, in k space.
Now consider a constant energy surface with energy E for
the Hamiltonian Eq. (1). As illustrated in Fig. 1(b), starting
from the configuration with w||B, = 0, the orbit is a circle
with a fixed k,. When rotating w away from the B-field
direction, f increases and the orbit for the same k, and E
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becomes an ellipse and its area gets increased. According to
Eq. (5), the index n associated with the orbit would become
larger, which means that more LLs are squeezed under
energy E. A drastic charge occurs when f — 1, during
which the area approaches infinity; hence, the LLs collapse.
Beyond this point, as the Weyl cone becomes tipped over in
the orbital plane, the semiclassical orbits transforms from
closed orbits to open trajectories (hyperbola) [Fig. 1(b)].
Physically, this means that after collapse the dynamics goes
beyond the effective model in Eq. (1) and a more complete
band structure is needed [57,62].

From the discussion, it is clear that the collapse depends
only on the orientation of the field relative to the tilt but not
its strength, and happens only in the type-II case. In the
analysis we did not mention the variation of the Berry
phase, because this term is on the order of unity and, hence,
does not affect the qualitative conclusion. However, it is
indispensable for a quantitative calculation. Particularly, for
k, = 0, the model is similar to the 2D graphene model,
where the 7 Berry phase is crucial for obtaining the correct
LL spectrum [63,64]. Based on Eq. (5), we numerically
calculate the LL spectrum for # < 1, which shows excellent
agreement with the exact quantum result [57].

Experimentally, the effects of LL squeezing and collapse
can be detected, e.g., by scanning tunneling spectroscopy
or in Shubnikov-de Haas oscillations. By rotating the
sample or the B field, one can find the tilt axis by locating
the direction with the least squeezing. The magnitude of the
tilt can also be probed by measuring the critical angle.

Optical conductivity.—Magneto-optical measurements
provide rich information on the LL structure and electron
dynamics. We show that in the regime before LL collapse,
distinct signatures of type-II nodes would still manifest in the
magneto-optical response. Our focus is on the absorptive part
of the longitudinal magneto-optical (ac) conductivity, which
can be obtained via the Kubo formula: Reo, (w) =
—(2/4n3), [ dho(AF/AE)|(n]b ) PS(@ + Ae),
where n and n’ stand for the LL states with the same k.,
Ae =¢,—¢, and Af = f(e,) — f(e,) are the energy and
the occupation differences between the two states involved in
the optical transition, f is the Fermi-Dirac distribution, and 7,
is the velocity operator.

Using the obtained LL solution, we can derive an
analytic expression of Res,, [57]. The features are most
clearly exposed for field directions with small / as the LLs
are well separated. The result for f = 0 case is plotted in
Fig. 2. Several key observations can be made without
resorting to the detailed expression, but by noting that
(1) optical transitions are vertical with conserved k,, (2) at
low temperature 7', transitions are from occupied states to
empty states, (3) for f =0, the optical matrix element
(n|d¢|n") is only nonzero for |n| = |n'| £ 1, yielding the
familiar selection rule [65,66]. By inspecting the LL spectra
in Fig. 2(a), we can identify the following distinctive
features for type-II nodes.
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FIG. 2. LL dispersion along k, for (a) a type-II Weyl node
(w/vg = 2) and (c) a conventional Weyl node (w/v, = 0.6), both
with w along the B field (w > 0). (b) and (d) are the same as (a)
and (c), respectively, but with W antiparallel to the B field
(wy <0). Arrows in (a) mark some representative optical
transitions. (e) Reo,, (@) plotted for the type-1I (red solid curve)
and conventional Weyl node (blue dashed curve) corresponding
to (a) and (c), respectively, in units of ¢2/(2z¢y). (f) is the same
as (e) but with a reversed field direction, corresponding to (b) and
(d). Here p =0, w. = 0.14 eV, p = 0 eV, and k, is in units of
0.1 eV/vy. In (e) and (f), kzT and the scattering rate I" are set as
0.01w,.

First, there is invariable presence of intraband absorption
peaks at low frequencies [Fig. 2(e)]. This is because the
linear term wyk, for type-Il node dominates the LL
dispersion in (2) at large k,. Considering a positive LL
(n>0), at large k,, &, ~wjk, +avglk,|. Because the
condition |w| > |awvp| (in the p < 1 regime) holds for a
type-1II node, the energy &, must cross the Fermi level at a
negative (positive) k, for w; > 0 (< 0), where intraband
transitions to its neighboring LLs will occur. A similar
conclusion also applies for the negative LLs. In contrast,
lw| < |avy| for conventional Weyl nodes; hence, intraband
peaks are absent when yu is small [Figs. 2(c) and 2(e)] and
appear only at higher chemical potentials [67].

Second, with increasing frequency, interband transition
peaks will appear, with distinct shapes. One finds that both
—|n| = |n| + 1 and —(|n| + 1) — |n| transitions have an
onset frequency at Q, = (\/[n] + /|n| + 1)w; for |n| > 1.
For conventional WSMs or other materials, the peaks
typically have long tails because the transitions persist
with increasing frequency at larger k, [67]. In sharp
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contrast, for a type-II node, due to the above-mentioned
unusual k, dispersion, both positive and negative LLs cross
Fermi level at finite k,; hence, the allowed transitions
between each LL pair are restricted in a finite k, interval
with a finite frequency range, making the peaks tailless.
The first few interband peaks can be observed as separated
with absorption gaps, strikingly different from that of
conventional nodes [Fig. 2(e)].

This feature is most obvious for the first interband
peak involving the zeroth LL. For example, at y =0,
the peaks of 0 — 1 and —1 — 0 coincide in the frequency
interval [Q), Q)] with Q) = /(w) — avy)/(w + avy)w},
Q, =wi, for w; > 0; whereas Q)=w;, Q=
V(w4 ave)/(Jwy| — ave)w}, for wy <0. The differ-
ence between positive and negative w originates from
the dispersion in Eq. (4) and the condition |wy| > |aw|,
such that the slope of the zeroth LL must change sign
following that of wy.. As a result, the transitions occur at a
different k, interval with a different frequency range [see
Figs. 2(a) and 2(b)]. In contrast, for conventional nodes, the
absorption always starts from the same €2, and has no end
frequency when w) switches sign [Figs. 2(c) and 2(d)].

Third, from the above discussion, distinct signatures
appear when varying the B-field direction. Most interest-
ingly, when reversing the B-field direction, which is
equivalent to switching the sign of wy, all the interband
peak positions Q, remain unchanged except for €, as
shown in Figs. 2(e) and 2(f). As discussed, this effect stems
from the unusual k, dispersion of the zeroth LL and is
unique to the type-II Weyl node. Because of the squeezing
factor in w}, the peak positions can be continuously tuned
by rotating the sample or the B field, and the peaks are
squeezed to the low-frequency end when approaching the
critical angle of LL collapse. Therefore, by tracking the
absorption peaks, we could distinguish type-II nodes and
further extract information of the tilt.

When p is tuned away from the node, the peaks of 0 — 1
and —1 — 0 will begin to split. And the frequency Q, will
be shifted once u passes the LL energy ¢}, at k, = 0. For
p # 0, additional n — m transitions become possible [68],
leading to additional absorption peaks that scale as 5 for
small g [57]. Finite temperatures and disorder scattering
both smooth out the absorption profile. The scattering
effects may be captured phenomenologically by broad-
ening the delta function in the Kubo formula to a
Lorentzian with a width I" representing the scattering rate
(the dc limit o, (w = 0) diverges as 1/I', as in Drude
model). The key features in the absorption spectrum would
be observable as long as kg7 and I" are small compared
with w}.

Discussion.—The effect of LL collapse has previously
been discussed in the context of 2D Dirac systems [54,68—
74]. There, the electron motion is confined within the 2D
plane, the collapse requires a typically large in-plane E field

and also depends on the strength of the B field, making
such experiment quite a challenge. However, for type-II
WSMs, the collapse does not require any external E field,
and is independent of the B-field strength, which should
facilitate its experimental realization. Being a 3D system,
the orbital plane rotates as the field direction varies in
space, continuously changing the LL spectrum. The iden-
tified features in the optical absorption are tied with the
special LL dispersion along the field, and, hence, are
unique for 3D systems with no analog in 2D. Moreover,
the features are most obvious for those involving the zeroth
LL which is unique for Weyl nodes. Therefore, they indeed
constitute unique signatures for type-1I Weyl nodes, distinct
from conventional WSMs and other materials.

As mentioned, in a WSM, Weyl nodes always occur in
pairs of opposite chirality. Additionally, a WSM phase
cannot exist if both time reversal (7°) and inversion (P)
symmetries are present. In the simplest case with broken 7,
a WSM can have a single pair of Weyl nodes: the partner of
the node in Eq. (1) will have opposite chirality and a
reversed tilt vector, if P is preserved. The magnetoresponse
studied here is identical for the two nodes. On the other
hand, if P is broken, the two nodes related by 7 are of the
same chirality while w is reversed, and the magnetores-
ponse of the partner is effectively the same as Eq. (1) but
with a reversed B field [57]. In the presence of multiple
pairs of nodes, the magnetoresponse is generally different
for each one, unless the nodes are tied by symmetry. One
can expect interesting cases such as different onsets of LL
collapse at different nodes when rotating the B field.

We used an isotropic Fermi velocity in the analysis.
Generally, the Fermi velocity can be different along the
three principal axes, which, however, does not affect the
main conclusions regarding the LL collapse and the key
features in a magneto-optical response. In fact, one can
rescale the coordinates to map such a case to model
Eq. (1) [57].

Finally, in a type-Il WSM, the type-II nodes occur in
between electron and hole pockets [75], and other conven-
tional bands may also appear around the Fermi level.
However, their magnetoresponses are different, such as
the different scaling of LL spacings («x B) and the absence
of LL collapse; hence, the signals from the type-II node
should still be detectable in experiment.
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Note added.—Recently, two complementary and indepen-
dent studies [76,77] appeared, with a similar topic via
different approaches.
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