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Tightly focused light beams can exhibit complex and versatile structured electric field distributions. The local
field may spin around any axis including a transverse axis perpendicular to the beams’ propagation direction. At
certain focal positions, the corresponding local polarization ellipse can even degenerate into a perfect circle,
representing a point of circular polarization or C point. We consider the most fundamental case of a linearly
polarized Gaussian beam, where—upon tight focusing—those C points created by transversely spinning fields
can form the center of 3D optical polarization topologies when choosing the plane of observation appropriately.
Because of the high symmetry of the focal field, these polarization topologies exhibit nontrivial structures
similar to Mobius strips. We use a direct physical measure to find C points with an arbitrarily oriented spinning
axis of the electric field and experimentally investigate the fully three-dimensional polarization topologies
surrounding these C points by exploiting an amplitude and phase reconstruction technique.
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Introduction.—Structured light fields represent important
tools in modern optics due to their multitude of different
applications, for example, in microscopy [1-3], nano-optics
[4-7], and optical trapping [8,9]. In general, the spatial
tailoring of the amplitude, phase, and polarization of para-
xial or nonparaxial light beams can lead to interesting
topological structures of the electric field such as phase
vortices [10,11], optical knots [12,13], and optical polari-
zation Mobius strips [14—17]. The latter are linked to the
presence of so-called C points or C lines in the field
distribution, i.e., positions where the local polarization
ellipse degenerates to a circle and the field is thus circularly
polarized [18]. While polarization Mébius strips have been
predicted a decade ago and investigated ever since [19], only
recent advances in nano-optics, in particular, 3D amplitude
and phase reconstruction techniques at the nanoscale [20],
have enabled their experimental verification [16]. This was
achieved by tightly focusing a light beam with spatially
varying polarization spanning the full Poincaré sphere
[21-23]. In the focal plane of such a full Poincaré beam,
this yields a complex fully vectorial field structure, including
a C point on the optical axis with the electric field spinning
around said (longitudinal) axis. Tracing the major axis of the
polarization ellipse around this C point allowed for revealing
optical polarization Mobius strips hidden in the focal
polarization distribution [16].

In more general field distributions, C points with an
arbitrarily oriented spinning axis of the electric field might
be observed. This includes the special case of a spinning
axis perpendicular to the optical axis [18], which indicates
the presence of purely transverse spin angular momentum
(tSAM) [24,25]. While the rising interest in this intriguing
polarization component is strongly linked to its occurrence
in highly confined fields within guided modes and

0031-9007/16/117(1)/013601(6)

013601-1

plasmons [26-28], it was shown that tSAM is also naturally
present in many focusing scenarios [6,24,29-31]. As an
example, even a linearly polarized fundamental Gaussian
beam exhibits transversely spinning fields when tightly
focused [6,31,32]. In this case, the transverse (E ) and
longitudinal (E,) electric field components exhibit in the
focal plane a z/2 phase difference with respect to each
other, and positions where both field components have the
same amplitude represent C points that are linked to purely
tSAM. This raises the question of whether those focal C
points also exhibit complex polarization topologies.

In this Letter, we investigate the occurrence of Mobius-
like optical polarization topologies in the focal field
distribution of a tightly focused linearly polarized
Gaussian beam. Furthermore, we show the generation of
optical polarization Mdbius strips around C points with
nonzero transverse spin in the experimental realization of
the mentioned field configuration using a nanointerfero-
metric amplitude and phase reconstruction technique [20].

C points, transverse spin, and optical polarization
Mobius strips.—When examining polarization topologies
in fully vectorial and highly confined structured light fields,
the electric field E at each point r is, in general, oscillating
in a plane oriented arbitrarily in space. Thus, the local field
can be described by a polarization ellipse with its major
axis a(r), minor axis #(r), and normal vector y(r) defined
in 3D space by [33]

1 *
a= ﬁRe(E VE-E),

1 *
g = ﬁlm(E VE -E),
y =Im(E* X E), (1)
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respectively, with E* denoting the complex conjugate of
the field. The field is oscillating in the plane spanned by «
and . The normal vector ¥ is, in this definition, directly
proportional to the electric part of the spin density [34-36]:

s¢(x.y.2) = - Im(E" X E), (2)

with €, the permittivity of free space and w the angular
frequency of the monochromatic light field. Since the
electric spin density specifies the orientation and sense
of the spinning axis of the local electric field and represents
a physically measurable quantity [31,35], an elegant and
straightforward method to determine points or lines of
arbitrarily oriented circular polarization (C points or
lines) or lines of arbitrarily oriented linear polarization
(L lines) in a vectorial light field is to normalize sz with
the time-averaged energy density of the electric field,
we = (e0/4)(|E.|* + |E,|* + |E.|*) [34]. This amplitude-
independent measure is maximized when the polarization
ellipse degenerates to a circle and zero when the ellipse
degenerates to a line. We thus can define a simple require-
ment for C points:

skl 1
—_— = 3
- 3)

As discussed before, the polarization ellipse can show
intriguing topological patterns around such points in space,
where we restrict ourselves in the following to C points. By
choosing a plane of observation containing the C point and
with the normal vector of that plane parallel to the spinning
axis y of the electric field at this C point, fundamental
polarization topologies with a topological index of +1/2
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(a) Theoretically calculated components of the focal electric energy density distribution |E,|?,

can be revealed [18,37]. This half integer index is allowed,
since the orientation of a (polarization) ellipse is indis-
tinguishable under a rotation by z [15].

Within the aforementioned formalism, we investigate the
field distribution of a tightly focused y-polarized Gaussian
beam propagating along z. This scenario corresponds to
one of the most fundamental beam configurations in optics
labs. Figure 1(a) depicts the electric energy density and
phase (insets) distributions of all three Cartesian compo-
nents in the focal plane [32,38] for a numerical aperture
(NA) of 0.9, a wavelength of 4 = 530 nm, and a fill factor
of the focusing aperture of wy/f = 1.21. The dominant
field component |E,|* has its maximum on the optical axis,

while the longitudinal field |E.|> shows a two-lobe struc-
ture, elongating the focal spot along the y axis [32,39]. The
crossed polarization component |E,|?, occurring analog to
the longitudinal field component due to a rotation of the
polarization components upon focusing, exhibits the char-
acteristic four-lobe structure observed in cross-polarization
measurements [40] and referred to as depolarization [41].
Considering the relative phases between the field compo-
nents, we see that the longitudinal component is /2 out
of phase with respect to the in-phase transverse compo-
nents, indicating purely transversely spinning fields
throughout the focal plane. This can also be seen in the
components of the electric spin density [see Fig. 1(b) and
Ref. [31]] and is a feature exhibited by many fundamental
beams after tight focusing. The strongest and, therefore,
dominant component of the electric spin density is s3. As
expected, the longitudinal component s, is identical zero,
which implies that points of circular polarization in this
case can be linked only to tSAM. In order to determine
those C points of purely transverse spin, the ratio [sg|/wg is

E,|*, and |E,|* of a tightly

focused linearly y-polarized Gaussian beam, normalized to the maximum electric energy density. Corresponding phase distributions are
plotted as insets. (b) Distributions of the two nonzero components of the transverse spin density s% and s}, in the focal plane (normalized
to the maximum value of s}). Because of the symmetry of the light field, s% is identical zero across the whole focal plane. (c) Focal
distribution of |s ;| normalized to the local electric energy density wg. The red solid lines correspond to the maximum value (1/®). The
black and gray markers in all distributions correspond to the considered C points C1 and C2 on the y axis and C1* on the bisector of the
positive x and y axis, while the gray dashed lines show the principal plane of their polarization circle.
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FIG. 2. (a) Electric energy density distribution in the yz plane, superimposed by the local polarization ellipses in white. Details in the
vicinity of the first two C points C1 and C2 along the y axis are shown as insets. (b) Trace of the major axis of the polarization ellipse
around the C points marked in red in the insets in (a). (c) Arising optical polarization topology when tracing around C1* (in the principal
plane of its polarization ellipse with local coordinates x', y', 7/ = z) with a trace radius of 100 nm. The occurring weak x' component of
the electric field is magnified 4 times to show the orientation of the major axis of the polarization ellipse more distinctly. The magnified

part of the trace shows the major axis rotating into the principal plane and pointing along the trace direction.

plotted in Fig. 1(c). The red solid lines mark the C lines or,
equivalently, lines along which Eq. (3) is fulfilled. In this
theoretically calculated field distribution, C points can be
found only in the actual focal plane of the linearly polarized
tightly focused Gaussian beam. This is shown in Fig. 2(a),
where the polarization ellipses are plotted as solid white
lines on a cross section of the electric energy density in the
yz plane containing the optical axis (meaning x = 0).
Because of the different phase velocities for the transverse
and longitudinal electric field components of the tightly
focused beam, all polarization ellipses outside the focal
plane form ellipses, which in the far field (z > A) have to
transform to the initially linear polarization.

In the following, we concentrate on three specific C
points on two different C lines and investigate their
polarization topologies in appropriately selected planes
of observation. First, we examine a C point on the y axis,
approximately 275 nm away from the optical axis (C1; see
black crosses in Figs. 1 and 2), and look at the polarization
ellipses in its principal plane (here, the yz plane). All
electric field vectors and, therefore, also the polarization
ellipses in this plane are in plane only, since E,(0,y,z) =0
[see also Fig. 1(a)]. Thus, we can use 2D polarization
topologies to characterize the points of circular polarization
in the chosen meridional plane of observation. With the
terminology developed in Refs. [18,37,42], C1 represents a
lemon-type polarization topology. The major axis of the
polarization ellipse rotates clockwise when traced clock-
wise around the central C point and performs a rotation of z
[see the upper part of Fig. 2(b)]. Thus, the topological index
of C1is +1/2. In contrast, the next C point on the y axis at
a distance of approximately 455 nm (C2; see the black
circle in Figs. 1 and 2) shows a star-type polarization
topology [see the lower part of Fig. 2(b)], associated with
an index of —1/2. This alternation of the two different
planar topologies continues when moving further away
from the optical axis.

The general structure of the occurring polarization top-
ology and its local electric fields is limited to the yz plane due
to the missing out-of-plane electric field component. This
means that no 3D topologies can be observed in the yz plane,
which is the plane of symmetry of the overall focusing
geometry. However, the symmetry can be broken by inves-
tigating a C point off the y axis and choosing the principal
plane of its polarization ellipse as the plane of observation.
Along a C line, the topological index of the polarization
singularity is conserved as long as the plane of observation
(here chosen as the plane of the polarization ellipse) is not
tangent to the C line [18]. Since this holds true for the chosen
field configuration at all points except for the crossing point of
both C lines where the electric field is identical zero, we
examine exemplarily the C point on the bisector of the
positive x and y axis closest to the optical axis (C1%).
Observing the field structure around this point in the
coordinates x’, ', 7/ (with 7/ = z) of its principal plane
marked with a gray dashed line in Fig. 1(c), the electric field in
the surrounding of the C point exhibits a 3D field configu-
ration due to anonzero E,, component; see also Fig. 1(a). This
3D field causes the major axis of the polarization ellipses
around the C point to tilt out of plane. As a result, the
previously two-dimensional ellipse field around C1 is trans-
formed into a 3D structure around C1* with a topology similar
to an optical polarization Mobius strip [see Fig. 2(c)]. To
highlight the out-of-plane orientation of the polarization
ellipses, the x’ components of the plotted major axes are
magnified by a factor of 4. The position of the discontinuity
present in the trace of the major polarization axis is given by
an arbitrary choice of the offset phase of the field [as in the
planar case, also seen in the projection onto the y'z’ plane in
Fig. 2(c)]. Itis important to mention again that all components
of the electromagnetic field are fully continuous at this point;
only the major axis of the polarization ellipse exhibits a
discontinuity. In contrast to the optical polarization Mdbius
strips investigated in Refs. [14—16], the major axis of the
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(a) Sketch of the experimental setup for reconstructing highly confined field distributions. A SEM image of the employed gold

nanoprobe is shown as an inset. (b) Experimentally reconstructed focal distribution of |s | /wg with the two innermost C lines. The lower
part depicts the projection of these C lines onto the focal plane and the corresponding distribution of |sz|/w. The red lines in the upper
part of (b) depict the 3D trajectories of both C lines, which are crossing the focal plane (transparent white plane) repeatedly. The marked
C point C1* corresponds to the one considered in (c). (c) Optical polarization Mobius strip with one half-twist, generated by tracing the
major axis of the polarization ellipse around the C point on the bisector of the positive x and y axis in the plane normal to its local spin
vector, marked in gray. The trace radius was chosen to be 100 nm. The magnified part of the trace shows that the major axis is, due to
slight phase aberrations, not at the same time parallel to the principal plane and pointing along the trace direction. The occurring weak x’
component of the electric field is magnified 4 times to show the half-twist of the major axis of the polarization ellipse more distinctly.

polarization ellipse is tangential to the chosen trace at one
point [for C1*, 77 =0 and y’ = 0.1 um; see the magnified
part of Fig. 2(c)] due to the purely tSAM in the whole focal
plane. This special orientation prevents the determination of
the handedness and index of the twist of the major polari-
zation axis when traced around the C point, rendering this
case different from a generic Mobius strip. This indetermi-
nacy holds true for all C points in this ideal field. However, as
will be shown later on, only slight aberrations in the focal field
distribution, for example, due to experimentally unavoidable
phase aberrations, might lead to a distribution exhibiting not
only purely tSAM. This implies that the major axis of the
polarization ellipse is not tangential to the trace anymore, and,
even at points with locally purely tSAM, the slight aberrations
of the focal field will lead to a Mobius topology.

Experimental approach and results.—To verify this
theoretical prediction, the experimental setup sketched in
Fig. 3(a) [43] was used. The incoming linearly y-polarized
Gaussian beam is tightly focused by a first microscope
objective (MO) with a NA of 0.9. A spherical gold
nanoparticle (radius » = 42 nm) on a glass substrate, acting
as a local nanoprobe, is scanned through the focal plane.
A second MO (immersion type, NA = 1.3) collects the
transmitted field, including the light scattered off the
particle in the forward direction. For each position of
the nanoprobe relative to the optical axis, back-focal-plane
images of the second MO are acquired, corresponding to
the angular spectrum transmitted into the forward direction.
These experimental data can be used to reconstruct the full
vectorial focal field distribution following the technique
introduced in Ref. [20], since amplitude and phase infor-
mation are encoded in the angular interference between the
transmitted beam and the scattered light. More details can
be found in Supplemental Material [44].

Figure 3(b) illustrates the experimentally achieved dis-
tribution of |s | /wp, calculated from the reconstructed fully
vectorial electric field distribution. Because of small
experimental deviations from the theoretically expected
field distribution, the experimentally reconstructed C lines
not only are located in the focal plane but cross it
repeatedly. These deviations can be explained by small
aberrations of the incoming beam and the microscope
objective. Tracing the major axis of the polarization ellipse
around the C point at the same bisector used in Fig. 2(c)
(gray crosses in Fig. 1) in the principal plane of its
polarization ellipse results in the optical polarization
Mobius strip with one half-twist as depicted in Fig. 3(c).
This C point is not a point of purely tSAM in the
experimental case due to the experimental aberrations
and, thus, leads to the shown Mobius strip in agreement
with the theoretical predictions. Also here, the out-of-plane
component of the field was magnified by a factor of 4 to
highlight the twist that can be seen in the magnified inset in
Fig. 3(c). To confirm that also C points with purely tSAM
exhibit these polarization topologies, the major axis of the
polarization ellipse was additionally traced around such a C
point (see Supplemental Material [44]). This demonstration
of an optical polarization Mobius strip confirms the
occurrence of this topological structure even in the basic
scenario of a tightly focused linearly polarized beam.

Conclusion.—We investigated optical polarization topol-
ogies in a tightly focused linearly polarized Gaussian beam
and showed that a special case of a Mobius-like topology,
directly linked to the purely transverse spin density of the
light field and the associated C lines in the focal plane, can
be observed. By defining an appropriate plane of obser-
vation, we were able to trace the existing polarization
topology around a C point with purely transverse spin. This

013601-4



PRL 117, 013601 (2016)

PHYSICAL REVIEW LETTERS

week ending
1 JULY 2016

Mobius-like topology is present in an ideal beam at all C
points located off the beam’s symmetry axes. As exper-
imental verification of the realized polarization topologies,
we applied an interferometric nanoprobing technique,
where slight aberrations of the focal field lead to the
observation of generic optical polarization Mobius strips.

Our results demonstrate that even fundamental optical
fields such as linearly polarized Gaussian beams can
exhibit complex 3D polarization topologies under (tight)
focusing conditions.

We gratefully acknowledge fruitful discussions with
Mark R. Dennis and Ebrahim Karimi.
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