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A stability analysis is presented for boundary-driven and out-of-equilibrium systems in the framework of
the hydrodynamic macroscopic fluctuation theory. A Hamiltonian description is proposed which allows us
to thermodynamically interpret the additivity principle. A necessary and sufficient condition for the validity
of the additivity principle is obtained as an extension of the Le Chatelier principle. These stability
conditions result from a diagonal quadratic form obtained using the cumulant generating function. This
approach allows us to provide a proof for the stability of the weakly asymmetric exclusion process and to
reduce the search for stability to the solution of two coupled linear ordinary differential equations instead of
nonlinear partial differential equations. Additional potential applications of these results are discussed in

the realm of classical and quantum systems.
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Understanding out-of-equilibrium systems is an essential
problem in physics [1] but surprisingly enough, it still
lacks both a macroscopic approach comparable to thermo-
dynamics and a microscopic theory. However, a fruitful
hydrodynamic description of driven diffusive systems far
from equilibrium, the macroscopic fluctuation theory
(MFT), has been proposed [2]. It is based on a variational
principle that provides equations for the time evolution of
the most probable density profile corresponding to a given
fluctuation. The MFT was used to explore aspects of out-of-
equilibrium systems [3—8]. The case of current fluctuations
has been singled out due to its relevance to problems
generically known as full counting statistics, which play
an important role both in classical and quantum systems
[9-13]. Quite often, a classical description is convenient
enough to account for the behavior of quantum systems
driven out of equilibrium [14—18]. A great amount of effort
has been devoted to the investigation of large current
fluctuations since they provide a measure of the likeliness
of the system to return to equilibrium. Current fluctuations
close to the steady state are expected to be time independent,
but far away, the system may choose a time-dependent
fluctuation, very much like a phase transition.

To make these considerations more precise, we consider
a large system of size L connected to reservoirs of particles
at different densities. The system reaches a nonequilibrium
steady state with a fluctuating particle current. These
fluctuations are characterized by the probability P,(Q)
for having Q particles flowing through the system during a
time ¢. In the long time limit, this probability follows a large
deviation principle [19,20],

%logP,(Q) E—%‘?(Q/t)- (1)

Finding an explicit expression for the large deviation
function @ is a difficult optimization problem. However, a
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useful and elegant additivity principle (AP) has been
formulated [21], which, by assuming that the optimal current
trajectory is time independent, reduces the calculation of ®
to solving an Euler-Lagrange equation. A breakdown of the
AP signals the onset of a dynamical phase transition. One
purpose of this Letter is to formulate a necessary and
sufficient condition for the validity of the AP for boun-
dary-driven systems with and without a uniform external
field E. This will extend previous results [22-24] and allow
us to discuss the existence and nature of such transitions.

Although out-of-equilibrium physics requires new
approaches, different from the familiar thermodynamic
concepts, it is intuitively helpful to relate these two
situations. A powerful idea to study systems at thermody-
namic equilibrium is provided by the Le Chatelier princi-
ple, which states that the net outcome of a fluctuation is to
bring the system back to equilibrium, or, stated otherwise,
thermodynamic potentials are concave (convex) functions.
It is possible, using the Onsager relations, to extend the Le
Chatelier principle to systems out of equilibrium. To that
purpose, we recall that a system brought slightly out of
equilibrium by the application of forces X; such as temper-
ature or density gradients behaves diffusively and creates
fluxes J; linearly related to the forces, J; = > ,L;;X;.
Forces and their related fluxes are such that the products
JX; are additive terms in the corresponding entropy
creation. A generalization of the Le Chatelier principle
is obtained from the expression 3 = >, 7, X; of the entropy
creation per unit time. Thus, using the definition of the 7;’s
and the symmetry of the L;;’s leads to the positive quadratic
form

ij

which implies that L,,,, > 0. Then, varying the force X,, by
0X,,, we obtain from Eq. (2) that 7,,0X,, > 0; namely, the
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flux and the fluctuation generating it are always of the same
sign, so that the response of the system tends to act against
the perturbation. This is the content of the Le Chatelier
principle for nonequilibrium and its breakdown signals the
possible onset of a phase transition.

We wish now to implement these ideas using the MFT.
To that purpose and for the sake of simplicity, we restrict
our study to one-dimensional systems although general-
izations to higher dimensions have been proposed [25].
We consider a lattice gas such that n;(¢), i € 1, ..., L denote
the time-dependent occupancies of the L > 1 sites of the
system coupled to two reservoirs at its endpoints. The MFT
relies on the replacement of the dynamics of the system
(either deterministic or not) by a stochastic hydrodynamic
equation that describes correctly the fluctuations of the
driven system in the long time and large size limits. The
relevant physical quantities are the density p(x,7) and
the current density j(x, 7) of a fluctuating diffusive system,
with the scaling x = i/L and 7 =t/L?. The boundary
conditions for the density are fixed by p,, at the left and
right boundaries x = 0, 1. The evolution of the system in
the presence of an external field E is described by a
Langevin equation

+velpn(x,z), (3)

together with the continuity equation 0,p = —3,j. The
term #7(x, 7) is a multiplicative white noise with zero mean
and variance (1/L)5(x — x')6(z — 7). The phenomenologi-
cal diffusion D(p) and conductivity (transport) ¢(p) coef-
ficients may be obtained from the details of the microscopic
process. On average, the current is determined by Fick’s
law and by a term proportional to the applied field E (linear
response to a weak field). The strength o(p) of the noise
term (dissipative conductivity) is related to the Fick’s term
by means of an Einstein relation just as in the equilibrium
fluctuation-dissipation relation [26]. This generalizes the
usual Langevin equation where the strength of the stochas-
tic noise is driven by temperature only.

The number of particles Q in Eq. (1) is the integral of the
current density

5 1 t/L? )
0=L / dx/ drj(x,7). (4)
0 0

The two coefficients D(p) and o(p) can be expressed
using the first two cumulants of the probability P,(Q). To
further establish these expressions, we consider now the
case E = 0in Eq. (3). In the limit pp — p;, = Ap <K 1 0of a
slightly out-of-equilibrium system, the steady state aver-
age current (Q)/t is obtained from Eq. (4) and given by
(Q)/t =—(1/L)D(p)Ap. For Ap — 0, the variance of the
integrated current is (Q%)./t = (1/L)o(p).

The probability P,(Q,p;,pr) is obtained in this frame-
work using a stochastic path integral representation [9,27,28]

Jj(x,7) = =D(p)0yp + Eo(p)

Pty ~ew (-2 [ [fase). )

corresponding to a set {j(x,7),p(x,7)} of current and
density trajectories. The Lagrangian density £(p, 0,p) is

[j + D(p)d.p)*

C=" 20

(6)

and a saddle point approximation for large L allows us to
rewrite the large deviation function in Eq. (1) as [22]

<I>< >:71an /’/Lz / dxL, (7)

where the minimum is over all p(x,7) and j(x,7) profiles
defined in the time interval 0 < 7 < t/L? and which satisfy
the continuity equation and relation (4). The hard minimi-
zation problem of finding the optimal current trajectory
Jj(x,7) greatly simplifies by assuming the optimal current to
be constant, j(x,7) = J (up to a macroscopically negligible
transient), so that Eq. (4) rewrites Q/¢ = J. This assumption
introduced in Ref. [21] is known as the AP. A spatially
constant current implies, through the continuity equation, a
stationary density p(x), so that the corresponding Lagrangian
density obtained from Eq. (6) and now denoted £; becomes
time independent. Therefore, the AP amounts to replacing
®(J) in Eq. (7) by

UWZM/W@W)WU) (8)

plx)

Note that the time variable in the usual Lagrangian descrip-
tion is replaced here by the spatial coordinate. The approxi-
mate large deviation function U(J) and the “trajectory” of
p(x) for the stationary density profile under the AP
assumption are then obtained from the associated Euler-
Lagrange equation (d/dx)(8L;/80.p) = (8L;/6p). Tt is
useful to look at the equivalent Hamiltonian formalism,
where the corresponding Hamiltonian is [29]

L pa@rive )

H(P.q) 2m(q)

with the definitions ¢ = p and P = for the conjugate

58 W)
momentum. The Hamiltonian (9) describes a single particle
of g-dependent mass m(q) = D*(q)/c(q) and of charge
e =J placed in scalar V(gq) = —e?/26(q) and “vector”
A(q) = D(q)/0(q) potentials. As just stressed, space repla-
ces time; namely, time conservation in Hamiltonian systems
translates here into a conservation in space of the associated
energy H(P, q), so that the energy is spatially uniform. This
provides a useful analogy with thermodynamics, where, at
equilibrium, the total energy is uniformly distributed in
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space. Therefore, the AP provides, for out-of-equilibrium
systems, the analog of a thermodynamic description.

A careful study of the conditions under which the AP is
valid thus appears to be essential, since a breakdown of the
AP may signal the onset of a (dynamical) phase transition.
This question has been investigated in Ref. [22] for closed
systems with periodic boundary conditions p(0,7) =
p(1,7), and a sufficient and necessary condition for the
validity of the AP has been given. However, in that case,
periodic boundary conditions and particle conservation
greatly simplify the problem. Here, we wish to provide
a necessary and sufficient condition for the validity of the
AP in boundary-driven systems. This question has been
addressed using a direct stability analysis of the large
deviation function against time dependent perturbations
[30], but without a conclusive formulation of a validity
criterion for the AP. Although the large deviation function
is usually considered to study the stability of the AP
solution, we find it far more convenient to work with its
Legendre transform

u(d) = —%il}f{@(]) M} = ];ln<eﬂQ/L), (10)

since this choice allows to relax the continuity equation
constraint and to reformulate Eq. (4) as a boundary
condition [31,32]. The notation (-) stands for averaging
with respect to P,(Q) given in Eq. (1). Being cautious about
the corresponding change of boundary conditions, it is
possible to relate y(1) to the MFT description by

(") = /Dquexp {—L/dxdrS(x,r)}, (11)

where ¢ stands for the density, p is a Lagrange multiplier
associated with the continuity equation [32], and the action
S(x,7) is given by

S(x,7) = DO,qO\p — g (0xp)* + (p—Ax)0,q.  (12)

The corresponding equations of motion can be readily
obtained from 6S/6q = 6S/6p = 0 [33]

61‘1 = ax<Daxq) - ax<0-axp)’

(o2
a‘rp = _Daxxp _E (axp)2’ (13)

where the notations (D’,¢’) stand for derivatives with
respect to the density g. Now, we consider the AP, which
assumes a time-independent density and momentum, so
that taking 0,¢ = 9,p = 0 the AP equations of motion
become two ordinary differential equations for the corre-
sponding (qg, po) with the time-independent boundary
conditions

q(0,7) = py,
q(l,7) = p,,
p(0,7) =0,
p(1,7) = —A. (14)

The most probable density profile under the AP is obtained
by solving these Hamilton-Jacobi equations with boundary
conditions (14).

To discuss the stability of the AP solution, we consider
the effect of time-dependent fluctuations &g(x,7) and
6p(x,7) on the extremum solution (g, py) and we calcu-
late the variation §S% of the action (12) up to second order
in (6q,6p) [34].

Using a general result for the stability of Hamiltonian
systems, the variation 5Sip, can be written as the diagonal
quadratic form [32,35]

D'¢’ —6'D

8Sxp(x.7) = = 4D

(0upo)5¢> =3 (9:8p)2. (1)

This expression constitutes one of the main results of this
Letter. It could not be obtained or even anticipated [32]
using the large deviation function formalism. The diagonal
quadratic form makes it easy to discuss the validity of
the AP approximation, which requires | dxdtsS%p < 0, a
condition equivalent to the Le Chatelier condition (2).
Noting that ¢ and D are non-negative (for any ¢g) then,
having

D'é’ > 6"D (16)

in Eq. (15) implies [ dxdr5S%p <0 for any fluctuation
(64, 8p). Therefore, Eq. (16) is a sufficient condition for the
validity of the AP solution. An apparently related but much
more stringent condition has been obtained by Bertini et al.
[22]. Indeed, whereas Eq. (16) needs to be only valid for the
density profile g, = pap, the related condition in Ref. [22]
must be verified for all values of ¢ [36]. However, since the
variations 6¢q and dp are not independent but related by (the
conveniently linearized) Eqs. (13), it is clear that Eq. (16) is
not a necessary condition for stability. Stated otherwise, the
AP solution becomes unstable if and only if there exists a
fluctuation (5q,5p) such that [ dxdz5S3p > 0.

To find a necessary and sufficient condition for the
stability of the AP solution, we now consider the Fourier
spectrum of the time-dependent fluctuations ég(x,7) and
5p(x,7). Since time is defined on [0, T] where T = t/L?,
these fluctuations admit the Fourier series expansion
5q =>,6"f,(x) and 5p = >_ €7 g,(x) with discrete
frequencies w,, = (2z/T)m, (m € Z). The linearization of
Eqgs. (13) used to obtain the quadratic form (15) together with
having real valued fluctuations lead for the Fourier ampli-
tudes to the set of coupled differential linear equations [35]
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la)fw_a (Daxqo.fw"i_Daxfw_

( xPO>f Gaxgw)’

_62 ( xp0) fa)

- Glaxp()axgm’ (17)
= Za)>0|fw|2 and

allows us to rewrite the fluc-
2
_Zm>05‘gw’

iwgw = _D/axxp() Daxxgw

which, using the equalities [ drég?
[ dx(0:6p)* = 30-010:90 .
tuation (15) of the actionas [ dxdrdS3p(x, 7) =
where [35]

D'¢’ — Do" c
2 _ 2 2 2 2
5sm = /dx 4D (axp()) |fm(x)| + ) |8xgm('x)| .
(18)

The AP is stable if and only if 852 > 0 for any solution
(fws 9o) of Eq. (17)and Yo > 0. To prove this statement, we
first assume that 8s2, > 0 for any solution (f,,g,) and
Y > 0.Then, necessarily »_,_5s2 > Oand [ dxdrsS3, <
0 for any solution (8¢q,5p) so that the AP is stable.
Conversely, if there exists a mode @, such that for the
solution (£, gn,) OFEq. (17) 852, < 0, then one can choose
56] — eiworfwo + e—iwoffg)o and 5}7 — eiworgwo + e—iworgz)o
so that 8s2, = 0 for any @ # w,. Therefore, this fluctuation
leads to a value of the action lower than the AP solution,
though not necessarily a new minimum.

Similar considerations applied to systems with periodic
boundary conditions [23,37-39] lead to a closed expression
for the unstable frequency @, Unfortunately, such an
expression can hardly be obtained for open systems. But
the following general conclusion seems to hold in that case
as well; namely, for a finite size L and long time limit
t — oo, the first unstable mode is expected to be the
fundamental so that the system is driven through a
continuous, second-order-like transition [23].

There is another important unanticipated outcome of our
approach using the cumulant generating function. It allows
us to prove the yet unresolved question of the stability of
driven systems in the presence of an applied field E # 0,
e.g., the weakly asymmetric exclusion process (WASEP) [3].
Starting from the stochastic equation (3), the corresponding
Lagrangian rewrites Lz = [J + D(p)0,p — Ec(p)]*/20(p)
instead of Eq. (6). The new time-independent AP Hamilton-
Jacobi equations

ax(Daxq - EG) - ax(aaxp) =0,
/
_Daxxp - Ed xP — % (axp)z =0 (19)

with the same boundary conditions (14) are now obtained
from the modified action Sg(x,7) = (Dd.q — Ec)0,p —
(6/2)(0:p)* + (p — 1x)d.q instead of Eq. (12). To study
the stability of the AP solution, we again evaluate the
variation §S% up to second order of the AP action under

the effect of a fluctuation dg of the density and dp of its
conjugate momentum. 5S% is given by the diagonal quad-
ratic form (15) except for the replacement of (9,pg)? by
(0¢po)? + 2ED, py. Therefore, unlike the case E = 0, we
cannot a priori conclude that Eq. (16) is a sufficient
condition for the stability of the AP solution. However,
it happens that we indeed always have (9,p)*+
2E0,po > 0. This is a consequence of the AP equations (19).
Defining u = d,py + E allows us to rewrite the second
equation of Egs. (19) under the form [35]

O u c

w?—E* 2D’ (20)
Next, we define h(x) = [ dx[6'(q0)/2D(qy)] for a known
AP density profile qo( ). An 1ntegral of Eq. (20) is implicitly
obtained in terms of /(x) as u = E coth (Eh(x)). Therefore,
(0¢po)? +2ED, py = E2/51nh2(Eh(x)) > 0 for any E and
Eq. (16), D'6’ > Do”, remains a sufficient condition for the
stability of the AP solution for E # 0.

An immediate application of the sufficient condition (16)
with an applied field E is to examine the validity of the AP
for the yet unsolved WASEP [40,41]. The WASEP dynam-
ics is described by the dynamics of the symmetric exclusion
process [42,43]; namely, D = 1 and 6 = 2p(1 — p) with a
field E. It is thus clear from Eq. (16) that the AP is valid for
the WASEP.

It is nevertheless worth noting that in the case of periodic
boundary conditions, Eq. (16) is no longer applicable due
to the additional constraint of particle conservation. And
indeed for periodic systems, the WASEP was found to be
unstable and certain values of the current J = Q/t lead to
traveling wave solutions [23].

Another problem where the previous approach proves
useful is the Kipnis, Marchioro,Presutti (KMP) model [44],
whose MFT dynamics is defined by D = 1 and ¢ = 2p°.
Clearly, the KMP model does not satisfy Eq. (16), thus
being nonconclusive about its stability. However, by
solving numerically the linear differential system (17),
we have been able to obtain conclusive evidence regarding
the stability of the KMP model for values of the current J
[45,46] significantly higher than previously obtained in the
literature. This suggests that the KMP model should also be
stable for boundary-driven systems, in agreement with
Ref. [47].

In summary, we have presented a new quantitative
approach to study the stability of boundary-driven systems
out of equilibrium. This approach based on the stochastic
MFT provides a necessary and sufficient condition
expressed by Egs. (17) and (18) for the stability of the
AP solution. It constitutes a generalization of the Le
Chatelier principle. Moreover, in that framework, we have
been able to prove the stability of the (boundary-driven)
WASEP model.

Finally, we wish to give a glimpse of additional potential
applications of the MFT in the realm of quantum or wave

240603-4



PRL 116, 240603 (2016)

PHYSICAL REVIEW LETTERS

week ending
17 JUNE 2016

systems. A list of relevant examples includes thermal
conductance in quantum chains [10], cold atoms [48],
polarized spins injected into superconductors [16], and
coherent mesoscopic transport in a random potential [14].
For these out-of-equilibrium systems, the MFT allows us to
obtain the full counting statistics, and other stationary
properties, e.g., density correlations [49].

For mesoscopic wave transport, a successful approach
has been proposed [15] based on a Langevin equation as in
Eq. (3) and which relates the current density j,(r) in the
diffusive regime to the local intensity /(r) of the wave, an
equivalent of the density p in Eq. (3). The corresponding
diffusion coefficient is constant and the white noise term is
characterized by the function ¢(1)  I?, a result analogous
to the aforementioned KMP model. The density correla-
tions obtained from the MFT corroborates this relation
between the KMP process [49] and the transport of
classical waves through disordered media [14], as well
as the symmetric exclusion process [49] and the transport
of electrons in a disordered metal [14].

This work was supported by Israel Science Foundation
Grant No. 924/09. E. A. wishes to thank the College de
France (Paris) for the support of a Chaire d’Etat, and O. S.
is thankful for support by Ecole Polytechnique. E. A and
O.S. acknowledge fruitful discussions with K. Mallick,
T. Bodineau, and D. Bernard.

[1] P.L. Krapivsky, S. Redner, and E. Ben-Naim, A Kinetic
View of Statistical Physics (Cambridge University Press,
Cambridge, England, 2010).

[2] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and
C. Landim, Rev. Mod. Phys. 87, 593 (2015).

[3] B. Derrida, J. Stat. Mech. (2007) P07023.

[4] A. Aminov, G. Bunin, and Y. Kafri, J. Stat. Mech. (2014)
P0O8017.

[5] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and
C. Landim, J. Stat. Mech. (2010) L11001.

[6] T. Bodineau, B. Derrida, V. Lecomte, and F. van Wijland, J.
Stat. Phys. 133, 1013 (2008).

[7] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and
C. Landim, J. Stat. Phys. 135, 857 (2009).

[8] P.L. Krapivsky, B. Meerson, and P. V. Sasorov, J. Stat.
Mech. (2012) P12014.

[9]1 A. Kamenev, Field Theory of Non-Equilibrium Systems
(Cambridge University Press, Cambridge, England, 2011).

[10] C. Karrasch, R. Ilan, and J. E. Moore, Phys. Rev. B 88,
195129 (2013).

[11] A. Dhar, Adv. Phys. 57, 457 (2008).

[12] D. Bernard and B. Doyon, J. Phys. A 45, 362001 (2012).

[13] L. S. Levitov and G. B. Lesovik, JETP Lett. 58, 230 (1993);
L.S. Levitov, H. Lee, and G.B. Lesovik, J. Math. Phys.
(N.Y.) 37, 4845 (1996).

[14] E. Akkermans and G. Montambaux, Mesoscopic Physics of
Electrons and Photons (Cambridge University Press,
Cambridge, England, 2007), Chap. 12.

[15] A.Yu. Zyuzin and B.Z. Spivak, Sov. Phys. JETP 66, 560
(1987) and R. Pnini and B. Shapiro, Phys. Rev. B 39, 6986
(1989).

[16] C.H.L. Quay, D. Chevallier, C. Bena, and M. Aprili, Nat.
Phys. 9, 84 (2013).

[17] S. A. Biehs, E. Rousseau, and J.-J. Greffet, Phys. Rev. Lett.
105, 234301 (2010).

[18] K. Saito and A. Dhar, Phys. Rev. Lett. 99, 180601 (2007).

[19] The 1/L dependence holds in one-dimensional systems.
More generally, the large deviation function is a conduct-
ance and therefore scales analogously, namely, as 1/L%2
in d dimensions.

[20] H. Touchette, Phys. Rep. 478, 1 (2009).

[21] T. Bodineau and B. Derrida, Phys. Rev. Lett. 92, 180601
(2004).

[22] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and
C. Landim, J. Stat. Phys. 123, 237 (2006).

[23] C. Appert-Rolland, B. Derrida, V. Lecomte, and F. van
Wijland, Phys. Rev. E 78, 021122 (2008).

[24] A. Imparato, V. Lecomte, and F. van Wijland, Phys. Rev. E
80, 011131 (2009).

[25] E. Akkermans, T. Bodineau, B. Derrida, and O. Shpielberg,
Europhys. Lett. 103, 20001 (2013).

[26] G. Gallavotti and E. G. D. Cohen, Phys. Rev. Lett. 74, 2694
(1995).

[27] P.C. Martin, E. D. Siggia, and H. A. Rose, Phys. Rev. A 8,
423 (1973).

[28] A similar stochastic path integral has been proposed in
Ref. [33] for a classical description of quantum mesoscopic
systems. Yet, the analogy is still incomplete, e.g., the AP
and the dynamical phase transition have not been discussed
in that framework.

[29] This canonical form is the one required by Galilean
invariance.

[30] T. Bodineau and B. Derrida, C.R. Phys. 8, 540 (2007).

[31] From that expression, it is clear that u(A) is the cumulant
generating function of the current.

[32] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.116.240603 for a de-
tailed derivation of the cumulant generating function, the
stability criterion for Hamiltonian systems and discussion of
the difference between the sufficient condition (16) and the
sufficient condition in [22].

[33] S. Pilgram, A.N. Jordan, E.V. Sukhorukov, and M.
Biittiker, Phys. Rev. Lett. 90, 206801 (2003); A. N. Jordan,
E. V. Sukhorukov, and S. Pilgram, J. Math. Phys. (N.Y.) 45,
4386 (2004).

[34] This approach allows us to describe only continuous
transitions between extremal solutions.

[35] In that expression, the phenomenological coefficients D
and o and their derivatives are evaluated at p = ¢,.

[36] An example where Eq. (16) applies for g, but not for
other values g # g, is presented in the Supplemental
Material [32].

[37] T. Bodineau and B. Derrida, Phys. Rev. E 72, 066110
(2005).

[38] C.P. Espigares, P. L. Garrido, and P. I. Hurtado, Phys. Rev.
E 87, 032115 (2013).

[39] K. Saito and A. Dhar, Phys. Rev. Lett. 107, 250601 (2011).

[40] T. Bodineau and B. Derrida, J. Stat. Phys. 123, 277 (2006).

240603-5


http://dx.doi.org/10.1088/1742-5468/2007/07/P07023
http://dx.doi.org/10.1103/RevModPhys.87.593
http://dx.doi.org/10.1088/1742-5468/2014/08/P08017
http://dx.doi.org/10.1088/1742-5468/2014/08/P08017
http://dx.doi.org/10.1088/1742-5468/2010/11/L11001
http://dx.doi.org/10.1007/s10955-008-9647-3
http://dx.doi.org/10.1007/s10955-008-9647-3
http://dx.doi.org/10.1007/s10955-008-9670-4
http://dx.doi.org/10.1088/1742-5468/2012/12/P12014
http://dx.doi.org/10.1088/1742-5468/2012/12/P12014
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1080/00018730802538522
http://dx.doi.org/10.1088/1751-8113/45/36/362001
http://dx.doi.org/10.1063/1.531672
http://dx.doi.org/10.1063/1.531672
http://dx.doi.org/10.1103/PhysRevB.39.6986
http://dx.doi.org/10.1103/PhysRevB.39.6986
http://dx.doi.org/10.1038/nphys2518
http://dx.doi.org/10.1038/nphys2518
http://dx.doi.org/10.1103/PhysRevLett.105.234301
http://dx.doi.org/10.1103/PhysRevLett.105.234301
http://dx.doi.org/10.1103/PhysRevLett.99.180601
http://dx.doi.org/10.1016/j.physrep.2009.05.002
http://dx.doi.org/10.1103/PhysRevLett.92.180601
http://dx.doi.org/10.1103/PhysRevLett.92.180601
http://dx.doi.org/10.1007/s10955-006-9056-4
http://dx.doi.org/10.1103/PhysRevE.78.021122
http://dx.doi.org/10.1103/PhysRevE.80.011131
http://dx.doi.org/10.1103/PhysRevE.80.011131
http://dx.doi.org/10.1209/0295-5075/103/20001
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevA.8.423
http://dx.doi.org/10.1103/PhysRevA.8.423
http://dx.doi.org/10.1016/j.crhy.2007.04.014
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.240603
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.240603
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.240603
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.240603
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.240603
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.240603
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.240603
http://dx.doi.org/10.1103/PhysRevLett.90.206801
http://dx.doi.org/10.1063/1.1803927
http://dx.doi.org/10.1063/1.1803927
http://dx.doi.org/10.1103/PhysRevE.72.066110
http://dx.doi.org/10.1103/PhysRevE.72.066110
http://dx.doi.org/10.1103/PhysRevE.87.032115
http://dx.doi.org/10.1103/PhysRevE.87.032115
http://dx.doi.org/10.1103/PhysRevLett.107.250601
http://dx.doi.org/10.1007/s10955-006-9048-4

PRL 116, 240603 (2016)

PHYSICAL REVIEW LETTERS

week ending
17 JUNE 2016

[41] M. Gorissen and C. Vanderzande, Phys. Rev. E 86, 051114
(2012).

[42] K. Mallick, Physica (Amsterdam) 418A, 17 (2015).

[43] B. Derrida, B. Dougot, and P.-E. Roche, J. Stat. Phys. 115,
717 (2004).

[44] C. Kipnis, C. Marchioro, and E. Presutti, J. Stat. Phys. 27,
65 (1982).

[45] Here, the current J is represented by its conjugate 4. Even
though 1 does not appear explicitly in Eq. (17), it enters the
AP solution (g, pg) through the boundary conditions (14).
We recall that for the boundary conditions p; = 1, p, =2, 4

varies between —1 and 1/2. The range of values of 1 we
have studied is between A = —0.975 and A = 0.49, corre-
sponding to values of the current J up to 40.

[46] O. Shpielberg and Y. Don (unpublished).

[47] P.1. Hurtado and P. L. Garrido, Phys. Rev. Lett. 102, 250601
(2009).

[48] J.-P. Brantut, J. Meineke, D. Stadler, S. Krinner, and T.
Esslinger, Science 337, 1069 (2012).

[49] 1. Bertini, A. De Sole, D. Gabrelli, G. Jona-Lasinio, and
C. Landim, J. Stat. Phys. 135, 857 (2009).

240603-6


http://dx.doi.org/10.1103/PhysRevE.86.051114
http://dx.doi.org/10.1103/PhysRevE.86.051114
http://dx.doi.org/10.1016/j.physa.2014.07.046
http://dx.doi.org/10.1023/B:JOSS.0000022379.95508.b2
http://dx.doi.org/10.1023/B:JOSS.0000022379.95508.b2
http://dx.doi.org/10.1007/BF01011740
http://dx.doi.org/10.1007/BF01011740
http://dx.doi.org/10.1103/PhysRevLett.102.250601
http://dx.doi.org/10.1103/PhysRevLett.102.250601
http://dx.doi.org/10.1126/science.1223175
http://dx.doi.org/10.1007/s10955-008-9670-4

