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To understand the nematicity in Fe-based superconductors, nontrivial k dependence of the orbital
polarization [ΔExzðkÞ, ΔEyzðkÞ] in the nematic phase, such as the sign reversal of the orbital splitting
between Γ and X, Y points in FeSe, provides significant information. To solve this problem, we study the
spontaneous symmetry breaking with respect to the orbital polarization and spin susceptibility self-
consistently. In FeSe, due to the sign-reversing orbital order, the hole and electron pockets are elongated
along the ky and kx axes, respectively, consistently with experiments. In addition, an electron pocket splits
into two Dirac cone Fermi pockets while increasing the orbital polarization. The orbital order in Fe-based
superconductors originates from the strong positive feedback between the nematic orbital order and spin
susceptibility.
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The spontaneous symmetry breaking from C4 to C2

symmetry, the so called electronic nematic transition, is
one of the fundamental unsolved electronic properties in
Fe-based superconductors. To explain this nematicity, both
the spin-nematic scenario [1–6] and the orbital order
scenario [7–13] have been studied intensively. Above the
structural transition temperatures Tstr, the large enhance-
ment of the electronic nematic susceptibility predicted by
both scenarios [1,10] is actually observed by the measure-
ments of the softening of the shear modulus C66

[1,10,14,15], Raman spectroscopy, [16–18], and in-plane
resistivity anisotropy Δρ [19].
To investigate the origin of the nematicity, FeSe

(Tc ¼ 9 K) is a favorable system since the electronic
nematic statewithoutmagnetization is realized below Tstr ¼
90 K down to 0 K. Above Tstr, the antiferromagnetic
fluctuation is weak and T independent according to the
NMR [20,21] and neutron scattering [22–24] studies, in
contrast to the sizable spin fluctuations above Tstr in
LaFeAsO [25] and BaFe2As2 [26]. This fact means that
the magnetic instability is not a necessary condition for the
electronic nematic state. In contrast to the smallness of the
spin fluctuations, large nematic susceptibility is measured
byC66 andΔρ in FeSe. Based on the orbital-spin fluctuation
theory, called the self-consistent vertex-correction (SC-VC)
theory, the development of the strong orbital fluctuations in
FeSe are explained even when the spin-fluctuations are
very small, consistent with experimental reports in
FeSe [27]: The strong orbital fluctuations originate from
the Aslamazov-Larkin vertex correction (AL-VC) that
describes the orbital-spin mode-coupling [10]. The nematic
charge density wave (CDW) in the cuprate superconductor
also originates from the AL-VC [28,29].

The nontrivial electronic state below Tstr gives a crucial
test for the theories proposed so far. In the orthorhombic
phase with ða − bÞ=ðaþ bÞ ∼ 0.3%, large orbital-splitting
jExz − Eyzj of order 50 meV is observed at X, Y points by
angle-resolved photoemission spectroscopy (ARPES) stud-
ies in BaFe2As2 [30], NaFeAs [31], and FeSe [32–40].
Especially, noticeable deformation of the Fermi surfaces
(FSs) with C2 symmetry is realized in FeSe, because of the
smallness of the Fermi momenta. In FeSe, Ref. [38] reports
that the orbital splitting Exz−Eyz is positive at the Γ point,
whereas it is negative at the X and Y points. This sign-
reversing orbital splitting is not realized in the nonmagnetic
orthorhombic phase in NaFeAs [31]. In addition, the
electronlike FS1 (e-FS1) at the X point is deformed to
two Dirac cone Fermi pockets in thin-film FeSe [37,40].
The aim of this Letter is to explain these nontrivial
electronic states in the orbital-ordered states based on
the realistic multiorbital Hubbard model.
Microscopically, the orbital order is expressed by the

symmetry breaking in the self-energy. In the mean-field
level approximations, however, the self-energy is constant
in k space unless large intersite Coulomb interactions are
introduced [13]. For this reason, we have to study the
nonlocal correlation effect beyond the mean-field theory,
based on the realistic Hubbard model with on-site Coulomb
interaction. We will show that the strong positive feedback
between the nematic orbital order and C2-symmetric spin
susceptibility plays the essential role.
In this Letter, we study the origin of the orbital order in

Fe-based superconductors, by considering the cooperative
symmetry breaking between the self-energy and spin
susceptibility self-consistently. Experimentally observed
strong k-dependent orbital polarization [ΔExzðkÞ,
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ΔEyzðkÞ] is given by the nonlocal self-energy with C2

symmetry. In the FeSe model, we obtain the sign-reversing
orbital-splitting Exz − Eyz between the Γ-point and the X
and Y points reported in Refs. [38]. In addition, two Dirac-
cone Fermi pockets emerge around the X point when the
Coulomb interaction is larger [37,40]. Thus, important key
experimental electronic properties in the orbital-ordered
phase are satisfactorily explained.
Hereafter, we denote the five d-orbital d3z2−r2 , dxz, dyz,

dxy, dx2−y2 as l ¼ 1, 2, 3, 4, 5. We study the realistic eight-
orbital d-p Hubbard models

HMðrÞ ¼ H0
M þ rHU

MðM ¼ LaFeAsO and FeSeÞ; ð1Þ

where HU
M is the first-principles screened Coulomb poten-

tial for d orbitals in Ref. [41]: The averaged Coulomb
interaction Ū ≡ 1

5

P
5
l¼1 Ul ¼ 7.21 eV for FeSe is much

larger than Ū ¼ 4.23 eV for LaFeAsO, since the number of
the screening bands, by which Ū is reduced, is small in
FeSe [41]. In contrast, the averaged Hund’s coupling
J̄ ≡ 1

10

P
l>mJl;m is similar in all compounds since the

screening on the Hund’s coupling is small. For this reason,
the ratio J̄=Ū ¼ 0.0945 in FeSe is much smaller than the
ratio J̄=Ū ¼ 0.134 in LaFeAsO. The factor rð<1Þ is
introduced to adjust the spin fluctuation strength.
H0

M in Eq. (1) is the first-principle tight-binding model
introduced in Ref. [27]. The band dispersion Eα

k is the
solution of det½ẑ−1ϵþ μ − ĥ0MðkÞ� ¼ 0, where ĥ0MðkÞ is the
kinetic term and ẑ−1 is the diagonal mass-enhancement
factor: ðẑ−1Þl;l0 ≡ 1=zlδl;l0 . For LaFeAsO, we put ẑ−1 ¼ 1̂.
For FeSe, we put 1=z4 ¼ 1.6 and 1=zl ¼ 1 (l ≠ 4) to
represent the strong renormalization of the dxy-orbital band
[32]. Figure 1 shows the band structures and the FSs in the
FeSe and LaFeAsO models with ntot ¼ 2

P
α;kfðEα

kÞ ¼ 12.
In FeSe, each Fermi pocket is very shallow [42]. The
detailed explanation for H0

M is given in the Supplemental
Material (SM), Sec. A [43].
In this Letter, we calculate the k dependence of the self-

energy using the self-consistent one-loop approximation,
which has been applied to various single-orbital models
[45] and multiorbital models [12] in literature. The Green
function in the orbital basis is

ĜðkÞ ¼ ½ẑ−1iϵn þ μ − ĥ0MðkÞ − ΔΣ̂ðkÞ�−1; ð2Þ

where k ¼ (k; ϵn ¼ ð2nþ 1ÞπT), ΔΣ̂ðkÞ is symmetry

breaking self-energy. and ẑ−1 is the diagonal mass-
enhancement factor. The self-energy in the one-loop
approximation [12,45] is given as

Σl;l0 ðkÞ ¼ ΣH
l;l0 þ T

X

q;m;m0
Vl;m;l0;m0 ðqÞGm;m0 ðk − qÞ; ð3Þ

where ΣH
l;l0 ¼ −

P
m;m0Γc

l;l0;m0;mΔnm;m0 is the Hartree term:

Δnm;m0≡hc†i;m;σci;m0;σi−hc†i;m;σci;m0;σi0. The nonlocal interac-
tion V̂ðqÞ in Eq. (3) is given as 3

2
Γ̂sχ̂sðqÞΓ̂sþ1

2
Γ̂cχ̂cðqÞΓ̂c−

1
2
½Γ̂cχ̂0ðqÞΓ̂cþΓ̂sχ̂0ðqÞΓ̂s−1

4
ðΓ̂sþΓ̂cÞχ̂0ðqÞðΓ̂sþΓ̂cÞ�, where

χ̂s;cðqÞ ¼ χ̂0ðqÞ½1 − Γ̂s;cχ̂0ðqÞ�−1 and χ0l;l0;m;m0 ðqÞ ¼
−T

P
kGl;mðkþ qÞGm0;l0 ðkÞ. Here, Γ̂cðsÞ is the bare

Coulomb interaction for the charge (spin) channel given in
the SM, Sec. A [43].
From Eq. (3), the B1g-type symmetry breaking self-

energy included in Eq. (2), which is orbital diagonal, is
derived as

ΔΣlðkÞ ¼ RefΣl;lðk; ϵnÞ − ΣA1g

l ðk; ϵnÞgiϵn→0; ð4Þ

for l ¼ 2, 3, where ΣA1g

l ðkÞ≡ ½Σl;lðkÞ þ Σ5−l;5−lðk0Þ�=2
[k0 ¼ ðky; kxÞ] is the A1g component of the self-energy.
In the present Letter, we calculate Eqs. (3) and (4) self-
consistently [46]. Wewill show thatΔΣl emerges due to the
strong positive feedback between the nematic orbital order
and C2-symmetric spin susceptibility: That is, near the
nematic transition, infinitesimally small nematic orbital
order enhances the spin susceptibility at q ¼ ðπ; 0Þ, and the
enhanced spin-fluctuation-mediated interaction V̂ðqÞ, in
turn, enlarges the orbital order.
First, we study the FeSe model, using 64 × 64 k meshes

and 512 Matsubara frequencies at T ¼ 50 meV. In FeSe,
the orbital order with ΔExzðkÞ≡ ΔΣ2ðkÞ and ΔEyzðkÞ≡
ΔΣ3ðkÞ emerges when the spin Stoner factor αS, which is
the maximum eigenvalue of Γ̂sχ̂0ðqÞ, is larger than 0.82
(r > 0.253). The magnetic order is realized when αS ¼ 1.
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FIG. 1. Band structures of the eight-orbital models for (a) FeSe
and (b) LaFeAsO in the unfolded Brillouin zone at T ¼ 50 meV.
FSs for the FeSe and LaFeAsO models are shown in (c) and (d),
respectively. The colors correspond to 2 (green), 3 (red), and 4
(blue), respectively.
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In Figs. 2(a) and 2(b), we show, respectively, the obtained
orbital polarization [ΔExzðkÞ, ΔEyzðkÞ], and the spin
susceptibility χsðqÞ≡P

l;mχ
s
l;l;m;mðqÞ for αS ¼ 0.868.

Because of the positive ΔEyzðXÞ, the e-FS1 around the
X point is modified to the pair of the Dirac-cone Fermi
pockets. Another electron-pocket around the Y point,
e-FS2, is enlarged by the negative ΔExzðYÞ. We stress that
ΔExzðyzÞðkÞ changes its sign along the kyðxÞ axis shown by
the broken line in Fig. 2(a). Because of this sign reversal,
the outer hole-pocket (h-FS2) is elongated along the ky
axis, as observed experimentally [38]. Because of the
orbital polarization, αS increases and χsðqÞ shows the C2

anisotropy χsðπ; 0Þ > χsð0; πÞ shown in Fig. 2(b) [6,47].
In Fig. 2(c), we show the r dependences of the orbital

polarization at the Γ, X, and Y points. With increasing r, the
spin-fluctuation-driven orbital order appears as a second-
order transition at αcrS ¼ 0.82. The relations ΔExzðYÞ < 0

and ΔEyzðXÞ > 0 hold in the ordered state. In FeSe, the
orbital splitting Exz − Eyz at the Γ point is positive, so
h-FS2 is elongated along the ky axis. Such sign-reversing
orbital order does not occur in the LaFeAsO model (see
Fig. 5). Since dxz and dyz orbitals are exchanged by π=2
rotation, the obtained order [ΔExzðkÞ;ΔEyzðkÞ] belongs to
the B1g representation (=d wave), in spite of ΔExzðkÞ ≠
ΔEyzðkÞ [13,36].
Figure 2(d) shows the difference Δn≡ nxz − nyz:

Δn ∼þ10−2 will induce the small lattice deformation
ða − bÞ=ðaþ bÞ ≈ 0.2% in FeSe due to small e-ph inter-
action. When Δn ≠ 0, the spin Stoner factor αS is strongly
enlarged as shown in Fig. 2(e), consistent with the enhance-
ment of spin fluctuations observed by NMR [20,21] and
neutron [22,23] measurements. For a fixed r, Δn shows a
mean-field-type second-orderT dependence belowTstr [27].

In Fig. 3, we display the C2 band structures obtained in
the FeSe model for (a) αS ¼ 0.854 and (b) αS ¼ 0.868.
In both cases, ΔEyzðkx; 0Þ and ΔExzð0; kyÞ show sign
reversal, and Exz − Eyz > 0 at the Γ point. The shape of
the FSs in Fig. 3(c) for αS ¼ 0.854 (Fig. 3(d) for
αS ¼ 0.868) is consistent with the FSs observed in bulk
FeSe (thin-film FeSe). This result indicates that the electron
correlation in thin-film FeSe is slightly stronger, consistent
with the higher Tstr ≈ 120 K in thin-film FeSe.
In real FeSe, the inner pocket sinks under the Fermi level

due to the spin-orbit interaction. A similar single hole FS
model is introduced in the SM, Sec. B [43] by shifting the
dxy orbital level at the Γ point. It is verified that the sign-
reversing orbital polarization emerges in the FeSe model
with single hole FS in the SM, Sec. B [43].
Here, we explain that the origin of the orbital order is the

positive feedback between the orbital polarization
[ΔExzðkÞ;ΔEyzðkÞ] and the spin susceptibility. For this
purpose, we introduce the following two simplified self-
energies and perform the self-consistent calculations:

ΣAL
l;l0 ðkÞ ¼ ΣH

l;l0 þ T
X

q;m;m0
Vl;m;l0;m0 ðqÞGΔE¼0

m;m0 ðk − qÞ; ð5Þ

ΣMT
l;l0 ðkÞ ¼ ΣH

l;l0 þ T
X

q;m;m0
VΔE¼0
l;m;l0;m0 ðqÞGm;m0 ðk − qÞ; ð6Þ

where the superscript “ΔE ¼ 0” means the absence of the
C2 orbital polarization. In Eq. (5) [Eq. (6)], only the
feedback effect from the symmetry-breaking spin suscep-
tibility (Green function) is included. Σ̂ALðMTÞ contains the
Aslamazov-Larkin term (Maki-Thompson (MT) term)
that is the second-order (first-order) term with respect to
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χs in Fig. 4(a), which shows the expansion of the
self-energy in Eq. (3) by using the relation
Ĝ ¼ ĜΔE¼0 þ ĜΔE¼0ΔÊĜΔE¼0 þOðΔE2Þ; see the SM,
Sec. C [43] for detailed explanation. Figure 4(b) shows
the orbital polarizations ΔEAL

yz and ΔEMT
yz at the X point

derived from Eqs. (5) and (6), respectively, as functions of r
at T ¼ 50 meV. Here, ΔEall

yz is the orbital polarization
derived from Eq. (3), shown in Fig. 2(c). The closeness of
ΔEAL

yz and ΔEall
yz means that the orbital order is mainly

driven by the Aslamazov-Larkin term Σ̂AL. Figure 4(c)
shows that αS is strongly enlarged by the orbital order due
to Σ̂AL, similar to αS in Fig. 2(e). In contrast, αS in Fig. 4(d)
is suppressed because of the wrong q ¼ ðπ; 0Þ nesting on
the dyz orbital due to Σ̂MT. Thus, the origin of the orbital
order is the strong positive feedback between the orbital
polarization and C2 spin susceptibility described by the
Aslamazov-Larkin term in Eq. (5).
Although Σ̂AL is the main driving force of the orbital

order, the hole pocket is elongated along the kx axis in the
ordered state driven by Σ̂AL as shown in the left inset of
Fig. 4(b). Therefore, the Maki-Thompson term is indis-
pensable for reproducing the sign-reversing orbital
polarization; see the right inset of Fig. 4(b). In the SM,
Sec. C [43], we analytically explain why the Maki-
Thompson term gives the sign reversal. Thus, although
ΔEAL

yz ðkx; 0Þ is always positive as shown in the left
inset of Fig. 4(b), ΔEall

yzðkx; 0Þ in Fig. 2(a) given by
Eq. (3) changes to negative at kx ∼ 0, due to the sign-
reversing Maki-Thompson term that is small in magnitude
at αS ≳ αcrS .

Next, we show the numerical results for the LaFeAsO
model with ẑ−1 ¼ 1̂. Then, the orbital order is realized for
αS > 0.91. In Fig. 5(a), we show the obtained orbital
polarization at αS ¼ 0.98 and T ¼ 47 meV. The e-FS1
around the X point is smaller than e-FS2 around the Y point
due to the orbital polarization ΔExzðYÞ < 0 and
ΔEyzðXÞ > 0. In addition, ΔEyzðkx; 0Þ (ΔExzð0; kyÞ) is
always positive (negative), and therefore, the outer hole
pocket is elongated along the kx axis. This result is
consistent with the Fermi surface deformation in the
nonmagnetic orthorhombic phase in NaFeAs [31]. In the
ordered state, strong in-plane anisotropy of the spin
susceptibility χsðπ; 0Þ ≫ χsð0; πÞ is realized as shown in
Fig. 5(b) [47], consistent with the neutron scattering
experiments. The band structure is shown in Fig. 5(c).
In this Letter, we succeeded in explaining (i) the small

critical Stoner factor αcrS and (ii) the relation Exz > Eyz near
the Γ point in FeSe. An origin of (i) is the smallness of the
ratio J̄=Ū, as verified by the SC-VC theory [27] and the
renormalization group (RG) theory [48,49]. Another origin
of (i) is the smallness of the FSs in FeSe, since the three-
point vertex Λ̂3 ≡ δχ̂0ðqÞ=δΔÊ in the Aslamazov-Larkin
term increases when the particle-hole asymmetry is large
[27]. The relation (ii) can be realized by the sign-reversing
Maki-Thomson term. Although the Maki-Thompson term
is usually small, (ii) is actually realized when the FSs are
smaller since the minimum of the Aslamazov-Larkin term
ΔEAL

yz ðkÞ shifts to k ¼ 0. Recently, the advantage of the
small FSs for the nematicity has been stressed by the RG
study in Ref. [50].
In summary, we investigated the C2 symmetry breaking

in the self-energy and susceptibility self-consistently, and
explained the experimentalC2-symmetric FSs and χsðqÞ. In
the FeSe model, experimental deformation of the FSs due
to the sign-reversing orbital polarization is satisfactorily
reproduced. In the LaFeAsO model, in contrast, spin
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fluctuations are strongly enlarged by the sign-preserving
orbital polarization. Thus, the key experiments below Tstr
are satisfactorily explained. The orbital order originates
from the positive feedback between the nematic orbital
order and spin susceptibility due to the Aslamazov-Larkin
term, and the sign reversal of ΔEyzðkx; 0Þ and ΔExzð0; kyÞ
in FeSe is caused by the Maki-Thompson term.
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