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The 212 species of the structural phase transitions with a macroscopic symmetry breaking are inspected
with respect to the occurrence of the ferroaxial order parameter, the electric toroidal moment. In total, 124
ferroaxial species are found, some of them being also fully ferroelectric (62) or fully ferroelastic ones (61).
This ensures a possibility of electrical or mechanical switching of ferroaxial domains. Moreover, there are 12
ferroaxial species that are neither ferroelectric nor ferroelastic. For each species, we have also explicitly
worked out a canonical form for a set of representative equilibrium property tensors of polar and axial nature
in both high-symmetry and low-symmetry phases. This informationwas gathered into the set of 212mutually
different symbolic matrices, expressing graphically the presence of nonzero independent tensorial
components and the symmetry-imposed links between them, for both phases simultaneously. Symmetry
analysis reveals the ferroaxiality in several currently debatedmaterials, such asVO2, LuFe2O4, andURu2Si2.
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Recently, crystalline substances of a new type, so-called
ferroaxial crystals, have been brought to the fore [1–4]. A
canonical example of the ferroaxial [2] material is the
CaMn7O12 crystal. Ferroaxiality can be considered an
analogue to ferroelectricity. Both phenomena refer to a
material in which a structural symmetry-breaking phase
transition is associated with a macroscopic order parameter
of vectorial nature. The order parameter in a ferroelectric
material is a polar vector, electric polarization P, while, in
the case of a ferroaxial crystal, the order parameter is a
macroscopic structural distortion with an axial vector
symmetry. It can be represented by an electric toroidal
moment A [5–7], which is a time-reversal-invariant ana-
logue of the magnetic toroidal moment T [5,7,8].
There is, however, one very important difference

between the ferroelectric and ferroaxial materials. The
electric polarization P is a conjugated variable to the
electric field, so the ferroelectric domains can be directly
addressed by macroscopic electric fields. On the other
hand, there are no readily available sources of a “macro-
scopic ferroaxial field” conjugated to A.
Therefore, it is essential to identify whether and under

which conditions the electric toroidal moment can be
switched electrically or mechanically. Here we derive,
solely on symmetry grounds, a list of all possible symmetry
reductions that would lead to materials in which the
ferroaxial domains could be addressed by a stress and
electric fields, respectively.
Species.—It is well known that each periodic crystal

belongs to one of the six crystal families and that its
nonmagnetic macroscopic symmetry is described by one of
the 32 crystallographic point groups (see Table I). Among
them, there are 13 pyroaxial groups which allow for the
electric toroidal moment (subgroups of the ∞=m group
[7,9]). Ferroaxiality is associated with the new components

of A, resulting from a symmetry-breaking phase transition.
An analysis of symmetry-breaking phase transitions
requires us to consider simultaneously the symmetry
operations of the high- and low-symmetry phases as well
as the exact correspondence between them. Distinct types
of symmetry reductions are called species [10–18] It is
known that symmetry reductions of 32 crystallographic
point groups can be classified among 212 “nonmagnetic”
Aizu species [15,16,19–21].
The 212 species can be subdivided into six categories,

depending on the crystal family of the parent (high-
symmetry) phase point group, and are labeled accordingly.
There are 1 triclinic, 6 monoclinic, 12 orthorhombic, 46
tetragonal, 80 hexagonal, and 67 cubic species. The triclinic,
monoclinic, and orthorhombic species can be uniquely
identified by the symbolG > F, whereG andF are standard
crystal class symbols of the high- and low-symmetry phases.
Any of these species corresponds to a group-subgroup pair
connected in Fig. 1 by a top-down path having the top (G)
vertex in a bold rectangle frame. For example, mmm > 2
stands for one of the orthorhombic species.
Some tetragonal, hexagonal, and cubic G classes contain

nonequivalent mirror planes or twofold axes. To indicate

TABLE I. List of 32 crystal classes. The symbols of pyroaxial
classes are followed by a † superscript.

Crystal family Crystal classes

Triclinic 1†, 1̄†

Monoclinic 2†, m†, 2=m†

Orthorhombic 222, mm2, mmm
Tetragonal 4†, 4̄†, 4=m†, 422, 4mm, 4̄2m, 4=mmm
Hexagonal 3†, 3̄†, 32, 3m, 3̄m, 6†, 6̄†, 6=m†, 622,

6mm, 6̄m2, 6=mmm
Cubic 23, m3̄, 432, 4̄3m, m3̄m

PRL 116, 177602 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

29 APRIL 2016

0031-9007=16=116(17)=177602(6) 177602-1 © 2016 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.116.177602
http://dx.doi.org/10.1103/PhysRevLett.116.177602
http://dx.doi.org/10.1103/PhysRevLett.116.177602
http://dx.doi.org/10.1103/PhysRevLett.116.177602


which of these nonequivalent mirrors or twofold axes is
preserved in F, the crystal class label of F is optionally
decorated with additional subscripts, specifying the ori-
entation of the preserved symmetry elements with respect
to those of the parent group G. Thus, 2j and 2− in F’s of
tetragonal and hexagonal species stand for twofold axes
parallel and perpendicular to the unique axis ofG, whilemj
and m− stand for the mirror plane with its normal parallel

and perpendicular to this axis, respectively (see the left
inset in Fig. 2). Similarly, 2þ, 2n, mþ, and mn in F’s of the
cubic species stand for twofold axes and mirrors with
h100i, h110i, f100g, and f110g orientations with respect to
the cubic axes, respectively. The decorated symbols of the
“oriented” subgroups F facilitate a compact presentation of
all species in the form of family graphs (see Fig. 2) or in the
form of a list (see Fig. 3).
Orientational domains.—In general, the low-symmetry

phase of any macroscopic symmetry-breaking phase tran-
sition exists in two or more macroscopically distinct, but
energetically equivalent, “orientational” states [11,22,23].
These states may coexist in the crystal as macroscopic
domains. When some or all domain states differ in
components of the spontaneous polarization, the transition
is called partial or full ferroelectric, respectively. This
attribute is common to all transitions within a species
[11,22]. It can be derived for other spontaneous tensors as
well. Using the method outlined in Ref. [17,18], we have
determined the number of the distinct ferroaxial domain
states in all 212 species. The occurrence of the ferroaxiality
in each species is displayed together with its ferroelectric
and ferroelastic character in Fig. 3.
Switching by the electric field or stress.—The listing in

Fig. 3 immediately shows that there are 124 different
ferroaxial species in total. Out of them, 62 species are also

FIG. 1. Triclinic (left panel), monoclinic (middle panel), and
orthorhombic (right panel) species. Each vertex pair connected by
a top-down path starting in a bold-frame rectangle corresponds to
one species. Note that a species is identified by the top and
bottom groups so that several paths may give the same species.
Numbers in ovals give the order of the point group.

FIG. 2. Subordination of tetragonal and cubic species. Each top-down connected path starting in one of the bold-frame vertices
corresponds to one of the tetragonal (left panel) or cubic (right panel) species. Note that several paths may give the same species. The
insets clarify the meaning of the mj, m−, mn, and mþ symbols introduced in the text. Full, dashed, and dotted lines indicate group-
subgroup relations of index 2, 3, and 4, respectively. Numbers in ovals give the order of the point group.
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fully ferroelectric ones. These species describe the cases
where any desired ferroaxial state could be selected by an
electric field. Likewise, the full ferroelastic ferroaxial
species correspond to phases in which the electric toroidal
moment A can be switched mechanically. This is the case

of the “ferroaxial” [2] phase transition in CaMn7O12 at
440 K. Therefore, a recently reported ferroelastic domain
switching in this material [4] induced by uniaxial stress
actually represents a clean example of a mechanically
achieved ferroaxial domain switching.

FIG. 3. List of 212 nonmagnetic species G > F. “No.,” G, and F stand for the serial number of species and the symmetry class of the
high-symmetry and low-symmetry phases. A total number of the orientational domain states appears in column n. Full, semiopen, and
open circles in column a stand for full ferroelectric, partial ferroelectric, and nonferroelectric transitions. Corresponding symbols in
column b and c refer to ferroelasticity and ferroaxiality.
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Other material property tensors.—The given species
allows us to infer systematic changes in many other
tensorial properties. Nye has conveniently listed the sym-
metry-allowed form of several basic material property
tensors—the tensors of linear elasticity, piezoelectricity,
thermal expansion, dielectric susceptibility, and pyroelec-
tricity for each of the 32 crystal classes in a corresponding
10 × 10 symbolic matrix (array) [24]. Here, we extend
these matrices to a 13 × 13 format by including also the
axial tensors up to the third rank. The layout of such
matrices is shown in Fig. 4(a). Interestingly, each crystal
class has a distinct 13 × 13 matrix. This is not true for the
10 × 10 Nye’s matrices (for example, the 10 × 10 matrices
of the 23 and 4̄3m classes are identical).
In order to reveal the symmetry constraints released at

the transition of a given species G > F, the tensors of both
G and F have to be inspected simultaneously. This can be
achieved in three steps by (i) selecting a representative
domain state of F, (ii) expressing material tensors of both
phases in the common rectangular (Cartesian) coordinate
system, attached in the standard way to the symmetry
elements of G, and (iii) displaying both results in a single
matrix, indicating the nonzero components and constraints
present in both phases in black, and the additional nonzero
components and changes appearing due to the symmetry
decrease in red.
This procedure has previously been applied to various

tensor properties [20,27,28]. However, the combination of
polar and axial tensors as worked out here is of singular
interest: we have calculated such “dichromatic” matrices
for all 212 species and realized that all of them are distinct.

Thus, by inspection of the symmetry constraints in the
tensors listed in Fig. 4(a), i.e., by checking changes in a few
selected macroscopic properties, the species can be
uniquely determined. An example of the dichromatic
matrix with new components of electrogyration tensor
(εV½V2�) corresponding to various feroaxial spontaneous
properties at a ferroaxial transition. For the sake of
convenience, the dichromatic matrices of all species are
also listed in the Supplemental Material [26] as well as in
the interactive online tool [29].
Pure ferroaxial species.—It is worth emphasizing that

some ferroaxial transitions are neither ferroelectric nor
ferroelastic. In order to achieve reversible switching of
the ferroaxial domain states in such “pure” ferroaxial
materials, the sole application of the electric field or the
sole anisotropic stress will not be sufficient. In spite of this,
the ferroaxial order parameter could possibly be influenced
by a nonlinear coupling to an electric field and stress.
Another alternative is perhaps to exploit the short-range
interaction across an epitaxial interface between the pure
ferroaxial material and a convenient auxiliary, electrically
switchable ferroelectric ferroaxial material (similar to the
way the exchange bias is sometimes used to switch anti-
ferromagnetic materials grown on suitable ferromagnets).
In total, there are 12 pure ferroaxial species [30]. Among

them, 36, 73, and 107 are associated with an onset of the
enantiomorphism and the symmetric gyration tensor of the
optical activity (ε½V2�) is induced in five of them [31].
The onset of the piezoelectric tensor (V½V2�) components in
the eight pure-ferroaxial ferroelastoelectric [17,18,32,33]
species allows us to address the A domains by simulta-
neously applied electric and elastic fields. Interestingly,
only four pure-ferroaxial species are partial ones (No. 52,
109, 127, and 132). In these cases, the symmetry reduction
involves an intermediate point group, in a similar way as in
the hybrid improper ferroelectric phase transitions [34–36].
Identified ferroaxial materials.—A particular case of the

macroscopic symmetry reduction can be easily located in
Fig. 3 because the species are first arranged according to the
increasing symmetry of G and then according to the
decreasing symmetry of F. This can be used to search for
the ferroaxiality in materials with the known symmetry
reduction. Interestingly, the very first known ferroelectric
material, Rochelle salt [37–39], actually belongs to a fully
ferroaxial species (No. 8). Other materials exhibit ferroax-
iality, e.g., the ferroelectric phase of hexagonal barium
titanate [40] below 74 K (No. 142), the “proper ferroelastic”
phase of lithium ammonium tatrate [41] (No. 8), the polar but
nonferroelectric ferroelastic phase of lithium ammonium
sulphate [42] (No. 11), the charge-ordered phase of the
“electronic ferroelectric” crystal [43–45] LuFe2O4 (No. 81)
and the metal-insulator phase transition in vanadium dioxide
[46,47] (No. 58). Finally, there is also an example of a pure
and full ferroaxial phase, realized in the charge density wave
transition of a heavy-fermion system [48,49] URu2Si2

No.

FIG. 4. Form of the canonical property tensors. (a) Layout of
the extended Nye’s matrix. Original entries of the Nye’s matrix
[24], labeled by Jahn’s symbols [25] V; ½V2�, V½V2�, and ½V2�2,
stand for polar tensors with the internal symmetry of the
pyroelectricity, permittivity, piezoelectricity, and elastic tensors,
respectively. Added entries, labeled by Jahn’s symbols ε, εV,
ε½V2�, and εV½V2�, stand for axial tensors with the symmetry of
pseudoscalar, pyroaxiality, optical activity (symmetric gyration),
and electrogyration tensor, respectively. Tensors marked with a ⋆
are contracted as in Refs. [24,26]. (b) Example of dichromatic
matrix for species No. 151. Red (black) symbols refer to the
components nonzero in the low-symmetry phase (in both phases).
Lines are connecting equal components.
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(No. 51). Thus, the macroscopic order parameter of its
“hidden order” phase below 17.5 K transforms as an axial
vector.
Summary.—This Letter aimed to clarify which of the

structural phase transitions with a macroscopic symmetry
breaking are ferroaxial transitions. The list of 212 species
with the associated symmetry analysis given in Fig. 3 can
be used to identify ferroaxiality in the known or new
materials as well as to check on whether their ferroaxial
domain states can be selected by a homogeneous electric
field or stress. The 13 × 13 dichromatic matrices of Fig. 4
can be employed as a unique species fingerprint. These
matrices can be also used for the inspection of the
spontaneous components of the most common axial and
polar property tensors [26,29].
We are convinced that the presented results can serve as a

useful reference for studies of the structure, domain
phenomena, and tensor properties of ferroaxial materials,
as well as for further development of the general theory of
the macroscopic crystallographic symmetry lowering and
its applications.
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