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We propose a universal nonlinear sigma model field theory for one-dimensional frustrated ferromagnets,
which applies in the vicinity of a “quantum Lifshitz point,” at which the ferromagnetic state develops a spin
wave instability. We investigate the phase diagram resulting from perturbations of the exchange and of
magnetic field away from the Lifshitz point, and uncover a rich structure with two distinct regimes of different
properties, depending upon the value of a marginal, dimensionless, parameter of the theory. In the regime
relevant for one-dimensional systems with low spin, we find a metamagnetic transition line to a vector chiral
phase. This line terminates in a critical end point, beyond which there is at least one multipolar or “spin
nematic” phase. We show that the field theory is asymptotically exactly soluble near the Lifshitz point.
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The study of order in all its variety anchors the field
of condensed matter physics. Some current goals at the
vanguard of this enterprise include characterizing “hidden”
orders, determining the mechanism behind “competing” or
“intertwined” orders, and understanding quantum phase
transitions between different orders. These problems arise
in diverse systems ranging from frustrated quantum mag-
nets to correlated electron materials like the cuprates.

Here we describe a unification of the three above
themes in a tangible context within quantum magnetism.
Specifically, we study a quantum Lifshitz transition
between a ferromagnet and a spiral magnet or quantum
paramagnet, which is realized, for example, in the well-
studied frustrated ferromagnetic Heisenberg chain (FFHC):

Hepae = =8, Suet + B8y - Sua —hSi]. (1)

n

With increasing frustration f, Eq. (1) has a Lifshitz point
at f = 1/4, h = 0. Numerical studies of the FFHC have
previously demonstrated that metamagnetism and a rich
sequence of multipolar phases—a type of hidden order
which does not appear in spin-spin correlation functions—
appear in the vicinity of this point for nonzero applied
magnetic field 4. The simplest of these phases is the (spin)
angular momentum p = 2 multipole, or quadrupolar state,
also known as a spin nematic, which breaks spin rotational
symmetry but preserves invariance with respect to time
reversal [1]. As such, the spin nematic is characterized
by an order parameter bilinear in the microscopic spins. It
can be understood as a state of bound, condensed pairs of
magnons [2-8]. The spin nematic has been sought exper-
imentally in a number of quasi-one-dimensional materials
which approximately realize the FFHC [9-16].
Theoretically, the proliferation of multipolar phases
with p > 2 near the Lifshitz point in the FFHC is most
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extraordinary, and begs theoretical explanation. We provide
a universal theory for the Lifshitz point, formulated as a
nonrelativistic nonlinear sigma model (NLSM) with
dynamic critical exponent z = 4. An asymptotically exact
analytic solution of the Lifshitz NLSM produces the line of
the first-order metamagnetic transitions which terminate at
the metamagnetic end point, beyond which the transition
from the saturated state turns continuous. We demonstrate
that at least the p = 2 nematic phase is described by the
NLSM, and speculate that higher multipoles may also be
captured in the same framework.

Lifshitz nonlinear sigma model.—Instead of focusing on
a specific microscopic model such as the FFHC in Eq. (1),
we introduce a universal quantum field theory description
which is based on translational symmetry and SU(2) spin-
rotation invariance. Since we are interested in continuous
transitions out of a ferromagnet, whose magnetization is
O(1) and quantized given SU(2) symmetry, we expect that
locally there is a (possibly fluctuating) magnetization, even
close to and on both sides of the quantum critical point.
Hence we propose that the low-energy properties of the
system are described by a nonlinear sigma model (NLSM)
formulated in terms of unit vector i = (ify, i1, fi3) which
describes magnetization density. The action is

5= / dxde{is Agin] — 810, + x| 0%
+ 2|0, m|* = hing}. (2)
Here s is the spin and Az is the Berry phase term

describing those spins. It can be written in various ways,
for example [17],

ﬁlla‘rﬁh - mZarml
1+ 7t

1
AB:/ du- 0,1 x 0,1 = (3)
0

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.116.177201
http://dx.doi.org/10.1103/PhysRevLett.116.177201
http://dx.doi.org/10.1103/PhysRevLett.116.177201
http://dx.doi.org/10.1103/PhysRevLett.116.177201

PRL 116, 177201 (2016)

PHYSICAL REVIEW LETTERS

week ending
29 APRIL 2016

where we introduced a fictitious auxiliary coordinate u such
that m(u =0) =2 and Mm(u=1) =M is the physical
value. The main important point is that Ay contains a
single derivative with respect to imaginary time .

The action S contains all leading terms in gradients of 7.
The parameter 6 (x f — 1/4 in the FFHC) tunes the zero
field criticality: a trivial fully ordered ferromagnetic (FM)
state with constant /72 and no fluctuations obtains for 6 < 0,
while the system is nontrivial for 6 > 0. The absence of
fluctuations for § < 0 is due to the Ap term, which makes
the dynamics completely different from the commonly
studied relativistic NLSMs. Further, note that there are two
terms, k and A, quartic in derivatives, which are crucial in
the following. The A term has been ignored in previous field
theoretic approaches [18,19].

The action [Eq. (2)] needs a condition for stability
against large gradients of 7. Starting from constraint
- =1, it is easy to obtain |02/m|> > |0,/m[*, which is
enough to show stability is present so long as 1+« > 0.
This means negative 1 in Eq. (2) is allowed so long
as 1> —«k.

The action describes several distinct dynamical regimes.
For 6 < 0, the excitations above the ground states are
quadratically dispersing spin waves, o ~ k*, characterized
by the dynamical critical exponent z = 2, which is easily
seen by equating the linear 7 derivative in Ag with the
second spatial derivative in the & term. For 6 =0, the
dynamics changes to z = 4. For § > 0, the theory is more
nontrivial, and there is even a z = 1 regime (see below).

Asymptotic  solubility.—Physically, the absence of
fluctuations in the FM state suggests a saddle point approxi-
mation may apply near to it. Indeed, a simple rescaling
k/6x' and 7 — x7’/8% transforms the action into
suggestive form (we defined v = —A/x and i’ = hx/5%)

X —

S = \/g / dx'de' {is Aly i) — sgn(8)|Dprn|? + |02 ]?
— v|Qpin|* — Wi}, (4)

which shows that near the critical point, when §/k < 1,
the action is large in dimensionless terms so that a saddle
point analysis becomes asymptotically correct on approach-
ing the Lifshitz point. Because || appears only in the
prefactor of the action in Eq. (4), the phase diagram at the
saddle point level and only the dimensionless parameters v
and /' control the saddle point. Note that v < 1 defines the
stability region of the theory.

The saddle point of Eq. (2) with minimum action
describes a cone (umbrella) state:

fitgy = (f/’ cos gx, gsingx, /1 — rp2>, (5)

with 0 < ¢ <1 and ¢ functions of the parameters of the
action. Solutions with both sign of ¢ are degenerate, which

reflects spontaneous breaking of reflection symmetry
and chiral order: Z - g, X O, fitg, = @*q # 0. For sufficient
large field, 2 > h,., the solution is simply the ferromagnetic
one, with ¢ = 0. On reducing the field, there are two
possible behaviors. For 4 > —x/4 (v < 1/4), a continuous
transition occurs at the critical field h, = hy = 6°/(2k).
The “order parameter” ¢, which represents the local
moment transverse to the magnetic field, increases
smoothly from zero below A This corresponds to the
point of local instability of the FM phase to single
magnons, which Bose condense when their energy vanishes
at hy. For A < —«/4 (v > 1/4), the transition occurs
discontinuously at h. > hg, at which point the ferromag-
netic state is still locally stable. The order parameter jumps
to a nonzero value ¢, for h = h, —0*. This is a meta-
magnetic transition, described by

2/0—1 5 5
(p%:ﬁ h

o -y e

which hold for 1/4 < v < 1. Because of the aforemen-
tioned scale invariance, the metamagnetic line extends
for all ¢ at the saddle point level. The saddle point gives
direct predictions for experiment such as the magnetization
m = /1 — ¢* shown in Fig. 1.

Quantum corrections.—Fluctuations beyond the saddle
point have several types of effects. One innocuous effect is
that of phase fluctuations within the “cone phase”: con-
figurations of form of Eq. (5) with gx — gx + 6 have small
action when 6(x,7) has small space-time gradients.
Fluctuations of 6 are thereby described by a free z =1
boson theory with central charge ¢ = 1, which converts
the long-range cone order into power-law spin correlations,
but preserves the chiral order. These properties characterize
a “vector chiral” (VC) phase, identified previously in the
FFHC.

h/ho 15

FIG. 1. Saddle point result for the magnetization m(h) for
different values of interaction parameter », which is shown next to
each curve.
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A more drastic effect of fluctuations is to move the phase
boundaries and even introduce new phases. We show below
that quantum fluctuations lower the energy difference
between the cone and FM states, eventually inducing a
metamagnetic end point. To proceed, we write the mag-
netization /7 in the co-moving system of coordinates

. [ _Min+n, -1, my 4
m = 2—?{2\/561—1-12—\/362}—4—(1—?)@, (7)

where the rotating dreibein &;(x) are chosen as follows:
e X & = &3 =g, The fields 7, n describe magnons,
transverse fluctuations of the magnetization. To
quadratic order the action in Eq. (2) becomes S =
[ dz[[ dxid.n + Hypy,e), which shows that 7,  are canoni-
cal Bose operators, and Hy, (7, 7) is a Hamiltonian. Fourier
transforming it into momentum space shows that Hg,,
contains both normal and anomalous terms:

Hpye = ZZAk’_?k’?k + Bi(min—x +idii)-  (8)
K

Here coefficients A;, B, are functions of momentum k
and depend on parameters 6, x, v, i, and ¢ of the saddle
point action. Diagonalization of Eq. (8) with the help
of a standard Bogoluiubov transformation gives us the
desired correction: the zero-point energy & =

v i {y /AL — BY - Ad}

We use this corrected energy to identify a metamagnetic
end point. A metamagnetic end point occurs at 6 = J,. if,
for 6 > ., the cone state remains higher in energy than
the FM state for all & > hg, while for 6 < &, the cone state
has lower energy than the FM one for some range of fields
ho < h < h.. Hence the end point is determined by the
condition that the energy of the cone state equals that of the
FM state at h = hy, i.e., AE = AE — 6E .o = 0 at h = hy
where the first term AE = Epy — Econe  represents  the
saddle point energy difference, and the last is the
Bogoliubov correction.

Before analyzing this in detail, we note that from Eq. (4),
the fluctuation corrections to the energy are expected to be

reduced from the saddle point value by a factor of /d/x,
which is assumed small for consistency of the approach.
Hence they can affect the balance between cone and FM
states only when the energy difference between the two is
already small at the saddle point level. Therefore we now
focus on the regime close to the onset of metamagnetism,
and let v = 1/4 + ¢ in what follows, with ¢ < 1. In this
limit, AE(hy) = ke (5/x)*.

The fluctuation correction 6&,,. contains a regular
cutoff-dependent part and a singular universal term. The
former may be absorbed into a renormalized coupling
v — v and likewise €. The latter represents a physically
distinct contribution to the cone state energy. For the
lattice FFHC it was obtained previously in [20]. We

h - 82 52
c = 8&\/’(_1(1 _ \/1—{)',‘ ho = o

2K
ha

0 2 0 0% 62

C

FIG. 2. Stability curves (schematic). The thin dashed (blue) line
shows the critical /4, field of the first order transition within the
classical saddle point approximation. The wide brushed (blue)
line indicates &, as modified by quantum fluctuations. It crosses
the thin (black) single-magnon instability field &, at § = J.. The
red (green) solid lines denote the critical magnetic fields 4, (h3)
describing two- (three-) magnon condensation instabilities. The
h3(8) curve is a conjecture.

obtain  §Ecome = s~ [* (dk/27)(1008°€? /k*k? + 2k8) =
(25V2/5)ke> (8/x)3/2.

Now combining the saddle point and corrections, we find
that the total energy AE = AE(hy) — 6Econe iS seen to
change sign at §, ~ 0.07«s%¢?, indeed indicating a meta-
magnetic end point, as shown in Fig. 2. Since 5. < 1 with
€ < 1, this is within the regime of validity of the field
theory.

Quantum few-body physics.—Considering the above
result, we see that for § > §,., the effective attraction
between magnons is too weak to induce collapse.
Nonetheless, here we argue that it still is strong enough
to produce bound states of a finite number of magnons,
which leads to distinct multipolar phases in a range
0, < 0 < Oy, that set in at h > hy,.

As we consider larger 6, the semiclassical analysis
becomes inadequate, and a full quantum treatment of the
action in Eq. (2) becomes necessary, which is daunting due
to its nonpolynomial nature (implicit in the NLSM con-
straint). In principle, by using Eq. (7) with ¢, = %,,, one can
expand and truncate the action to O(y*"*) for an exact
treatment of n-magnon states, since higher order terms, if
properly normal ordered, annihilate these states. This leads
to a quantum Hamiltonian for bosonic fields #, # with an
unconventional kinetic energy and up to n-body momen-
tum dependent interactions. Because of the complexity of
this problem, we have limited ourselves to the n = 2 case.
This expansion yields

H = Z€k’_7k’7k
k

1 _ _
* 2L ZV(k, D, p/)nk/2+pnk/Z—pnk/Z—p’nk/2+p/7 )
kpp'
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with €, = (h+2xk* —25k*)/s and V(k, p,p’) in Ref. [21].

One can gain some insight by focusing on the minima of
€x, which occur at k = +¢, with ¢ = 1/8/(2k). We there-
fore define new fields y, x = 7(2q-3)4+« for |k| < ¢ and
a =1, 2. Then, Fourier transforming back to real space,
one obtains, assuming all the scattered magnons remain
near the two minima,

2 a%
H:/dx{;l//a<€0_%>l//a
1

+ N [(@w1)* + (Pawa)?] + }’21/71111111721//2}, (10)

where eg=h/s—8%/(2ks), m=s/88, y, =56 (5—4v)/(ks?)
and y, = 8*(1 — 4v)/(2xs?). Observe that for v > 1/4,
when the saddle point analysis found metamagnetism, the
intravalley interaction y; was negative, i.e., attractive. As is
well known, bosons with attractive delta-function potential,
such as described by the y; term in Eq. (10), undergo
collapse [20,22,23]—the ground state of the system is
given by the N-body bound state in which all N bosons of
the system participate. This collapse corresponds to the
metamagnetic transition. In reality an infinite collapse is
prevented by three-body interactions, and moreover the
saddle point condition is renormalized with increasing & as
we found above, leading to the metamagnetic end point.

We can investigate renormalizations at the two-body
level from Eq. (9). In particular, taking the full dispersion
and momentum-dependent interactions, we solve the
two-body Schrodinger equation for the minimum energy
state. The general form for such a state is |y, k) =
J(dq/2m) 9 (q; k)it 4Tk /2—4|0), Where |0) is the boson
vacuum, i.e., the ferromagnetic state, k is the (conserved)
center of mass momentum, and the two-magnon wave
function obeys

/

dp
(exp + €12y = ENUiR) + [ LVl p ) W00

= 0. (11)

This equation can be solved exactly [21]. We obtain the
minimum energy state for k = +2¢, which corresponds to a
pair of magnons from the same minima, and find the
binding energy €, = 2¢, — E given by the relation

vaxva|i- ()| vown. )

c2

where €, = €25 /(8k*s?) is just the naive binding energy
one would obtain from the delta-function interaction
model, €,y = my3/4, and the term in the brackets repre-
sents the leading correction. This defines a critical value

82 = 5ks?e? #0.2cs%€?, such that the two-magnon

bound state disappears for 6 > J,.

Importantly, we note that §., > J,., which implies that in
this interval the ferromagnetic state is unstable to two-
magnon condensation for a nonzero range of fields 4 > hj,.
In principle, we should now check for bound states of more
than two magnons. Unfortunately, we have not been
technically able to accomplish this. We speculate that in
the range 5. < J < J.,, bound states of increasing numbers
of magnons appear with decreasing ¢, at thresholds 6, ,,
with 6. < 6., < 8., for n > n’ [24]. This would imply a
sequence of distinct multipolar phases just below saturation
in this intermediate range of §, as shown schematically in
Fig. 3. Note that the defining feature of the nth multipolar
phase is the presence of a gap for excitations with spin
S% < n. In one dimension, due to fluctuations, there is no
true multipolar condensate, and each phase evolves
smoothly from more condensatelike to spin-density-
wave-like on reducing field [6,25]. The presence of states
with n > 2 is, as we indicated, speculative, and the physics
governing the maximum # is an interesting open problem.

Microscopic  calculation  of wv.—The  crucial
dimensionless parameter » of the theory cannot be deter-
mined within our field theory approach. We found two
ways to fix its value by comparing field theory predictions
with those of complementary microscopic calculations
[21]. In the first, large spin s> 1 calculation, we use
the standard spin wave technique to calculate the leading
spin wave corrections to the ground state energy and the
optimal spiral wave vector of the spin-s J; —J, chain.
Comparing these results with the saddle point analysis,
we find v =3/(2s). Hence v < 1/4 for large s, and
thus metamagnetism occurs only for spin chains with

h
2l
FM ‘
3
E coné/ vC
0 50 5;2 d

FIG. 3. Schematic phase diagram in the -4 plane. The dashed
line is the metamagnetic transition emerging from the Lifshitz
point at the origin. “FM” and “cone/VC” denote the fully
polarized ferromagnetic and cone/vector chiral phases, respec-
tively. Integers n = 2, 3, 4, 5 label multipolar phases comprised
of the corresponding number of bound magnons. Phases with
n > 2 are conjectural, and their appearance and number in the
universal regime is an open question.
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s < s. =0, in agreement with earlier Bethe-Salpeter cal-
culations [26,27].

For the s = 1/2 chain, we match the value of the order
parameter jump ¢, Eq. (6), at the metamagnetic transition
to the corresponding value of the magnetization m,. =
(vV7—=1)/3 reported in Ref. [20]. This gives, via
mi=1-¢Z that v,y =1/(14m.)?~042. Given
that 1/4 < v,_,/, <1, our theory indeed predicts meta-
magnetism and multipolar phases for the FFHC, in agree-
ment with numerical observations [7].

Generalizations and outlook.—The nonlinear sigma
model formulation can be easily extended to higher-dimen-
sional Lifshitz points. This may provide a means to
understand other frustrated ferromagnets and ferrimagnets,
including possibly the kagome lattice material volborthite
[28,29], which shows signs of nematiclike behavior below
an unusually wide 1/3 magnetization plateau.
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