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We study the phase structure of the tunneling wave packets from strong-field ionization of molecules and
present a molecular quantum-trajectory Monte Carlo model to describe the laser-driven dynamics of
photoelectron momentum distributions of molecules. Using our model, we reproduce and explain the
alignment-dependent molecular frame photoelectron spectra of strong-field tunneling ionization of N2

reported by M. Meckel et al. [Nat. Phys. 10, 594 (2014)]. In addition to modeling the low-energy
photoelectron angular distributions quantitatively, we extract the phase structure of strong-field molecular
tunneling wave packets, shedding light on its physical origin. The initial phase of the tunneling wave
packets at the tunnel exit depends on both the initial transverse momentum distribution and the molecular
internuclear distance. We further show that the ionizing molecular orbital has a critical effect on the initial
phase of the tunneling wave packets. The phase structure of the photoelectron wave packet is a key
ingredient for modeling strong-field molecular photoelectron holography, high-harmonic generation, and
molecular orbital imaging.
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Optical tunnel ionization is one of the most prominent
processes of atoms and molecules interacting with strong
laser fields [1]. Following tunneling, the subsequent rec-
ollision assisted by the laser fields has triggered many other
interesting highly nonlinear processes, e.g., high-harmonic
generation [2,3] and nonsequential double ionization [4,5].
Both field-assisted tunneling and rescattering form the
basis of powerful novel techniques of atomic-resolution
imaging for molecular structures and dynamics [6–12]. One
of these techniques is strong-field photoelectron hologra-
phy [11]. Recently, using differential strong-field photo-
electron holography, a subtle yet important effect in the
tunnel ionization of molecules was discovered. Meckel
et al. [13] observed in experiments that the hologram
depends on the angle between the laser field and the
molecular axis. Solving the 2D time-dependent
Schrödinger equation, it was found that the tunnel-ionized
electron can be transversely displaced with respect to the
molecule’s center, depending on the molecular alignment.
Consequently, also the recolliding wave packet can be
spatially offset in phase and amplitude with respect to the
molecular center as revealed by the 3D time-dependent
resolution-in-ionic-states (TD-RIS) calculation [13]. Since
the phase structure of the tunneling wave packet is critical
for all direct ionization and rescattering phenomena, it is
very desirable to obtain a qualitative and transparent model
that can account for this effect.
Here, we present a robust molecular quantum-trajectory

Monte Carlo (MO-QTMC) model to study molecular frame

photoelectron angular distributions (MFPADs) in strong
laser fields. Using the calculated MFPADs for different
alignments between the laser field and the molecular axis,
we create a differential hologram. The simulations repro-
duce the experiment [13] for N2 molecules very well. We
further show that the electron wave packets exhibit sig-
nificant phase distortions after tunneling. Our model
provides an intuitive explanation for the distorted phase
structure of the molecular tunneling wave packets. Finally,
we have applied our model to a molecule with a different
electronic structure, i.e., O2, and predict a very different
hologram compared to N2.
The QTMC model has been developed to explain

photoelectron angular distribution of above threshold
ionization of atoms [14,15]. In order to study strong-field
molecular tunneling ionization, the effect of the molecular
orbitals on the tunnel-ionized wave packets should be
considered. To obtain the initial structure of the tunneling
wave packet in molecules, we start from the transition
amplitude from a ground state to a continuum state within
the strong-field approximation, which can be expressed as
[16,17],

MP ¼ −i
Z

Tp

0

dthpþAðtÞjr ·EðtÞjφ0ieiSðtÞ; ð1Þ

where jφ0i is the ground state of molecule, EðtÞ is the
electric field, Tp is the duration of laser pulse, p is the drift
momentum, and SðtÞ ¼ 1

2

R
t dt0½pþAðt0Þ�2 þ Ipt is the
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classical action. Since ½r ·EðtÞ þ ið∂=∂tÞ� expf−i½pþ
AðtÞ� · rg ¼ 0, one can integrate by parts to obtain,

Mp ¼
Z

Tp

0

dt ~ψ0ðpþAðtÞÞS0ðtÞeiSðtÞ

− ~ψ0ðpþAðtÞÞeiSðtÞjTp

0 ; ð2Þ

where ~ψ0ðpÞ is the Fourier transform of the ground state
wave function and S0ðtÞ ¼ dSðtÞ=dt. For simplicity, we
consider the symmetric superposition of 1 s orbitals to
mimic the highest occupied molecular orbital (HOMO) of
N2 [18,19],

~ψN2
ðk;R0Þ ¼

25=2κ5=2

πðk2 þ κ2Þ2
cosðk ·R0=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½1þ S1sðR0Þ�

p : ð3Þ

Here, R0 is the vector pointing from one atomic nucleus
to the other, κ ¼ ffiffiffiffiffiffiffi

2Ip
p

, k ¼ pþAðtÞ, and S1sðR0Þ is the
atomic orbital overlap integral. Combining Eq. (2) with
Eq. (3), we can rewrite the transition amplitude of Eq. (2) as

Mp ¼ I − ~ψ0ðpþAðtÞÞeiSðtÞjTp

0 ; ð4Þ

where

I ¼ κ5=2

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ S1sðR0Þ

p
Z

Tp

0

cos

�½pþAðtÞ� ·R0

2

�
eiS

S0
dt:

ð5Þ
The main contribution to the integral in Eq. (5) comes

from the vicinities of two end points t ¼ 0 and t ¼ Tp, and
the vicinities of saddle points t ¼ ts, which satisfy the
saddle point equation i.e., ½pþAðtsÞ�2 þ 2Ip ¼ 0. The
integral over two end points will counteract the second term
on the right-hand side of Eq. (4) [17]. As a result, we need
only to consider the integral over the saddle points. Because
the term cosf½pþAðtÞ� ·R0=2g changes slowly in the
vicinities of saddle points, it can be taken out of the
integral. Then, after integrating along the steepest descent
direction of the saddle points [19], we can obtain the
transition amplitude for molecules,

Mp ¼ iκ5=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ S1sðR0Þ

p X
s

cos

�½pþAðtsÞ� ·R0

2

�
eiSs

S00s
:

ð6Þ
The molecular structural factor is now incorporated into

the transition amplitude with the saddle point approxima-
tion. Compared with the atomic case, the molecular
transition amplitude is equivalent to the atomic counterpart
multiplied by a structural factor. To see how this structural
factor modifies the tunneling process, we calculate the
transition amplitude based on the saddle point equation. We
assume that the laser pulse is linearly polarized and the

vector potential is given by AðtÞ ¼ A0 cosðωtÞx (x is the
polarization direction and y is the transverse direction).
Because the momentum at the tunnel exit is related to the
drift momentum p by v ¼ pþAðtrÞ [20,21], where v is
the momentum at the tunnel exit and tr is the real part
of the saddle point time ts ¼ tr þ iti, the saddle point
equation can be decomposed into the real and imaginary
part [22],

px þ A0 cosðωtrÞ coshð−ωtiÞ ¼ 0

A0 sinðωtrÞ sinhð−ωtiÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ip þ p2

y

q
: ð7Þ

Using the expression of vector potentialAðtsÞ andEq. (7),
the structural factor can be rewritten as cosf½pþAðtsÞ�·
R0=2g¼ cos½pyR0 sinθ=2� iR0cosθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ipþp2

y

q
=2�, where

θ is the alignment angle of molecules. Using the relation
cosf½pþAðtsÞ� ·R0=2g ¼ aeiϕ, one obtains

tanϕ¼ tan

�
pyR0 sinθ

2

�
tanh

�
∓R0cosθ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ipþp2

y

q �

a2¼
�
cos

�
pyR0 sinθ

2

�
cosh

�
∓R0cosθ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ipþp2

y

q ��
2

þ
�
sin

�
pyR0 sinθ

2

�
sinh

�
∓R0cosθ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ipþp2

y

q ��
2

;

ð8Þ

where ϕ is the initial phase of each trajectory and a2 is
the correction to the ionization rate. One can see that
the molecular structure factor depends on the initial
transverse momentum py and the molecular alignment
angle θ. Because the structural factor is independent of
the laser field, one can treat it as a correction to atomic
tunneling theory in the quasistatic approximation
[14,23,24].
In order to study the photoelectron angular distributions

of aligned N2 in strong laser fields, we have further
incorporated above derivations into molecular quantum-
trajectory Monte Carlo model (MO-QTMC). Briefly,
according to the path integral formulation of quantum
mechanics, the evolution of the wave packets after tunnel-
ing can be represented by quantum trajectories. The
position of the tunnel exit is given by the Landau-effective
theory [25]. The tunneled electrons have a Gaussian-like
distribution on the transverse momentum perpendicular to
the instantaneous laser field and zero longitudinal momen-
tum along the instantaneous laser field at the tunnel exit
[15,23]. The electron trajectory is weighted by the modified
Ammosov-Delone-Krainov (ADK) ionization rate [15,23]
as Wðt0; pyÞ ¼ a2W0ðt0ÞW⊥ðpyÞ, where a2 is the modifi-
cation factor of ionization rate given by Eq. (8), W⊥ðpyÞ ∝
½ ffiffiffiffiffiffiffi

2Ip
p

=jEðt0Þj� exp½− ffiffiffiffiffiffiffi
2Ip

p
p2
y=jEðt0Þj� depends on the

distribution of the initial transverse momentum py,
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and W0ðt0Þ ∝ jð2IpÞ2=jEðt0Þjj2=
ffiffiffiffiffi
2Ip

p −1 exp½−2ð2IpÞ3=2=
j3Eðt0Þj� depends on the instantaneous laser field when
the electron is released. After tunneling, the electron
motion in the combined laser and Coulomb fields is
governed by the Newtonian equations of motion,
̈ r¼−ðr−R0=2Þ=ð2jr−R0=2j3Þ− ðrþR0=2Þ=ð2jrþR0=
2j3Þ−EðtÞ. Here, we have included the effect of the
molecular potential on the electron trajectories. The elec-
tron rescattering process is naturally included when solving
the Newtonian equations. The phase of each quantum
trajectory is then given by ϕþ S, where ϕ is the initial
phase given by Eq. (8) and S is the classical action after
tunneling, given by S ¼ − R∞

tr
½vðtÞ2=2 − ð2jr −R0=

2jÞ−1 − ð2jrþR0=2jÞ−1 þ Ip�dt. We sampled the electron
ensemble with the Monte Carlo method. The photoelectron
angular distributions are obtained by considering the
interference of all tunneling electrons on a “virtual”
detector [14]. The detailed derivation of this model is
given in Supplementary Material [26].
In the simulations, the laser field EðtÞ with a cosine

waveform has a constant amplitude for the first four cycles
and is turned off with a two-cycle ramp. The laser peak
intensity is chosen to be I0 ¼ 1.3 × 1014 W=cm2, as the
experiment [13]. The simulated momentum distributions at
the alignment angles 45° and 90° are shown in Figs. 1(a)
and 1(b), respectively. We considered the focal volume
effect and calculated 12 intensities in the range of 0.7–1.3 ×
1014 W=cm2 for each alignment angle. The relative
weight of each intensity is given by dV=dt ∝ ðI0þ
2IÞ ffiffiffiffiffiffiffiffiffiffiffiffi

I0 − I
p

=I5=2 [27]. One can see the obvious spiderlike
structures for all the alignment angles, which comes from
the holographic interference between the rescattering and
nonscattering electron wave packets [11]. At the first
glance, the holographic pattern exhibits the same horizontal
fringelike structures for different alignment angles. Indeed,
a minor difference can be identified with careful exami-
nation. The holographic interference is symmetric about
py ¼ 0 when the alignment angle is 90°, while the one in
the 45° case is slightly tilted and has an asymmetric
distribution about py ¼ 0.

To isolate the alignment dependence of the holographic
interference, we now create a differential hologram,
following Ref. [13]. For the differential hologram, we
calculate the normalized difference ½Dðp; θÞ −DrefðpÞ�=
½Dðp; θÞ þDrefðpÞ�, where Dðp; θÞ is the photoelectron
distribution corresponding to the alignment angle θ, the
reference DrefðpÞ is the sum spectrum over all momentum
distributions for alignment angles from 0° to 180° in 2°
steps. Both Dðp; θÞ and DrefðpÞ are normalized. Note, that
the focal volume effect is considered for the normalized
momentum difference plots of each alignment angle.
In Fig. 2, we compare our simulated differential holo-

grams (left column) with the experimental ones (right
column) in N2. For parallel and perpendicular alignment
(top and bottom row), the photoelectron distributions are
symmetric with respect to the laser polarization. Hence, the
corresponding differential holograms are also symmetric
and show no fringes in Figs. 2(a) and 2(c). At the alignment
angle θ of 45°, the holographic interference is asymmetric,
as shown in Fig. 2(c). The simulated distributions
agree perfectly with the experimental measurement
Figs. 2(d)–2(f) (data are taken from Ref. [13]).
In order to understand the puzzling asymmetric distri-

bution at the certain alignment angle, we will investigate
the phase structure of strong-field tunneling wave packets
and its influence on photoelectron angular distributions of
the aligned molecules. In contrast to the tunneling ioniza-
tion of atoms, the initial phase ϕ of molecular tunneling

FIG. 1. Calculated photoelectron angular distributions of N2 at
the alignment angle of 45° (a) and 90° (b), respectively. We
considered the focal volume effect and calculated 12 intensities in
the range of 0.7–1.3 × 1014 W=cm2 for each alignment angle.
Figures are plotted in logarithmic color scale.

FIG. 2. (a), (b), and (c) are the simulated normalized
momentum difference plots at the alignment angle of 0°, 45°,
and 90°. The ionizing laser pulse polarization is horizontal in all
figures. We considered the focal volume effect for all spectra.
The right column indicates the corresponding experimental
measurements [13].
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wave packet of N2 is given by Eq. (8), which depends on
the internuclear distance as well as the initial transverse
momentum at the tunnel exit. In Figs. 3(a) and 3(b), we
show the calculated initial phase with respect to the initial
transverse momentum for different alignment angles at
R0 ¼ 2.07 a:u: and R0 ¼ 4 a:u:, respectively.
As seen in Figs. 3(a) and 3(b), in the case of 0° and 90°,

the initial phase is constant at 0 and π, respectively. In
contrast, in the case of an oblique alignment, the initial
phase will increase with the transverse momentum, and the
slopes are different for different alignment angles. The
phase jump for the perpendicular alignment in Fig. 3(b)
near jpyj ∼ 0.8 a:u: arises from the interference between
the contributions from two atomic centers, which depends
on the internuclear distance as seen in Eq. (8). However,
because the ionization rate decreases substantially at large
transverse momentum [indicated with the dashed line with
Gaussian distribution in Fig. 3(b)], the phase distortion at
larger transverse momentum (jpyj > 0.5 a:u:) makes a less
evident contribution to the deflection of photoelectron
angular distributions. At the equilibrium internuclear dis-
tance R0 ¼ 2.07 a:u:, the phase at the tunneling exit
changes very slowly with the initial transverse momentum,
and thus is difficult to observe in the photoelectron angular
distributions. Note, the initial phase in momentum space
originates from the spatial offset of the tunnel ionized wave
packet, and the dependence of the initial phase on the
transverse momentum at the tunnel exit is the main factor
producing the fringelike structure in the normalized
momentum difference plots.
We further calculated the photoelectron angular distri-

butions for O2 at different alignment angles. The Fourier
transform of the wave function of the HOMO of O2 is given
by [19],

~ψO2
ðk;R0Þ ¼

24κ7=2k sin θk sinφk

πðk2 þ κ2Þ3=2
sinðk ·R0=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − S2pyðR0Þ

p : ð9Þ

Here, θk and φk are the polar and azimuthal angle of
momentum k with respect to molecular axis R0, and

S2py
ðR0Þ is the atomic orbital overlap integral. Following

a similar derivation in N2, we simulate the photoelectron
angular distributions for O2 (R0 ¼ 4 a:u:) at the alignment
angle 0°, 45°, and 90° with respect to the laser polarization
at an laser intensity of I0 ¼ 1.3 × 1014 W=cm2, as shown
in Figs. 4(a)–4(c). We can see that the photoelectron
angular distributions at the alignment angles of 0° and
90° exhibit a minimum along the polarization axis, which
originates from the node structure in the HOMO of O2. This
minimum has been observed for O2 experimentally [28]. It
was explained using molecular-strong-field approximation
(MO-SFA) model [29], where the rescattering effect domi-
nates. In contrast, direct tunneling ionization dominates the
low-energy photoelectron momentum distributions, and
the minimum observed in the momentum distributions is
the direct manifestation of molecular node structure.
In Fig. 4(d), we plot the initial phase with respect to the

initial transverse momentum for O2. Similar to the case of
N2, the initial phase at the alignment angle of 0° and 90° is a
constant. However, there is a phase jump of π at zero
momentum for the parallel and perpendicular alignment.
The phase jump reflects the node structure in the HOMO of
O2. Since the outermost orbital of O2 is πg geometry, the
calculated differential hologram is remarkably different to
N2, as seen in Fig. 5. At the alignment angle 0° and 90°, the
distinct minimum along the laser polarization axis can be
clearly observed in the differential holograms.
In summary, we have developed a MO-QTMC model to

describe the laser-driven dynamics of electron tunneling
process in molecules. The study elucidated that the asym-
metrical distribution in differential holograms originates
from the initial phase structure of the tunneling wave
packets in the momentum representation for N2. We
showed that the initial phase of the continuum wave
packets can be extracted from the outermost molecular

FIG. 3. The dependence of the initial phase ϕ given by Eq. (8)
on the transverse momentum at the tunnel exit for (a) R0 ¼
2.07 a:u: and (b) R0 ¼ 4 a:u: for N2. The modified ADK
ionization rate with respect to the initial transverse momentum
at the alignment angle of 45° is illustrated as the dashed curve in
Fig. 3(b).

FIG. 4. (a), (b), and (c) are the calculated photoelectron angular
distributions of O2 at the alignment angle 0°, 45°, and 90°,
respectively. The laser parameters of the simulation are the same
as those of N2. The focal volume effect is not included in the
plots. Figures are plotted in logarithmic color scale. (d) shows the
relation between the initial phase ϕ and the transverse momentum
at the tunnel exit for O2.

PRL 116, 163004 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

22 APRIL 2016

163004-4



orbital structure and the alignment geometry with respect to
the field polarization. Including the phase structure in the
semiclassical model, the subtle structure of photoelectron
holography of molecules using strong laser fields can be
illuminated. Since the tunneling process is predominant in
the strong-field community, this study has important
implications for the physics and applications of the
laser-driven tunneling ionization and laser-driven recolli-
sion of molecules. The MO-QTMC approach can be further
extended for strong-field ionization of polyatomic
molecules.
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