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The relation between entanglement and nonlocality is discussed in the case of multipartite quantum
systems. We show that, for any number of parties, there exist genuinely multipartite entangled states that
admit a fully local hidden variable model, i.e., where all parties are separated. Hence, although these states
exhibit the strongest form of multipartite entanglement, they cannot lead to Bell inequality violation
considering general nonsequential local measurements. Then, we show that the nonlocality of these states
can nevertheless be activated using sequences of local measurements, thus revealing genuine multipartite

hidden nonlocality.
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The relation between quantum entanglement and
nonlocality has been studied extensively in recent years;
see, e.g., Refs. [1,2]. While both notions turn out to be
equivalent for pure states [3,4], the case of a mixed state is
still not understood. This is nevertheless desirable given
the importance of entanglement and nonlocality from the
point of view of the foundations of quantum theory and for
quantum information processing [1].

This research was initiated by Werner [5], who presented
a class of bipartite entangled states admitting a local hidden
variable (LHV) model. This proved that the correlations
obtained by performing arbitrary local projective measure-
ments on such states can be perfectly simulated by a
LHYV model, hence using only classical resources. This was
later extended to general nonsequential measurements, i.e.,
positive operator valued measures (POVMs) [6]. Since such
states cannot lead to Bell inequality violation [7], they are
referred to as “local” entangled states [8].

It turns out, however, that certain local entangled states
can nevertheless lead to nonlocality when a sequence of
local measurements is performed [9]. That is, the use of
local filters can help to reveal (or activate) the nonlocality
of the entangled state. This phenomenon, termed “hidden
nonlocality,” occurs even for entangled states admitting a
LHV model for POVMs [10]. Other works showed that
the nonlocality of local entangled states can be activated
by performing joint measurements on several copies of the
state [11-13], or by placing many copies of the state in a
quantum network [14,15].

Whereas the above questions have been intensively
discussed for bipartite states, the relation between entan-
glement and nonlocality for multipartite systems is almost
unexplored thus far. Here, one should nevertheless expect
interesting and novel phenomenona, due to the rich
structure of multipartite entanglement. In particular, there
is a hierarchy of different forms of entanglement in
multipartite systems, the strongest of which is genuine
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multipartite entanglement (GME). Similarly, the notion
of genuine multipartite nonlocality (GMNL) has been
discussed [16-18], which represents the strongest form
of nonlocality for multipartite systems. A first natural
question is then whether there exist GME states, the
correlations of which can be simulated by a LHV model.
This was first discussed by Té6th and Acin [19], who
presented a GME state of 3 qubits admitting a LHV model,
but could not extend their construction to more parties.
More recently, Augusiak et al. [20] showed the existence of
GME states of any number of parties that cannot lead to
GMNL. Specifically, the authors discussed a class of GME
states of N parties, and constructed a LHV model in which
the parties are separated into two groups. However,
this model is essentially bipartite, as the N parties cannot
be completely separated. Beyond these few exploratory
works, nothing is known. to the best of our knowledge.

Here we report progress in understanding the relation
between GME and nonlocality. First, we present a general
technique for constructing multipartite entangled states
admitting a fully LHV model, i.e., where all parties are
separated. This allows us to show that there exist GME states
of an arbitrary number of systems, which admit a fully LHV
model for arbitrary POVM measurements. Moreover, we
show that the nonlocality of these states can be activated
using sequential measurements. Notably, the use of local
filters allows us to obtain GMNL. To summarize, there exist
multipartite states, entangled in the strongest possible sense,
that do not exhibit even the weakest form of nonlocality
when considering nonsequential measurements. However,
when using sequences of measurements, the strongest form
of multipartite nonlocality can be obtained. We conclude
with a series of open questions.

Genuine multipartite entanglement.—Consider N parties
sharing a multipartite quantum state p acting on
H; ® --- ® Hy, where H; is the local Hilbert space of
party i. Denote by (b, b) € B a bipartition of the N parties.
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If p can be decomposed as a mixture of states that are each
separable on some bipartition of the Hilbert space, then we
have

o= 5 n(Tam)@h o eeh). 0
(b,b)eB J
with 37, p, = 32,47 = 1, and |®;)(®;|, acts on the Hilbert
space specified by the partition b (and similarly for
|®;){®;|5). If p does not admit such a decomposition, then
it is GME. Such states can thus not be created via local
operations and classical communication (LOCC) using
only biseparable states.
Determining whether a given state is GME is challeng-
ing, as one must search over all possible decompositions
[Eq. (1)]. However, there are sufficient conditions for

an N-qubit state to be GME [21-23] (see also
Ref. [24]). Write the state p in the canonical basis
,0), ), |11, 1) as
Cq 1
2 22
Cn Zn
= 2
p s (2)
25 d,
7 d,

(we only write the elements of interest), where n = 2V~1,
Then p is GME if

C(p) = 2max{fz,| = w;} >0, 3)

where w; = Zﬁéi \/¢;d;. Below, we will use this condition
to ensure that a state is GME. Note that the value of C(p)
can also be used to quantify GME [25], an aspect that,
however, will not be discussed here.

Nonlocality.—Consider again the state p, where now each
party can make measurements labeled x; obtaining outcomes
a;, specified by the measurement operators M, with
Mg, >0 and )7, M, |, = 1. The probability to see the
outputsa = (ay, ..., ay) giventheinputs x = (xy, ..., xy) is
given by

p(afx) = Trip(®, Myy,)]. (4)

The state p is called (fully) local if, for all possible
measurement operators M., the statistics p(a|x) can be
reproduced by a LHV model:

p(alx) :ACIAP/1(611|X1)P/1(02|X2)"'PA(“N|XN)‘M’ (5)

where g, is a probability density over the shared variable A
and p,(a;|x;) are probability distributions, called local

response functions. Likewise, if Eq. (5) cannot be satisfied,
then the state is said to be nonlocal, as witnessed by the
violation of (some) Bell inequality.

One may also consider a weaker notion of locality,
whereby the correlations are not demanded to be local with
respect to all parties [as in Eq. (5)], but instead to be
(mixtures of) correlations that are each local across some
bipartition. Again denoting by (b, b) € B a bipartition of
the parties, these correlations take the form

p(alx) = Z P / & 02 (35)%,) P2 (85 1x5)dA. (6)

where a,, X, denote the inputs and outputs for the
bipartition b. Note that Eq. (5) implies Eq. (6), but not
necessarily the converse. Correlations that cannot be
written in the above form are called genuinely multipartite
nonlocal and represent the strongest form of multipartite
nonlocality [16]. Here, for simplicity, we put no restrictions
on the probability distributions p;(a,|x;,), p;(aj|x;)
other than positivity and normalization (for example,
they may be signaling); note that more sophisticated
definitions of GMNL were proposed [17,18]. The N-party
Greenberger—Horne—Zeilinger (GHZ) state, |GHZ) =
(|0Y®N + [1)®V)/4/2, is known to produce correlations
that are GMNL, as proven by the violation of the Svetlichny
inequalities [16,27,28].

GME and nonlocality.—The link between GME and
nonlocality is almost unexplored thus far. For N = 3, Téth
and Acin constructed a genuine tripartite entangled state
admitting a fully LHV model [i.e., of the form Eq. (5)]
for arbitrary local projective measurements [19]. Recently,
Augusiak et al. [20] presented GME states of N qubits
which cannot lead to GMNL. More precisely, they con-
structed a LHV model for some bipartition of N qubits, i.e.,
of the form Eq. (6). However, it is still unknown if there
exist GME states that admit LHV models that are fully
local, i.e., that satisfy Eq. (5), for any possible measure-
ments. This is what we show in the next section.

Method.—Our main tool is a simple method to construct
entangled N-party states which admit a LHV model.
Specifically, we start by considering a bipartite entangled
state p which is “unsteerable,” that is, which cannot be used
to demonstrate steering. Formally, this means that p admits
as so-called local hidden state (LHS) model [29]; hence, its
correlations can be decomposed as

p(ab|xy) = Tr[pMa|x ® Mbly]

= /CMP&(“MTT[UAMM]‘M’ (7)

where ¢, is the local hidden state, distributed with density
q;- and By, denotes Bob’s measurement operator. Clearly,
an unsteerable state is local (with p(bly, 1) = Tr[o,M),]),
while the opposite may not hold in general.
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FIG. 1.

O

Construction of multipartite states admitting a fully local model. (a) Construction of the state. First, place N copies of a bipartite

state p in a star-shaped network. Then, apply a map Ay at the central node (i.e., on parties B;...By), and trace out these parties. We thus
obtain an N-partite state, py, ..., (represented by the blue wiggly line), shared by parties A ...Ay. (b) LHV model. If p admits a LHS model,
one can simulate the correlations of the star-shaped network for p®¥, whereby the central node receives the hidden states ¢ 5, independently
from each source and the parties A; receive hidden variables 4,. One may now correlate the individual 4;’s by having the map A act on

the hidden states; i.e., we can define a new distribution over 1 = (41, ..., Ay) that depends on Tr[Ag(®; o,,)]. If each party A; uses the
same response function as in the LHS model for p, then the resulting statistics on parties A;...Ay simulate exactly the state py4 .4, -

Next, we combine several copies of p in a star-shaped
network (see Fig. 1). This allows one to construct a
multipartite entangled state admitting a fully local model.
Specifically, we have the following.

Lemma 1.—Let p be a quantum state acting on
Ha, ® Hp,. The state p®N  therefore acts on
Ha, @ - @ Hyy, @ Hg, @ -+ @ Hp, = Hy ® Hp.
Furthermore, let Az be a completely positive linear map
acting on Hp. If p is unsteerable from A; to By, i.e., admits
a decomposition [Eq. (7)], then the N-party state,

’ _ Trp[14 @ Ag(p®V)]
Ay Tr[l, @ Ap(p®V)]

(8)

admits a local hidden variable model, of the form Eq. (5),
on the N-partition A;/A,/---/An_i/AN.

The intuition behind the above lemma is given in Fig. 1.
A complete proof is given in Appendix A in Supplemental
Material [30].

Note that we have not specified the class of local
measurements for which the LHV model is valid in the
above lemma. If p has a LHS model for projective
measurements, then py .4, will have a LHV model for
projective measurements, and similarly for POVMs. Note
also that one can generalize slightly the result of Lemma 1
(see Appendix A in Supplemental Material [30]).
Specifically, one can use different unsteerable states in
each arm of the star-shaped network rather than the same
state N times, and one can choose not to perform the trace
over B and keep the center party.

GME states with fully local model—We now use
Lemma 1 to construct N-qubit states which admit a fully
local model. We then prove these states to be GME for all
N. Specifically, consider the class of two-qubit states,

1
Pao = alwo)(wol + (1 —a)pf ® 3 (9)

where 0 <a<1,0<0<n/4, |yy) = cos0]00) + sinG|11),
and p4 = Trp|wy) (wy|. These states are entangled for all
0 €]0, n/4], if @ > 1/3. Furthermore, they are unsteerable
from Alice to Bob for arbitrary projective measurements if
the relation

20 -1
2(20) > ———
cos*( )_(Z—a)a3

holds [31]. Hence, for any 0 < a < 1, one may find a
corresponding € > 0 such that p, 4 is unsteerable. We now
define the completely positive linear map,

(10)

Ag(o) = FgoFl,,  Fp=10)[(0,0,....,0[ 4+ (I,1,....1

I,

which projects the systems of B;...By onto an N-qubit
GHZ state. We may now define the N-party state py, .4,
by using p,y and Ap in Eq. (8). In Appendix B in
Supplemental Material [30] we show that the concurrence
of this state for a fixed N, a, 0 is given by

et
[1+ acos20]N + [1 — acos 20]Y

C(PAI~--AN) =
(11)

It follows that for any N, one can find parameters «, 6 such
that (i) condition (10) is satisfied (ensuring that p,  has a
LHS model) and (i) C(p4,..4,,) > 0, proving that p, ..., is
GME. To give a specific example, take @ = 1 — 1/N? and
0 > 0, such that Eq. (10) is saturated. One sees that the
denominator of Eq. (11) and sin” 26 are both positive. We
therefore need
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14+ a
2

aN—&—{

N+[1;“]N>1 (12)

to be positive for all N > 2. For the case N = 2, one has
a=3/4 and we find 43/32 > 1. For N > 2, upon sub-
stituting @ = 1 — 1/N? the left-hand side becomes

-5 [z ]
>2[1—$]N>2[1—H>1, (13)

where for the first inequality we use the fact that
[1—=1/N?*N <[1 =1/2N*" and [1/2N?]N > 0, and the
second inequality follows from Bernoulli’s inequality.

Extension to general measurements.—A natural question
is now to find a GME state with a fully local model,
considering general POVMs. While the states p, 4 are not
known to admit a LHS model for POVMs, we can
nevertheless proceed differently. Starting from py, .4,
we can in fact construct another state, pgyg, Which is both
GME and local for POVM measurements.

Specifically, define py,..a, = Tra, ,..a,[P4,.-a,] and
denote by O[p] the unnormalized and symmetrized version
of p. Then the state

1 = :
ot = 35 P+ Y Olpa-s, ® IO (1)
=

admits a fully local model, for arbitrary local POVMs. Note
that |2) (2| denotes the projector onto a subspace orthogonal
to the qubit subpace. The above follows from a straightfor-
ward extension of Protocol 2 of Ref. [10] to the case of N
parties.

To conclude, we have to show that the state is GME.
Note that if each party makes a local projection on the qubit
subspace |0) (0| + |1)(1|, then the resulting (renormalized)
state is py,..4,, Which is GME. Since one cannot create
GME using stochastic local operations, it follows that pgug
is GME.

Hidden genuine multipartite nonlocality.—We showed
that GME states can admit a fully LHV model for arbitrary
nonsequential measurements. A natural question now is
whether these states have hidden nonlocality [9], that is,
whether nonlocality could be revealed via sequences of
measurements. A sufficient condition for the existence of
hidden nonlocality is the possibility of transforming the
initial state using local stochastic operations, i.e., local
filters, to another state that violates some Bell inequality
(see, e.g., Ref. [32]). Below, we will see that the states pgye
have genuine multipartite hidden nonlocality. Furthermore,
the activation of nonlocality is maximal, in the sense that
the filtered state exhibits GMNL, despite the initial state
being fully local.

Consider N parties sharing pgye- Let each party perform
a local filtering operation given by

Ge = €|0)(0[ + [1)(1], (15)
hence transforming pgyg to the state

P GS?NPGMEG?N (16)
© Tr[G® N,DGMEGSDN}

In Appendix C of Supplemental Material [30] we prove
that for ¢ = tan@ [where 6 is the parameter in Eq. (9)]
the filtered state is essentially a pure N-party GHZ state
[[0)®Y + |1)®N]/+/2. Specifically, the fidelity between the
two states is given by

F(pes

GHZ)(GHZ|) = (GHZ|p,|GHZ)

sl () (5
(17)

which tends to 1 when a is sufficiently close to 1. Since the
GHZ state is known to exhibit GMNL for any N, in
particular, via violation of the Svetlichny inequalities
[27,28] (which are robust to noise), it follows that p,
can also be made GMNL.

Conclusion.—We showed that GME states can admit a
fully LHV model, for any number of parties. Thus, while
exhibiting the strongest form of multipartite entanglement
(GME), these states can never lead to any Bell inequality
violation, considering general nonsequential measurements.
This can be viewed as a maximal inequivalence between
multipartite entanglement and nonlocality. Interestingly,
this gap can disappear when sequential measurements are
considered, and the strongest form of nonlocality can be
activated, thus highlighting the relevance of sequential
measurements in multipartite nonlocality.

In the future, it would be interesting to investigate the
above questions in quantitative terms. For instance, could
one find examples of highly entangled GME states admitting
aLHV model? In order to do so, one should choose a specific
measure of GME [24] (as there exist no unique measure).

Also, the method we presented for constructing multi-
partite local entangled states could be further explored.
Firstly, one could start from different bipartite unsteerable
states; see, e.g., Refs. [33,34]. Secondly, by keeping the
central node in the network, one can construct multipartite
LHS models where one of the parties has a quantum
response function, and hence may prove useful in the study
of multipartite steering [35].

Finally, one could ask if there exist GME states admitting
LHV models for sequential measurements, although this
question is in fact still open even in the bipartite case.

We thank Marco Tilio Quintino for discussions. We
acknowledge financial support from the Swiss National
Science Foundation (Grant No. PPOOP2_138917 and
Starting Grant DIAQ) and EU SIQS.

130401-4



PRL 116, 130401 (2016)

PHYSICAL REVIEW LETTERS

week ending
1 APRIL 2016

[1] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S.
Wehner, Rev. Mod. Phys. 86, 419 (2014).
[2] A. A. Methot and V. Scarani, Quantum Inf. Comput. 7, 157
(2007).
[3] N. Gisin, Phys. Lett. A 154, 201 (1991).
[4] S. Popescu and D. Rohrlich, Phys. Lett. A 166, 293 (1992).
[5] R. E. Werner, Phys. Rev. A 40, 4277 (1989).
[6] J. Barrett, Phys. Rev. A 65, 042302 (2002).
[71 1. S. Bell, Physics (Long Island City, N.Y.) 1, 195 (1964).
[8] R. Augusiak, M. Demianowicz, and A. Acin, J. Phys. A 47,
424002 (2014).
[9] S. Popescu, Phys. Rev. Lett. 74, 2619 (1995).
[10] F. Hirsch, M. T. Quintino, J. Bowles, and N. Brunner, Phys.
Rev. Lett. 111, 160402 (2013).
[11] C. Palazuelos, Phys. Rev. Lett. 109, 190401 (2012).
[12] D. Cavalcanti, A. Acin, N. Brunner, and T. Vértesi, Phys.
Rev. A 87, 042104 (2013).
[13] L. Masanes, Y.-C. Liang, and A.C. Doherty, Phys. Rev.
Lett. 100, 090403 (2008).
[14] D. Cavalcanti, M. L. Almeida, V. Scarani, and A. Acin, Nat.
Commun. 2, 184 (2011).
[15] A. Sen(De), U. Sen, C. Brukner, V. Buzek, and M.
Zukowski, Phys. Rev. A 72, 042310 (2005).
[16] G. Svetlichny, Phys. Rev. D 35, 3066 (1987).
[17] R. Gallego, L. E. Wiirflinger, A. Acin, and M. Navascués,
Phys. Rev. Lett. 109, 070401 (2012).
[18] J.-D. Bancal, J. Barrett, N. Gisin, and S. Pironio, Phys. Rev.
A 88, 014102 (2013).
[19] G. Téth and A. Acin, Phys. Rev. A 74, 030306 (2006).
[20] R. Augusiak, M. Demianowicz, J. Tura, and A. Acin, Phys.
Rev. Lett. 115, 030404 (2015).
[21] O. Giihne and M. Seevinck, New J. Phys. 12, 053002
(2010).

[22] M. Huber, F. Mintert, A. Gabriel, and B. C. Hiesmayr, Phys.
Rev. Lett. 104, 210501 (2010).

[23] Z.-H. Ma, Z.-H. Chen, J.-L. Chen, C. Spengler, A. Gabriel,
and M. Huber, Phys. Rev. A 83, 062325 (2011).

[24] C. Eltschka and J. Siewert, J. Phys. A 47, 424005
(2014).

[25] The quantity C(p) is a lower bound for one possible
multipartite generalization of the concurrence [21,22],
and becomes exact for the case of qubit X matrices [26].

[26] S.M. Hashemi Rafsanjani, M. Huber, C. J. Broadbent, and
J. H. Eberly, Phys. Rev. A 86, 062303 (2012).

[27] D. Collins, N. Gisin, S. Popescu, D. Roberts, and V. Scarani,
Phys. Rev. Lett. 88, 170405 (2002).

[28] M. Seevinck and G. Svetlichny, Phys. Rev. Lett. 89, 060401
(2002).

[29] H. M. Wiseman, S.J. Jones, and A. C. Doherty, Phys. Rev.
Lett. 98, 140402 (2007).

[30] See  Supplemental ~Material at  http://link.aps.org/
supplemental/10.1103/PhysRevLett.116.130401 for techni-
cal proofs of main results. (A) Proof of lemma 1. (B)
Calculation of concurrence of GME state. (C) Proof of
multipartite hidden nonlocality.

[31] J. Bowles, F. Hirsch, M. T. Quintino, and N. Brunner, Phys.
Rev. A 93, 022121 (2015).

[32] R. Gallego, L. E. Wiirflinger, R. Chaves, A. Acin, and M.
Navascués, New J. Phys. 16, 033037 (2014).

[33] J. Bowles, T. Vértesi, M. T. Quintino, and N. Brunner, Phys.
Rev. Lett. 112, 200402 (2014).

[34] S. Jevtic, M. J. W. Hall, M. R. Anderson, M. Zwierz, and
H. M. Wiseman, J. Opt. Soc. Am. B 32, A40 (2015).

[35] D. Cavalcanti, P. Skrzypczyk, G.H. Aguilar, R. V. Nery,
P. H. Souto Ribeiro, and S.P. Walborn, Nat. Commun. 6,
7941 (2015).

130401-5


http://dx.doi.org/10.1103/RevModPhys.86.419
http://dx.doi.org/10.1016/0375-9601(91)90805-I
http://dx.doi.org/10.1016/0375-9601(92)90711-T
http://dx.doi.org/10.1103/PhysRevA.40.4277
http://dx.doi.org/10.1103/PhysRevA.65.042302
http://dx.doi.org/10.1088/1751-8113/47/42/424002
http://dx.doi.org/10.1088/1751-8113/47/42/424002
http://dx.doi.org/10.1103/PhysRevLett.74.2619
http://dx.doi.org/10.1103/PhysRevLett.111.160402
http://dx.doi.org/10.1103/PhysRevLett.111.160402
http://dx.doi.org/10.1103/PhysRevLett.109.190401
http://dx.doi.org/10.1103/PhysRevA.87.042104
http://dx.doi.org/10.1103/PhysRevA.87.042104
http://dx.doi.org/10.1103/PhysRevLett.100.090403
http://dx.doi.org/10.1103/PhysRevLett.100.090403
http://dx.doi.org/10.1038/ncomms1193
http://dx.doi.org/10.1038/ncomms1193
http://dx.doi.org/10.1103/PhysRevA.72.042310
http://dx.doi.org/10.1103/PhysRevD.35.3066
http://dx.doi.org/10.1103/PhysRevLett.109.070401
http://dx.doi.org/10.1103/PhysRevA.88.014102
http://dx.doi.org/10.1103/PhysRevA.88.014102
http://dx.doi.org/10.1103/PhysRevA.74.030306
http://dx.doi.org/10.1103/PhysRevLett.115.030404
http://dx.doi.org/10.1103/PhysRevLett.115.030404
http://dx.doi.org/10.1088/1367-2630/12/5/053002
http://dx.doi.org/10.1088/1367-2630/12/5/053002
http://dx.doi.org/10.1103/PhysRevLett.104.210501
http://dx.doi.org/10.1103/PhysRevLett.104.210501
http://dx.doi.org/10.1103/PhysRevA.83.062325
http://dx.doi.org/10.1088/1751-8113/47/42/424005
http://dx.doi.org/10.1088/1751-8113/47/42/424005
http://dx.doi.org/10.1103/PhysRevA.86.062303
http://dx.doi.org/10.1103/PhysRevLett.88.170405
http://dx.doi.org/10.1103/PhysRevLett.89.060401
http://dx.doi.org/10.1103/PhysRevLett.89.060401
http://dx.doi.org/10.1103/PhysRevLett.98.140402
http://dx.doi.org/10.1103/PhysRevLett.98.140402
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.130401
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.130401
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.130401
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.130401
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.130401
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.130401
http://link.aps.org/supplemental/10.1103/PhysRevLett.116.130401
http://dx.doi.org/10.1103/PhysRevA.93.022121
http://dx.doi.org/10.1103/PhysRevA.93.022121
http://dx.doi.org/10.1088/1367-2630/16/3/033037
http://dx.doi.org/10.1103/PhysRevLett.112.200402
http://dx.doi.org/10.1103/PhysRevLett.112.200402
http://dx.doi.org/10.1364/JOSAB.32.000A40
http://dx.doi.org/10.1038/ncomms8941
http://dx.doi.org/10.1038/ncomms8941

