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We consider the electromagnetic field generated by a coherent conductor in which electron transport is
described quantum mechanically. We obtain an input-output relation linking the quantum current in the
conductor to the measured electromagnetic field. This allows us to compute the outcome of measurements
on the field in terms of the statistical properties of the current. We moreover show how under ac bias the
conductor acts as a tunable medium for the field, allowing for the generation of single- and two-mode
squeezing through fermionic reservoir engineering. These results explain the recently observed squeezing
using normal tunnel junctions [G. Gasse et al., Phys. Rev. Lett. 111, 136601 (2013); J.-C. Forgues et al.,

Phys. Rev. Lett. 114, 130403 (2015)].
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More than sixty years ago, Glauber showed that the
electromagnetic radiation produced by a classical electrical
current is itself classical [1,2]. The situation can however be
different in mesoscopic conductors at low temperature.
Indeed, in such conductors electron transport should no
longer be considered classical and current is represented by
an operator. Because this operator does not commute with
itself when evaluated at different times or frequencies,
Glauber’s results no longer apply. One may then wonder if
a “quantum current” may generate a nonclassical electro-
magnetic field. This is the central question addressed in this
Letter: how does the quantum properties of current in a
coherent conductor imprint on the properties of the electro-
magnetic field it radiates?

This question was partly addressed in Refs. [3—5] where it
was shown, for example, that the statistics of photons
emitted by a quantum conductor can deviate from the
Poissonian statistics of a coherent state. While the photon
statistics are most naturally revealed by power detection,
measurements on quantum conductors are more typically
realized with linear (i.e., voltage) detectors revealing quad-
ratures of the electromagnetic field radiated by the sample.
As a result, Refs. [3-5] only partly answer the question.

More recently it was predicted that, under ac bias, the
electromagnetic field radiated by a coherent conductor can
be squeezed [6]. The field is then characterized by
fluctuations along one of two quadratures being smaller
than the vacuum level. These quantum states of the
electromagnetic field are typically associated with the
presence of a nonlinear element, such as a Kerr medium
in the optical frequency range [7] or a Josephson junction at
microwave frequencies [8]. In contrast, squeezing was
experimentally observed using a tunnel junction with linear
current-voltage characteristics [9,10]. Here squeezing
results, not from a coherent nonlinear interaction, but
rather from the incoherent quantum shot noise of the
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junction under ac driving. The predictions of Ref. [6],
however, only consider correlation functions of the current
inside the conductor, not the properties of the emitted field
that is squeezed and ultimately measured.

In this Letter, instead of focusing on the current in the
coherent conductor, we determine the properties of the field
that it radiates. Given that currents and voltages in electrical
circuits are nothing more than another representation of
electromagnetic fields, the theoretical methods of quantum
optics are particularly well suited. By deriving an input-
output relation [11-13] directly connecting the radiated
electromagnetic field to the current, we can compute
measurable properties of the radiated field. We then go a
step further and consider the fermionic degrees of freedom
of the conductor as an environment for the electromagnetic
field of a microwave resonator. Tracing out the conductor’s
degrees of freedom leads to a Lindblad master equation for
the electromagnetic field in a squeezed bath, thus giving to
access to its squeezing and multimode entanglement
properties. Depending on the choice of ac bias for the
junction, one can induce both single- and two-mode
squeezing of the resonator modes. This shows how the
electrons in the coherent conductor act as an effective,
tunable medium for the field, and provides clear insight into
the mechanism responsible for squeezing of the field. In
contrast to conventional schemes based on coherent inter-
actions with nonlinearities, the fermionic degrees of free-
dom here provide a broadband squeezed bath for the
resonator, where dissipation can be used to cool modes
of the resonator into a squeezed state [14].

Our first step is to model the electromagnetic environ-
ment of the sample as a semi-infinite transmission line of
characteristic impedance Zy, = \/Ly/Cy, with Ly and C,
the inductance and capacitance per unit length, respec-
tively. The position-dependent flux ¢y(x,7) along the
transmission line is [11,12,15]
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where v = 1/4/LyC, is the speed of light in the trans-

mission line and a = \/hZ,/4x. The subscripts “in” and
“out” denote components moving towards and away from
the sample, respectively. The corresponding annihilation

operators satisfy [a;,[], & [@]] = 6(w — @') and similarly
for a,,. Finally, current at position x in the transmission
line is given in terms of the flux by I(x,1) =
L5 Dy (x, 1), while voltage is Vy(x, 1) = 8,y(x, ).

With the sample located at x = 0, current conservation
imposes that

Ii(1) = Ty(x = 0.1), (2)

where I, is the sample’s electron current operator in the
presence of the transmission line and of classical voltage
bias. This equality links the bosonic operators of the line to
the fermionic degrees of freedom of the sample. In the
frequency domain, this takes the form [16]

doulo] = dfo] = | 21, o) 9

which relates the field travelling away from the conductor
doy to the incoming field a;, and the condutor’s current
operator I, [17]. This is akin to an input-output boundary
condition in quantum optics [11,12,18,19]. An expression
similar to Eq. (3) can be found in Ref. [3] for the case of a
quantum conductor coupled to the electromagnetic field
freely propagating in three dimensions.

Since I, [w] depends on the current evaluated at all times,
it does not commute with a;,[w]. Care must therefore be
taken when evaluating moments of @, [w|. In Ref. [3], this
problem was avoided by neglecting the influence of the
field’s vacuum fluctuations on the current 7,. This is
justified for a sample of impedance much larger than Z,
thus very poorly matched to the transmission line, and does
not correspond to usual experimental conditions where
impedance matching is preferable. Here, we address the
problem of noncommutativity by writing Eq. (3) in terms of
the quantum conductor’s bare current operator I in the
absence of the electromagnetic environment, rather than the
full current 7, containing the influence of the field. This is
done by going to the Heisenberg picture and solving for the
current operator perturbatively in the light-matter coupling
a. This linear response treatment is justified for typical low
impedance electromagnetic environments such that Z; <«
Rg with Rg = h/e* ~26 kQ the quantum of resistance.
For the common experimental value Z; = 50 Q, one

indeed has ea/h = +/Zy/2Rg ~0.03 < 1. For the low
impedance transmission line and when the sample can be
treated in the lumped-element limit, we take the interaction
between the line’s and samples’s degrees of freedom to be

of the form Hy(t) = 1(t)¢hy(x = 0, 1) [16]. To first order in
the interaction we then find [16,20]

I[o] = I[w] + Vy[0]/Z[w], (4)
with Z[w] the impedance of the sample. In this expression,
I[w) is the Fourier transform of 1(¢), the electronic current
operator evolving according to the bare quantum conductor
Hamiltonian [16]. In principle, this free Hamiltonian can
contain disorder, interactions, etc., as well as the effect of
the classical dc and ac bias voltage, V4. + V. cos w,t,
applied to the conductor.

Combining Egs. (3) and (4) directly leads to

To]
VarhoZ Vw]’

with r = (Z —Zy/Z + Z,) the reflection coefficient and
t = (2\/ZZy/Z + Z,) the transmission coefficient with
|r|?> + |#|> = 1. In contrast to Eq. (3), the bare current
operator / entering Eq. (5) commutes at all times with the
incoming field &;, that has not yet interacted with the
conductor. Arbitrary correlation functions of the outgoing
field can thus easily be evaluated with this input-output
boundary condition.

As examples, we now discuss the results for different
types of common measurements. For simplicity we restrict
the discussion to the practically important case of an ideally
matched sample, Z[w] = R = Z,. Then r =0 and the

outgoing field takes the simple form a,,[w] =
—il[w]/ /478 (w) Where S, (@) = hw/R is the current
noise spectral density of vacuum noise. Measurable proper-
ties of the output field are then fully determined by the
current. In particular, second order moments of the output
field are given in terms of current-current correlation
functions which under ac excitation obey [16,21,22]

itjw]

(5)

é\lout[w] = r[w]&in [w] -

{(lo'[Tw]) = 27[S(@') + Syac(@')]6(0" + ®)

+21) X(0)8(a + @ — pwye).  (6)
p#0

In this expression,

~ = eV nhw,
S(w) = Zﬁ(hw >S<Vdc+ ; ,a)), (7)

n=-—00 ac

is the photoassisted noise, S(V,w) = F[So(V + hw/e)+
So(V—hw/e)]/2+ (1 — F)Sy(hw/e) the noise spectral
density of current fluctuations in the conductor,
So(V) = R7'eV coth(eV/2kzT), and F the Fano factor
[23]. Moreover,

F /)
X(a)) = E Zjn‘anrp |:SO <Vdc + ; (w + nwac))

+ (=1)7S <Vdc - g (0 + "wac))] ; (8)
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characterizes the noise dynamics [24]. For brevity we have
here omitted the argument of the Bessel functions J,, that is
the same as in Eq. (7).

We first consider photodetection of the output field in the
experimentally relevant situation where the signal is band-
pass filtered before detection. This can be taken into
account by defining a filtered output field

R 1 . R
bs(t) = = / dwe=iomia (o], (9)

where B refers to a measurement bandwidth centered at the
observation frequency @, > 2zB. With this definition, the
filtered photocurrent is [16]

S(wO) B Svac(wO)

<I;Zut(t)l;0ut(t)> = 28 (CU()) P

(10)

where we have assumed a small filter bandwidth and
dropped fast rotating terms [16]. As expected, a photo-
detector is sensitive to the spectral density of the current
noise emitted by the conductor [25-27]. In practice, this can
be measured by separating the emission and absorption
noise [28,29]. A more common detection scheme is to
measure the time-averaged power of the emitted electro-
magnetic field. Again assuming a small measurement
bandwidth, we find from Eq. (1) that (Vy(1)*)/R =
BS(wo)R, with V; the filtered transmission-line voltage
and where we have omitted a contribution from the vacuum
noise of the in-field [16]. In contrast to photodetection,
measurement of the power of the electromagnetic field is
related to the symmetric current-current correlator contain-
ing both emission and absorption [27]. This is not in
contradiction with the fact that a passive detector cannot
detect vacuum fluctuations [26]. Power measurements are
indeed performed using active devices like amplifiers and
mixers.

Following the experiments of Refs. [9,10], we now
consider measurement of field quadratures as obtained
by homodyne detection [7]. Defining quadratures of the

output field in the frequency domain as X, [@] = al, (o] +

~

é\lout[o‘)] and ?out[a)} = i(a(-tut[w] - &out[w])’ and using
Eq. (5), we immediately find for the variance of these
quantities [16]

({I[-o]. T[0]}) - 2([o]*)

Aj\(gut [CO] = 477.'S (CO) ’
1 — 1 9] 1 ] 2
Af;(z)m[w] _ <{1[ ];|.I7£S]}>(;—)2<I[ ] > . (11)

In practice, (I[w]?) is only nonzero in the presence of ac
bias on the sample. Indeed, as expressed by Eq. (6),
modulation of the bias voltage at frequency w,. induces
correlations between Fourier components of the current
separated by pw,, with p an integer [21,22]. For

pw,. = 2wy, and defining filtered output quadratures,

A

?out.f([) = i[b:)ut(t)_

A

{fout,f(t) = [;zut(l) + Bout(t) and
bou ()], we find [16]

AXZ (1) =2 <N(a)0) + % - M(coo)> ,

AP2u) =2(N(on) + 3+ Mlan)). (12
where
N(w)zw, M(w):zsL“E)w). (13)

Clearly, the X quadrature of the output field is squeezed
when M(wy) > N(w,), equivalently X(wg) > S(wy)—
Svac(@g), with M(w) and N(w) bounded from the
Heisenberg inequality by N(w)[N(w) + 1] > M(w)?* [7].
The same condition for squeezing was found in Refs. [6,9]
by directly postulating the link between the field quad-
ratures and the current operator for a normal tunnel
junction. The squeezing generated by such a junction is,
however, moderate; Gasse et al.’s experiment reporting a
value of 1.3 dB is in excellent agreement with our
theoretical predictions, see Fig. 2 of Ref. [9]. The degree
of squeezing can be tuned through V. and V.. As shown
in Ref. [16], we find the squeezing to be maximal for
eVy. = hwy, w,. = 2wy, with a maximum squeezing of
~2 dB at zero temperature.

To better understand the mechanism responsible for
squeezing by the quantum conductor we now derive an
equation of motion for the state p(z) of the field. This is
done by following the standard quantum optics approach:
the bath is integrated out invoking the Born-Markov
approximation to obtain a Lindblad master equation
describing the dynamics of the field only [7]. The crucial
difference from the usual treatment is that here the
fermionic degrees of freedom of the sample play the role
of bath for the bosonic modes of the field. Moreover, it is
possible to engineer the system-bath interaction with the ac
modulation frequency, leading to different field steady
states.

To simplify the discussion and because it is experimen-
tally relevant [30-32], we consider the setup illustrated in
Fig. 1 where a normal tunnel junction is fabricated at the
end of a 1/4 transmission line resonator of characteristic
impedance Z. The case of a Josephson junction has been
considered in Refs. [15,33-35]. The effect of the junction
on the resonator is easily found by decomposing the
resonator flux in terms of normal modes ¢(x,1) =
> i@ ()1, (x), with u,,(x) the mode envelope [16,36].
The full line in Fig. 1 illustrates |u;(x)| for a junction
impedance R < Z;, while the dashed line corresponds to
Re[u;(x)] for R > Z,. As expected, in the former case the
junction acts as a short to ground and the mode envelope
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FIG. 1. Transmission line resonator (blue) terminated by a
normal tunnel junction. The first resonator mode envelopes are
illustrated for R/Zy, = 0.1 (full brown line) and R/Z, = 2000
(dashed brown line). The output field can be measured via the
capacitive coupling to the output port (dark blue).

approaches that of a /4 resonator, except for a small gap
luj(=L)| ~R/Z, at the location of the junction. On the
other hand, for large tunnel resistance the junction acts as
an open and the resonator’s bias on the junction is larger
with |u;(=L)| ~ 1+ (Zy/R)>.

Having characterized the resonator mode in the presence
of the junction, we now obtain the master equation
assuming Zjy < Rg. In this limit, the interaction
Sl (a0 + @,,), where a,, =
the effective impedance of the

Hamiltonian reads H, =

VAZyu,(~L) with Z,,

resonator’s mth mode and am) the annihilation (creation)
operator for the same mode [16]. As above, the current
operator ] takes into account the presence of classical dc
and ac bias on the junction.

We first focus on the situation where the ac frequency is,
as above, pw,. = 2w,, where p is an integer and w,, now
the frequency of the mth resonator mode. In the rotating-
wave approximation we find [16]

p(1) = Ky(Nyy + 1)Dlaylp + <N, Détnlp
+ KM, S[a)p + KM, S[ah)p. (14)

with Dlalp = apa’ —{a'a,p}/2 and S[X]p = apa—
{a?,p}/2. Equation (14) is the standard master equation
of a bosonic mode in a squeezed bath [7] where k,, =
u,,(—L)*w,,Z,,/R is the cavity damping rate caused by the
tunnel junction resistance [37]. The thermal photon number
N,, = N(w,,) and the quantity M,, = M(w,,) responsible
for squeezing are the same as in Eq. (13). Evolution under
Eq. (14) leads to steady state variances of the intracavity
quadratures X —ah+ a,, and Y = l(al:1 —a,,) taking
the form AX%1 =2N,, +1-=2M, and AY?2 =2N,+
1 4+ 2M,,. In other words, intracavity squeezing is identical
to what was found in Eq. (12) in the absence of the
resonator.

The form of the above master equation clearly illustrates
the dissipative nature of squeezing by a tunnel junction.
This type of squeezing by dissipation has been explored
theoretically in various systems and, in particular, in
Ref. [14] where it was shown that modulating the quality
factor of a linear cavity could lead to ideal and unbounded

squeezing. A similar mechanism is in action here with the
periodic modulation of the Fermi level of the tunnel
junction by the ac bias. The achievable squeezing is,
however, neither pure nor unbounded, with the purity

P = Svac/V 5% — X2 < 1. At zero temperature, the highest
expected purity is p ~ 0.91 corresponding to the 2 dB of
squeezing mentioned above. This conclusion also applies
to the cavity output field. Indeed, taking into account an
output port (illustrated by the capacitor on the right-hand
side of Fig. 1) reduces intracavity squeezing by adding
vacuum noise. This additional contribution is, however,
absent from the cavity output field if the decay rates at the
two ends of the resonator are matched [13], leaving the
degree of squeezing unchanged from the above input-
output theory without cavity [16].

Taking advantage of the multimode structure of the
resonator, other choices of ac drive can lead to entangled
steady states. In particular, taking pw,. = ,, + o, results
in [16]

pt) = Z {x1(N;+ 1)Dla)p+ ;N Dl ] p}

I=n,m
+ vV KnKmMnm(Anp&m +&mp&n - {& amvp})
anamvp}> (15)

AT A A A
+ Kk M (O ph, + @ pa —

where x; and N; are the same as above and
M,,, = X(@,)/2\/Sysc(®,)Syac(®,,). This master equa-
tion leads to two-mode squeezing. Indeed, in steady state
the variance of the joint quadratures X, =X%X,+X, and

)A/i :f/nj:f’m are

AX2 = AY2 =2(N,+N,, +1-2M,,),
AX2 = AY2 =2(N,+N,, +1+2M,,), (16)

where we have assumed «, = k,,, for simplicity. Similarly
to the above single-mode case, the pairs of commuting
quadratures AX7 and AY? are squeezed for 2M,,, >
N,+N,,.

It is interesting to point out that these quadratures are
entangled when AX% + AY2 < 4 [39]. This type of two-
mode squeezing generated by a normal tunnel junction
under the above ac modulation frequency was already
experimentally reported in Ref. [10]. Equation (15) shows
how this entanglement generation can be understood as
resulting from correlated absorbtion (emission) of
entangled excitations from (into) the bath, without any
direct coupling between the modes.

Finally, it is interesting to also consider the situation
where the ac modulation is such that pw,. = |®, — ®,,|-
Rather than two-mode squeezing, this leads to correlated
decay where emission by mode n stimulates emission from
mode m, and vice versa. Details are given in the
Supplemental Material [16]. For this choice of ac bias,
the variance of the above joint quadratures keeps the same
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form, except for AX? and AX2 whose roles are exchanged.
Since [X_, ¥_] = 4i, the variance of these two quadratures
must respect AX_AY_ >2 implying that N, + N, >
2M,,,. In other words, these quadratures cannot be
squeezed below the vacuum level when the ac-bias fre-
quency is matched to the frequency difference of the two
modes, also implying that the two modes are not entangled.

In summary, we have shown how the electromagnetic field
radiated by a quantum conductor is related to its electronic
properties. This establishes a common language between
quantum optics and mesoscopic physics. In particular, recent
experimental observations of squeezing and entanglement
produced by a tunnel junction are well understood within our
framework. These results have been obtained assuming a
simple quantum conductor in a low impedance electromag-
netic environment. A next step is to go beyond the assump-
tions made here by considering conductors with internal
dynamics, such as quantum dots, or conductors placed in a
high impedance environment. By engineering such environ-
ments, for which the dynamical Coulomb blockade becomes
prominent, one can expect different mechanisms producing
squeezing, entanglement, and even the generation of non-
Gaussian electromagnetic fields.

We thank Julien Gabelli and Karl Thibault for useful
discussions. This work was supported by the Canada
Excellence Research Chairs program, NSERC, FRQNT
via INTRIQ and the Université de Sherbrooke via EPIQ.

Note added.—Recently, we became aware of an alternate
description of squeezing by tunnel junction in a resona-
tor [40].
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