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The soft photon theorem, in its standard form, requires corrections when the asymptotic particle states
carry magnetic charges. These corrections are deduced using electromagnetic duality and the resulting soft
formula conjectured to be exact for all Abelian gauge theories. Recent work has shown that the standard
soft theorem implies an infinity of conserved electric charges. The associated symmetries are identified as
“large” electric gauge transformations. Here the magnetic corrections to the soft theorem are shown to
imply a second infinity of conserved magnetic charges. The associated symmetries are identified as large
magnetic gauge transformations. The large magnetic symmetries are naturally subsumed in a complex-

ification of the electric ones.
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Introduction.—The soft photon theorem [1-5] relates the
leading infrared behavior of scattering amplitudes with and
without single soft photon emission

(Pmit.---|aa(@)SIpr...) =So(Pui1s-|SIp1....) +0(4°),
(1)

where p, is the momentum of the kth particle and a,
annihilates the momentum g — 0 photon. The soft factor S,
[Eq. (2) below] has a pole in g. The formula (1) is exact as
long as there are no magnetic monopoles among the
asymptotic particles. In this Letter we argue that the general
form of the relation (1) remains valid in the presence of
monopoles, but the formula for S, is corrected.
Electromagnetic duality transformations are used to deduce
the corrected form of S, [Eq. (6) below)] which is con-
jectured to be exact [6]. The corrected soft formula should
play an important role in understanding the infrared structure
of Abelian gauge theories with magnetic monopoles.
Recently, it has been understood [7-10] that, in the
absence of magnetic monopoles, the usual soft photon
theorem is the Ward identity of an infinite-dimensional
asymptotic symmetry group comprised of certain “large”
Abelian gauge transformations that do not die off at infinity.
The associated infinity of conservation laws equates arbitrary
moments of the electric field measured at the past of future
null infinity with the antipodal moments measured at the
future of past null infinity. Here we spell out the analogous
magnetic story. Abelian gauge theories also have magnetic
gauge symmetries which shift the dual magnetic potentials.
When magnetic charges are present, there is an infinite-
dimensional large subgroup that acts nontrivially on the S
matrix. The infinity of associated conserved charges are
comprised of moments of the magnetic field [11]. The large
magnetic gauge symmetries are naturally contained in a
complexification of the large electric gauge symmetries [12].
The corrected soft photon theorem is then the Ward identity
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of the complexified large gauge transformations. All of these
symmetries are spontaneously broken and the soft photons
are the Goldstone bosons. The argument can also be run
backwards: the corrected soft photon theorem implies the
existence of an infinite number of conserved electric and
magnetic charges, together with the associated symmetries.

This Letter is organized as follows. In Sec. 2 we derive
the magnetically corrected soft photon theorem. Section 3
derives the associated asymptotic symmetries and conserved
charges. Some conventions are given in the appendix.

Magnetically modified soft theorem.—The leading soft
factor for an (m — n + 1 — m)-particle scattering process
defined in Eq. (1) is [1-5]

m

n
Pk " Ea Pk " Ea
So(q: eas proer) =, L= L ()

k=mt1 P4 i3 Ped

Here, ¢, = (1/e) [ +F is the electric charge of the kth
particle. ¢, is the polarization vector of the soft photon
whose annihilation operator a, is defined in the Appendix.
We wish to find the corrections to this formula required in
the presence of asymptotic particles carrying magnetic
charge g, = (1/e) [ F. The form of the monopole-induced
corrections are easily deduced via an electromagnetic duality
transformation. This is simply a convenient field redefinition
and we are not assuming any symmetry of the theory. Dual
variables [13], denoted by a tilde, are defined by

~ 4
F:——Z*F,
e
. 4n
e=—,
e
- 1/ ~
€ == *F:gk,
e
- 1 [-
kag F=—e; (3)
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The soft photon field strength is proportional to

F = dA, A = eg,e'*, (4)

A dual soft photon vector potential and polarization is
defined by

F:dA:—4—Z*dA,
e

A = g, el (5)
This formula defines &, up to an irrelevant shift by ¢q. &, is
essentially the Hodge dual of ¢, in the spatial plane trans-
verse to the spatial direction of photon propagation. The
coupling of a magnetic monopole to a photon, at soft
wavelengths much larger than the monopole size, can
now be obtained by the replacement A — A, &, = &, and
ey = e, = g;. It follows that monopoles preserve a soft
relation of the form (1) while correcting the leading soft
factor to [14]

"~ pi- (exgq + GiEy)
)=

So(q, Eas P> ks €k
Pk -4

k=m+1

_ ipk ) (ekga + gkéa) (6)
k=1 Pk 4

Electric and magnetic charge conservation imply that S is
separately invariant under electric and magnetic gauge
transformations ¢, — ¢, + g and &, - &, + q.

We conjecture the formula (6) is exact for all Abelian
gauge theories.

Symmetries of the S matrix.—In this section we describe
the nontrivially acting electric and magnetic symmetries of
the S matrix and derive the associated Ward identities. For
simplicity, we take all charged particles to be massive. Our
analysis follows closely Ref. [7], to which we refer the
interested reader for further details.

Preliminaries: The Minkowski metric in retarded coor-
dinates reads

ds* = —dt* + (dx')? = —du® = 2dudr +2r’y zdzdz,  (7)

where u is retarded time and y; is the round metric on the
unit radius S? with covariant derivative D,. These are
related to standard Cartesian coordinates by

rr = x;x',

x'=ri(z,z). (8)

u=t-—r,

Advanced coordinates (v, r,z,Z) near past null infinity

(Z7) are

ds* = —dv* + 2dvdr + 2r?y -dzdz; rr = x;xt,
v=t+r, xl = —ri'(z,2). 9)

ZT (Z7) is the null hypersurface r = co in retarded
(advanced) coordinates. Because of the last minus sign
in (9) the angular coordinates on Z™ are antipodally related
to those on Z~ so that a light ray passing through the

interior of Minkowski space reaches the same value of z, Z
at both Z* and Z~. We denote the future (past) boundary of
I by ZT (Z7), and the future (past) boundary of Z~ by
7 (I2).

Near 7+, we assume the asymptotic expansion

o 4 (n) _
A
A=y oY (u.2,2) (10)

along with similar expansions near 7~ and for Aﬂ. Near
spatial infinity the field strengths are taken to obey the
usual PT- and Lorentz-invariant antipodal continuity
condition

2 - 2 _

Fd (2.2l = F2(2.2) I (11)
0 - 0 —

Fiz)(Z’Z”It = —ng) (Z’Z>|I;' (12)

The minus sign (12) arises because our advanced
and retarded coordinate systems differ by a parity
transformation.

Electric charges and symmetries: Abelian theories have
an infinite number of local electric gauge symmetries under
which

6A,(x) = 0,¢(x), SV (x) = ie%\llk(x), (13)
where W, is any field or wave function of charge e;. One
may attempt to define associated charges as various two-
surface integrals of the field strength weighted by the gauge
parameters. Many such charges are either trivial or not
conserved. However, an infinite number of nontrivial
outgoing (incoming) charges on Z* (Z7) can be associated
with large gauge transformations on Z* (Z~) that approach
the time-independent function £(z, Z) on Z [16]. Explicitly,
these are

1
er :2/ dzzyzZEFE’i)’
e” JIz
1
Q=7 /I Ay eFy), (14)

where £(z, 7) is any function on S2. It follows immediately
from (11) that these charges are conserved:

S =0;. (15)

Under the associated symmetry the gauge field on Z+
transforms as
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8.AY (u,2,7) = 0.¢(z. 7). (16)

It follows that the large gauge symmetry is spontaneously

broken and the zero modes of A§0>—the soft photons—are
the goldstone bosons.

It is useful to write the charges as integrals over Z=.
Defining the outgoing, positive-helicity soft photon operator

Ft= / duF'Y, (17)
integrating by parts and using the Z" constraint equation

8,F% + DFY) + DFy) =0 (18)

uz

one finds

1 1
o = eZAZ d?ze(0-FF + 0.FY) Jrez/z+ dzzyzzeF(,i)
+

= Q;-f— Q; (19)

The first piece of the charge is written in terms of the soft
photon operator and will be referred to as the soft charge Q.
The second piece is proportional to the electric fields
produced by the asymptotic outgoing hard particles and
will be referred to as the hard charge QF;.

Similar observations apply to Z~. The charge is given by

e

1 1
Qs_ = _2A2 dzzg(aze_ + 8ZFZ_) +?/I‘ L{ZZ)/Zzé'ng)

= 05 + Op (20)

where F; = [ dvF \) creates and annihilates incoming soft
photons.

The conservation law (15) is equivalent to the S-matrix
Ward identity:

(out](0; S — S0; ) in) = 0. 1)

In order to facilitate later comparison with the soft theorem,
we rewrite this in the form

(out|(Q5'S — SQ5)[in) = —(out|(QyS — SQ)lin). (22)

In Refs. [7,8] it was shown that, in the absence of
magnetic charges, O (Q7) generates large gauge sym-
metries on Z (Z~) via commutators. Q;, which is linear in
the soft photon operator, generates the inhomogenous
transformation [Q;L,Ago)] =id.e in (16). Q}, generates
the large gauge action on the hard particles, whose charge
densities are (in the massive case) generally distributed over
the asymptotic S>. However, the analyses in Refs. [7,8]
assumed the absence of magnetic fields at Z£ and do not
directly apply to the present context. Moreover, we expect
the value of the 0 angle to affect zero mode commutators

and be important for such an analysis. We expect it remains
true that the charges QF generate the large electric
symmetries, but we will not show it here.

Magnetic charges and symmetries: Abelian theories also
have an infinite number of local magnetic gauge sym-
metries under which

5 . . egx

5,A,(x) = 0,e(x), 5.V (x) = lsE\I’k(x), (23)
where U, is any field or wave function of magnetic charge

gr- We consider large magnetic gauge transformations,
under which the dual gauge field on Z" transforms as

5.AY (u,2,2) = 0.¢(z2.7). (24)

Conclusions parallel to those of the previous subsection
apply to the magnetic case. This is obvious by working in
the terms of the dual variables, which simply amounts to
putting a tilde on every variable of the previous subsection.
It is also useful to describe the magnetic charges in the
original variables without using duality as follows.

The infinity of outgoing and incoming magnetic charges
associated with (24) are

of = é/ﬁ dzzng),

~_ i
0; = _E/I d2z£F§2), (25)

where £(z, 7) is any function on S2. It follows immediately
from (12) that these charges are conserved:

0 =0;. (26)

Integrating by parts and using the Bianchi identity (instead
of the constraint equation) one finds
0 = i d*ze(0:FF — 0, FF) + il d?zeFY
€ 4” SZ itz %z 4” Ii 2z
=05 + 0.
~ i ~
Q. = in . d*ze(0-F:

b 0
-0.F7) - el d*zeFY

=05 + O (27)
The first term creates and annihilates soft photons, while
the second acts on the hard asymptotic magnetically

charged particles, much as in the electric case. The
magnetic Ward identity is

{out| (05§ ~ SQ5)|in) = —(out|(0}S ~ SO5)|in). (28)

Electromagnetic charges and symmetries: It turns out
that the electric and magnetic charges and symmetries
combine simply into a single complexifed charge and
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symmetry. To see this, consider the action of duality on the
fields at Z+:

~ (0 Ari 2
ng) - 62 7ZZF£M)’
~(2 47171 = (0
Fil = ?WZFEZ)’
- 4xi
FO =22 F0,
e
FO _ 4 Lo (29)
uz 62 uz o
and 7~
~(0 4ri
ng) ) J/ZZng)’
e
~ dgi
FS”%) = _g ZZF?Z”?
e
- Axi
FU(;) == 7;1 F(Lg)a
e
~(0 4ri 0
F(vz) = _?Fy;- (30)

+ (4ni/e) 07,

It is convenient to define QF = eQF
which may be expressed

2 1
or == / 760, FE + - / Pze(y.F% - FY)
e s € JIt
=9 + 9f
2 1
o, = 2/2 dzzeang + ;/ dzzg(}'zZFg'zU) + FSZ)))
s -

=5+ Q. (31)

These complexified charges are natural because they trans-
form simply under duality

of = —io*. (32)
The complexified Ward identity
(out](Q3 S — SQ5)in) = —(out](Q}1S — SQ7)[in)  (33)

then implies both (22) and (28).

The structure of (31) suggests that the magnetic sym-
metries are contained in a complexification of the electric
ones. This can be made more precise It follows from the

expansion (10) that F\) = 9,4 = (¢?/47i)0,A\", so that
the field strengths determine the asymptotic electric and
magnetic vector potentials up to a (z, Z)-dependent integra-
tion constant. It is natural to choose this constant so that

~ 4 ~ 4
A0 = ﬂA; ), AP = ”1A<> (34)

e’ e?
In this framework electromagnetic duality acts locally on the
vector potential at Z as a (z/2) rotation and a rescaling. (34)

requires Ag())

formations as

must transform under magnetic gauge trans-

549 = 96 540 = ;i d.e. (35)
T

Q is associated with a real electric transformation propor-
tional to ee and an imaginary magnetic one proportional to

(4rmi/e)e. The associated transformation of the vector
potential is

4
(65 + 25 ) =2e0,¢,
477,'1 ~ (0)
ed, +—256, |A;' = 0. (36)
e

The complexified transformation acts only on the holomor-

phic vector potential A§°>. This natural complexification of

the large gauge group was encountered previously [9,10] in
recasting it as a U(1) Kac-Moody symmetry acting on the
conformal $? at Z, and is closely related to the complex-
ification used to set A; = 0 on the boundary when recasting
3D Chern-Simons theory as a WZW model [17,18].

Soft theorem — Ward identity: In this section we close
the loop by showing that the magnetically modified soft
photon theorem (1) implies the general Ward identity (33).

The outgoing soft photon theorem can be written

Cla(CI)S|p] ’ >
S[p1.-.), (37)

lima)<pm+l [ |
w—0
= 0So(Pmit: -

with S given in (6) and conventions in the appendix. We
parametrize the photon momentum as

q" = o(l,%(z,2)) = 0g"(z.2), (38)
with 3> = 1 and z a complex coordinate on S? as in (8). The

left-hand side of (37) can be written in terms of the zero
mode (17),

F?(Z,Z)—/duFﬁf?
= ——8 %'lim Z weag(w3) + wetah(wk)),

(39)

by taking a weighted sum over polarizations. Using the
identity [7]

d:3'(z, Z)Ze*“

=0;1lo 40
- pi- q(z z g(pk q) ( )

the soft theorem becomes
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k=m+1

=Y (ex Hig)0eI0R(p ) ) (P SIpr ). 1)
=1
For incoming soft photons, one has

001, |Sak() 1.} = =0} (P

(42)

where S is not real in a complex basis of polarizations. A
nearly identical calculation then yields

(Pms1s---|SFZ|p1,...

(2 (exingoioe(pi-a)

k=m+1
—Z<ek+igk>azlog<pk-e/>)<pm+1,...|8|p1,...>, (43)
k=1
where §' = (1,-3%(z,7)). Taking the divergence of

(41) and (43), multiplying by e and integrating over
the sphere, we find [19]

(wteoed [ d20FESIp )

1 2 0
= Z/ d2Z£([722F£’1/) + ng)]fjr
s2

2 0
~ 7P = FQ) (et [SIpr. ). (44)
<pm+lv ‘Sﬂz CFZS@ZFZ_“?], >
1 2 0
= ZA7 dsz([YzzFﬁu) - ng)]zt
2 0
e F2 4 FOL) s |Spr. ). (45)

Taking the difference of (44) and (45) and using the
continuity conditions (11)—(12), we reproduce (33)

(Pmsts | Q5 S = 8Q51p1 ..
1

=—- Jzzg([YzzF%) - F((-))]ﬁ

e)e 2Z 1I7

~ e F D+ FOY ) (i - ISIprs ) (46)

~(Pms1:---1QuS = 8Qxlp1. ..)- (47)
In conclusion, the magnetically modified soft photon
theorem is the Ward identity of complexified large electro-
magnetic gauge transformations.
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APPENDIX: MODE EXPANSIONS

We normalize the gauge field so that the action is § =
—(1/4€*) [ F* with e the gauge coupling. The standard
mode expansion for the vector field is then

A (u,r,2,2) 62/ 27) 32w (Zl)a(l(é)ei‘/‘x

+ e2(q)ak(g)e~ ], (A1)

with

[a0(d). aj(@)] = Supl67° 08 (G~ ). (A2)

The large-r saddle point approximation gives

. © .
A’Z / dw,lei%a,(w, x)e™ '
0
a

(0) o\
A (u,z,7)=— mazx

(A3)

— ela,(w,3) e ).
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