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Spectral Properties of Dirac Billiards at the van Hove Singularities
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We study distributions of the ratios of level spacings of rectangular and Africa-shaped superconducting
microwave resonators containing circular scatterers on a triangular grid, so-called Dirac billiards (DBs).
The high-precision measurements allowed the determination of, respectively, all 1651 and 1823
eigenfrequencies in the first two bands. The resonance densities are similar to that of graphene. They
exhibit two sharp peaks at the van Hove singularities which separate the band structure into regions with a
linear and a quadratic dispersion relation, respectively. In the vicinity of the van Hove singularities we
observe rapid changes in, e.g., the wave function structure. Accordingly, we question whether the spectral
properties are there still determined by the shapes of the DBs. The commonly used statistical measures are
no longer applicable; however, we demonstrate in this Letter that the ratio distributions provide suitable

measures.
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Introduction.—The focus of the experiments with micro-
wave photonic crystals [1] reported in this Letter were the
spectral properties of finite-size graphene sheets [2,3],
particularly in the vicinity of the van Hove singularities
[4] (vHSs) exhibited by the density of states (DOS) [3,5,6].
Graphene, a monoatomic layer of carbon atoms arranged on
a honeycomb lattice, has exceptional electronic properties
that stem from the shapes of its conduction and its valence
band. They touch each other conically at the six corners of
the hexagonal Brillouin zone constituted by two indepen-
dent Dirac points (DPs) denoted by K. Previous studies
focused on the energy region around the DPs, where the
dispersion relation is linear and, thus, graphene exhibits
relativistic phenomena [2,3,7-9]. The band structure, how-
ever, becomes more complex with increasing energy, and the
dispersion relation eventually changes from linear to quad-
ratic [10]. The transition takes place at its saddle points, the
M points, corresponding to the vHSs in the DOS. They
generally occur in two-dimensional crystals with a periodic
structure [4,11-19] and give rise to logarithmic divergences
in the DOS. As a consequence, arbitrarily weak interactions
can produce large effects in the electronic behavior of
graphene. Once the Fermi energy approaches a vHS, as,
e.g., in hole-doped cuprates, the presence of the singularity
may lead to an enhancement of ferromagnetism, antiferro-
magnetism, or superconductivity [20-25]. The vHS, in fact,
isatopological critical point where a quantum Lifshitz phase
transition takes place [26-32].

Tight-binding model (TBM) calculations revealed that,
similarly, the wave function structure varies rapidly in the
vicinity of the vHSs. Consequently, it is not obvious that in
the vicinity of the vHSs the spectral properties only depend
on the shape of the DB (as they do close to the DPs and the
band edges [10]). A prerequisite for the applicability of
commonly used statistical measures for the investigation of
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the spectral properties is the unfolding, i.e., the rescaling of
the levels to mean spacing one. This is not possible close
to the vHSs. The main objective of the present Letter is thus
to experimentally study, close to the vHSs, the spectral
properties of graphene flakes (dots) in terms of the
dimensionless ratios of level spacings [33,34]. This was
not hitherto possible, because of the required precision of
the measurements due to the high level density. Here, we
exploited the fact that the peculiar shape of the first two
bands of graphene arises due to the symmetry properties of
its honeycomb structure, which is formed by two inter-
penetrating triangular lattices with threefold symmetry.
Indeed, the shape has been reproduced using two-dimen-
sional electron gases, molecular assemblies, ultracold
atoms [35-39], and photonic crystals [30,40-46], or,
generally, systems referred to as artificial graphene [47].
Furthermore, experimental studies have been performed
with graphene quantum dots, so-called graphene billiards
[48-52]. We performed high-resolution measurements with
superconducting macroscopic-size microwave Dirac bil-
liards (DBs) [10,43] that were in the shape of a rectangle
and the African continent [53-55], respectively. In [10] we
analyzed the spectral properties of graphene near the K
points and around the center of the first Brillouin zone, i.e.,
the I' points at the band edges. Our experiments were
further motivated by the inconsistent experimental [49] and
numerical [54-59] results for the spectral properties of
Africa-shaped graphene billiards.

Experimental setup and spectral properties.—A photo-
graph of the Africa-shaped microwave DB is shown on the
rhs of Fig. 1. The DBs consisted of a basin and a lid made
from brass plates. The basin contained a photonic crystal
which was constructed by milling ~900 metal cylinders
arranged on a triangular grid out of a brass plate. The lattice
constant, i.e., the distance between neighboring cylinders,
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FIG. 1. Transmission spectrum (lhs) in the frequency range of
the first and second bands of the Dirac billiard shown in the
photograph with the lid removed (rhs). It has the shape of the
continent of Africa and contains ~900 metal cylinders arranged
on a triangular lattice. A region of low resonance density around
the DP is clearly visible.

was a; = 12 mm and a; = 8 mm, respectively, and
the radius of the cylinders was R = a; /4. To attain
superconductivity at liquid helium temperature, i.e., at
Tine = 4.2 K, the lid and the basin were coated with lead,
which has a critical temperature 7. = 7.2 K. The height of
the resonators was d = 3 mm and the range of excitation
frequencies f of the microwaves that were coupled into
the resonator was chosen as 0 < f <50 GHz. Up to the
maximal frequency the electric field modes are described
by the scalar Helmholtz equation with Dirichlet boundary
conditions at the walls of the basin and the cylinders. This
equation is mathematically equivalent to the Schrodinger
equation of a quantum billiard of the same shape containing
circular scatterers at the positions of the latter [60,61]. The
honeycomb structure of the DBs is generated by the voids
at the centers of the triangles formed by, respectively, three
of the cylinders; see insets of Fig. 2. The corresponding
empty quantum billiard (QB) is obtained by removing the
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FIG. 2. Integrated resonance density (upper panels) and reso-

nance density (lower panels) of the rectangular (left part) and the
Africa-shaped (right part) DBs (black). The insets show a
schematic view of the corresponding DB. The red (gray) and
blue (dark gray) dots mark the voids between the metal cylinders
of the photonic crystal situated at the sites of the two interpen-
etrating triangular lattices.

cylinders [60,61]. We chose DBs with the shapes of a
rectangle and of Africa because their classical dynamics
are, respectively, fully integrable and fully chaotic with no
nongeneric contributions from bouncing-ball orbits [62].
The choice of the latter shape was motivated by the seminal
work on neutrino billiards [53].

Figure 1 shows a transmission spectrum of the Africa-
shaped DB. Below the frequency of the lower band edge at
fsE = 29.84 GHz no resonances were detected, and above
the upper one at f gg = 45.52 GHz a second broad band
gap is observed. In between a narrow gap of low resonance
density is clearly visible, which separates the first and
second band. It is situated around the frequency fp =
35.32 GHz of the DP. The corresponding frequency values
for the rectangular DB are provided in Ref. [10]. The
positions of the resonances yield the eigenfrequencies f; of
the microwave DBs. Because of the high quality factor
0 = 5 x 10° of the superconducting microwave resonators,
complete sequences of, in total, 1651 and 1823 eigen-
frequencies could be identified in the first two bands of
the rectangular and the Africa-shaped DB, respectively.
Figure 2 shows their integrated density (upper panels) and
the density of their eigenfrequencies (lower panels). The
latter corresponds to the DOS per unit cell [3,5,6]. It
resembles that of graphene [3,5,63] with a minimum at the
Dirac frequency. The two sharp peaks at the frequencies of
the M points evolve into logarithmic vHSs with increasing
size of the sheet. The DOS of the Africa-shaped DB, in
addition, exhibits a slight bump above the Dirac frequency,
that is, an accumulation of eigenfrequencies. They corre-
spond to edge states that are localized at the zigzag edges
formed by the void structure [41,58].

In the regions close to the band edges, the eigenfre-
quencies of the DBs are directly related to the eigenvalues
of the associated QB [10]. These observations were
corroborated by TBM [5,64] calculations for the honey-
comb lattice formed by the voids inside the DBs. In Fig. 3

FIG. 3.

Computed intensity distributions of the wave functions
of graphene sheets with the same honeycomb structure as that
formed by the voids (see insets of Fig. 2) inside the rectangular
(upper row) and the Africa-shaped DB (lower row), close to a
band edge (left panels), a vHS (middle panels), and the DP (right
panels). Here, red (gray) and blue (dark gray) correspond to a
maximal and a vanishing intensity, respectively.
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we show for each DB a computed wave function intensity
distribution in the vicinity of a band edge (left panels).
They are identical with those of the QB. This similarity
holds for the first ~250 and =90 eigenstates of the
rectangular and the Africa-shaped DB counted from the
band edges, respectively. For the latter, the number is
smaller because of the deviation of its curved shape from
that of the honeycomb lattice fitted into it. In the region
around the DP, we found a linear interdependence between
the eigenfrequencies of the DBs and the eigenvalues of
the graphene billiard [58] of the corresponding shape. The
associated wave functions shown in the right panels of
Fig. 3 exhibit no structure. This is in accordance with the
low-energy approximation for graphene, which implies a
diverging effective wavelength. The intensity, in fact, is
nonvanishing only at the zigzag edges [58].

We also investigated the spectral fluctuation properties
of the frequencies e; = |f; — fo| with respect to the band
edges, fo = figE, fuBE, and to the DP, f, = fp [10,65]. For
this, we unfolded the e; by replacing them with the smooth
part of the integrated DOS, €; = Nypnoom(€;). This pro-
cedure requires an analytical expression for N, ,om(€;). For
QBs, it is given by Weyl’s law [66]; however, this is not
available for the DBs (see the upper panels of Fig. 2).
Therefore, we studied the spectral fluctuation properties
for short sequences of 100 eigenfrequencies and obtained
Nmoot (€;) in terms of the polynomial best fitting the
experimental N (e;). We came to the conclusion that in both
the regions around the I' points and the DPs, the spectral
properties coincide with those of the corresponding QB.
The latter are only determined by the shape of the billiard,
in accordance with the Bohigas-Giannoni-Schmit conjec-
ture [67-70] for integrable and for time-reversal invariant
chaotic systems. For the Africa-shaped DB we had to
exclude the eigenfrequencies of the edge states; see Fig. 1.
A drawback of these statistical measures is that they require
an unfolding of the eigenvalues. Consequently, they cannot
be used to analyze the spectral properties in the vicinity of
the vHSs.

Ratio distributions.—About ten years ago, a new statis-
tical measure was proposed by Oganesyan and Huse [33] that
characterizes the correlations between consecutive spacings
of adjacent eigenvalues or, as in our case, eigenfrequencies of
a DB. The authors considered the distribution P(7) of 7; =
min (r;, 1/r;) with r; = (e;4; —¢;)/(e; — e;_;). Recently,
the distribution of the ratios r; and the kth overlapping ratio
distribution P(r) of spacings between the kth nearest
neighbors ¥ = (e, 11 — €;)/(eix — €;—) were introduced
[34,71]. In Ref. [34], a Wigner-like [65] approximation was
derived for the ratio distribution of the Gaussian orthogonal
ensemble (GOE) [65,72,73], PSOE(r) =27/8(r +r?)/
(14 r + r?)>/2, that for Poissonian random numbers [33]
reads PPO50 (1) = 1/(1 + r)?. Here, the GOE and Poisson
statistics describe the spectral properties of generic chaotic
and integrable systems [67—70], respectively. The accuracy

was further improved and analytical expressions were given
for the kth overlapping ratio distribution in Ref. [71].
In Ref. [74] the transition from Poissonian to GOE statistics
was investigated thoroughly for the ratio distributions P(r)
and P(7) in terms of the averages (r) and (7). The values
for the limiting cases are (r)p, = 0, (F)py; = 0.39 and
(rgo = 1.75, (F)gog = 0.54. The authors came to the
conclusion that the critical values for the transition from
Poisson to the GOE are (r) . = 2.0, (F) = 0.5.

The quantities 7;, r;, and rf are dimensionless.
Therefore, as long as the DOS does not vary on the
scale of the average spacing, no unfolding is needed
[33,74-77]. An objective of the present Letter was to test
whether their distributions provide a statistical measure
that is sensitive to the behavior of the classical dynamics.
Here, the vicinity of the sharp peaks in the DOS was of
particular interest, because there the DOS, and thus the
average spacing, varies rapidly. Indeed, the latter becomes
extremely small, so that the applicability of the ratio
distributions becomes questionable. We demonstrate,
however, that ratio distributions are employable in our
finite-size systems. In addition, our aim was to give an
answer to the question of whether at the vHSs the spectral
properties are also determined by the shape of the DB,
using our highly precise experimental data.

In Fig. 4, all eigenfrequencies of the DBs shown in the
insets of the lower panels were taken into account. In the
upper panels, the experimental (green histograms) ratio
distributions (left two panels) and the (k = 1)-overlapping
ratio distributions (right two panels) are compared with those
for the GOE (full lines) and for a Poisson process (dashed
lines). In order to avoid the dependence on the bin sizes used
for the histograms, we also evaluated the corresponding
cumulative distributions I(r) = [; dr’P(r’), shown in the
lower panels (green dots). The distributions coincide with
those of a Poisson process for the rectangular DB, and with
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FIG. 4. Left two columns: Ratio distributions (upper panels,
green histograms) and their cumulative distributions (lower
panels, green dots) for all eigenfrequencies in the first two bands
of the rectangular and the Africa-shaped DB (see insets), in
comparison to those for a Poissonian statistics (dashed lines) and
the GOE result (full line). Right two columns: Same as the left
columns, but for the (k = 1)-overlapping ratio distributions.
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the GOE statistics for the Africa-shaped one, in accordance
with the findings for the fluctuation properties of the
unfolded eigenfrequencies. The agreement, actually, is so
good that the curves lie on top of each other. The average
values, (1) = 2.70, (F)oee = 0.40 and (r) pgica = 175,
(F) arica = 0.53, are close to those of the corresponding
theoretical distribution.

We also investigated the statistical properties of the ratios
separately for sequences of 100 eigenfrequencies close to
the band edges, around the Dirac frequency and near the
vHSs. At the band edges, the experimental ratio distribu-
tions and the (k = 1)-overlapping ratio distributions of the
rectangular and the Africa-shaped DB agree well with
the Poisson and the GOE curves, respectively. The same
holds for the averages, (r), = 2.63, (F);eee = 0.41 and
(r) asiica = 1.77, (F) agrica = 0.52. Figure 5 shows the exper-
imental (green histograms and dots) ratio distributions
(upper part) and the (k = 1)-overlapping ratio distributions
(lower part) in regions above the DP and below the
upper VHS; see insets. In the Dirac region we omitted
the first 10 eigenfrequencies below and above the DP,
because they yield nongeneric contributions (as can be
deduced from the features of the intensity distributions);
see right panels of Fig. 3. We obtained a good agreement
with the Poissonian statistics for the rectangular DB and

FIG. 5. Upper part: Experimental ratio distributions (upper
panels, green histograms) and their cumulative distributions
(lower panels, green dots) above the Dirac frequency and below
the upper VHS for the rectangular DB and the Africa-shaped one
(see insets), in comparison to those for a Poissonian statistics
(dashed lines) and the GOE result (full line). The red histograms
show distributions after extracting nongeneric contributions.
Lower part: Same as for the upper part, but for the (k = 1)-
overlapping ratio distributions.

also, interestingly, for the Africa-shaped one. In accordance
with these observations, (r),. = 2.41, (F).¢ = 0.41 and
() Africa = 2-08,  {F) africa = 0.46. For the latter, the
deviation from the expected GOE behavior is attributed
to the edge states present above the DP, see Fig. 2. Their
intensity distributions are localized at the zigzag edges
and, thus, exhibit a nongeneric behavior. Only after
their omission is a very good agreement with the GOE
obtained (red histograms and dots). Then, the average ratios
equal (r)apica = 1.76, (F) arica = 0.52, indicating that the
classical dynamics is chaotic [74]. Below the upper vHS,
we obtained very good agreement with the GOE for the
Africa-shaped DB. For the rectangular DB, an agreement of
the ratio distribution with the Poissonian statistics is only
achieved after omitting the =20 eigenfrequencies f; closest
to the vHS. Then, we obtain (r),.. = 2.19, (F),eoq = 0.44;
otherwise, (1)t = 1.86, (7)o = 0.49, in accordance
with our observation that the ratio distribution is closer
to Poisson statistics and to the GOE, respectively. This is
again attributed to nongeneric contributions visible in the
wave function structure. Examples are shown in the middle
panels of Fig. 3. In both DBs the wave functions are
localized along zigzag edges within the hexagonal void
structure. In the rectangular DB they are nonvanishing
along classical trajectories corresponding to particles
that bounce back and forth at the two shorter sides of
the rectangle. In all considered cases, the (k= 1)-
overlapping ratio distributions obtained by including
(green) and omitting (red) nongeneric contributions are
indistinguishable. Finally, we note that the highly
precise data from the superconducting billiards were a
prerequisite for a first rigorous test of the ratio distribution
method.

Conclusions.—We measured with unprecedented accu-
racy the eigenfrequencies of two DBs: a classically regular
rectangular billiard and a chaotic Africa-shaped DB. Asin a
graphene sheet or, generally, in artificial graphene, the
smooth part of the DOS of the DBs has a complicated
structure and exhibits sharp peaks at the vHSs. There, the
electronic properties of graphene and, likewise, the wave
function structures calculated with the TBM, change
rapidly with increasing frequency. We demonstrated that,
nevertheless, the spectral properties of the DBs are only
determined by their shapes. In the vicinity of the vHSs,
the commonly used statistical measures are not applicable.
We, therefore, analyzed the ratio distribution and the
(k = 1)-overlapping ratio distribution and demonstrated
that they provide useful statistical measures for the spectral
properties.

This work was supported by the Deutsche
Forschungsgemeinschaft (DFG) within the Collaborative
Research Center 634. One of us (C.B.) is grateful for
the hospitality received during an internship at the
Institute of Nuclear Physics of the Technical University
of Darmstadt.

023901-4



PRL 116, 023901 (2016)

PHYSICAL REVIEW LETTERS

week ending
15 JANUARY 2016

"dietz@ikp.tu-darmstadt.de
"Present address: GSI Helmholtzzentrum fiir Schwerionen-
forschung GmbH, Planckstrasse 1, D-64291 Darmstadt,
Germany.
irichter@ikp.tu—dannstadt.de
Present address: Collége de France, 11 Place Marcelin-
Berthelot, 75231 Paris Cedex 05, France.

[1] E. Yablonovitch and T. J. Gmitter, Phys. Rev. Lett. 63, 1950
(1989).

[2] C. W.]. Beenakker, Rev. Mod. Phys. 80, 1337 (2008).

[3] A.H.CastroNeto, F. Guinea, N. M. R. Peres, K. S. Novoselov,
and A. K. Geim, Rev. Mod. Phys. 81, 109 (2009).

[4] L. Van Hove, Phys. Rev. 89, 1189 (1953).

[5] P.R. Wallace, Phys. Rev. 71, 622 (1947).

[6] W. A. Nierenberg, J. Chem. Phys. 19, 659 (1951).

[7]1 A. Geim and K. Novoselov, Nat. Mater. 6, 183 (2007).

[8] P. Avouris, Z. Chen, and V. Perebeinos, Nat. Nanotechnol.
2, 605 (2007).

[9] D. Abergel, V. Apalkov, J. Berashevich, K. Ziegler, and
T. Chakraborty, Adv. Phys. 59, 261 (2010).

[10] B. Dietz, T. Klaus, M. Miski-Oglu, and A. Richter, Phys.
Rev. B 91, 035411 (2015).

[11] E. Cappelluti and L. Pietronero, Phys. Rev. B 53, 932
(1996).

[12] J. Gonzdlez, F. Guinea, and M. A. H. Vozmediano, Phys.
Rev. Lett. 84, 4930 (2000).

[13] M. Vozmediano, J. Gonzlez, F. Guinea, J. Alvarez, and
B. Valenzuela, J. Phys. Chem. Solids 63, 2295 (2002).

[14] J. W. G. Wilder, L. C. Venema, A. G. Rinzler, R. E. Smalley,
and C. Dekker, Nature (London) 391, 59 (1998).

[15] J. Kiirti, V. Z6lyomi, A. Griineis, and H. Kuzmany, Phys.
Rev. B 65, 165433 (2002).

[16] W. Yan, L. Meng, M. Liu, J.-B. Qiao, Z.-D. Chu, R.-F. Dou,
Z. Liu, J.-C. Nie, D. G. Naugle, and L. He, Phys. Rev. B 90,
115402 (2014).

[17] R. W. Havener, Y. Liang, L. Brown, L. Yang, and J. Park,
Nano Lett. 14, 3353 (2014).

[18] J. L. McChesney, A. Bostwick, T. Ohta, T. Seyller, K. Horn,
J. Gonzilez, and E. Rotenberg, Phys. Rev. Lett. 104, 136803
(2010).

[19] K. F. Mak, J. Shan, and T. F. Heinz, Phys. Rev. Lett. 106,
046401 (2011).

[20] R. Zitko, J. Bonca, and T. Pruschke, Phys. Rev. B 80,
245112 (2009).

[21] J. E. Hirsch and D. J. Scalapino, Phys. Rev. Lett. 56, 2732
(1986).

[22] P.C. Pattnaik, C. L. Kane, D. M. Newns, and C. C. Tsueli,
Phys. Rev. B 45, 5714 (1992).

[23] R. Markiewicz, J. Supercond. 7, 803 (1994).

[24] R. Hlubina, S. Sorella, and F. Guinea, Phys. Rev. Lett. 78,
1343 (1997).

[25] A. Ziletti, S. M. Huang, D. F. Coker, and H. Lin, Phys. Rev.
B 92, 085423 (2015).

[26] N.S. Vidhyadhiraja, A. Macridin, C. Sen, M. Jarrell, and
M. Ma, Phys. Rev. Lett. 102, 206407 (2009).

[27] Y.-W. Son, S.-M. Choi, Y. P. Hong, S. Woo, and S.-H. Jhi,
Phys. Rev. B 84, 155410 (2011).

[28] K.-S. Chen, S. Pathak, S.-X. Yang, S.-Q. Su, D. Galanakis,
K. Mikelsons, M. Jarrell, and J. Moreno, Phys. Rev. B 84,
245107 (2011).

[29] D. A. Gradinar, H. Schomerus, and V. I. Fal’ko, Phys. Rev.
B 85, 165429 (2012).

[30] M. Bellec, U. Kuhl, G. Montambaux, and F. Mortessagne,
Phys. Rev. Lett. 110, 033902 (2013).

[31] B. Dietz, F. Iachello, M. Miski-Oglu, N. Pietralla,
A. Richter, L. von Smekal, and J. Wambach, Phys.
Rev. B 88, 104101 (2013).

[32] S.-Y. Xu, C. Liu, L. Belopolski, S. K. Kushwaha, R. Sankar,
J.W. Krizan, T.-R. Chang, C.M. Polley, J. Adell, T.
Balasubramanian, K. Miyamoto, N. Alidoust, G. Bian,
M. Neupane, H.-T. Jeng, C.-Y. Huang, W.-F. Tsai, T. Okuda,
A. Bansil, F. C. Chou, R.J. Cava, H. Lin, and M. Z. Hasan,
Phys. Rev. B 92, 075115 (2015).

[33] V. Oganesyan and D. A. Huse, Phys. Rev. B 75, 155111
(2007).

[34] Y. Y. Atas, E. Bogomolny, O. Giraud, and G. Roux, Phys.
Rev. Lett. 110, 084101 (2013).

[35] A. Singha, M. Gibertini, B. Karmakar, S. Yuan, M. Polini,
G. Vignale, M. 1. Katsnelson, A. Pinczuk, L. N. Pfeiffer,
K. W. West, and V. Pellegrini, Science 332, 1176 (2011).

[36] L. Nadvornik, M. Orlita, N. A. Goncharuk, LSmrc¢ka, V.
Novik, V. Jurka, K. Hruska, Z. Vyborny, Z. R. Wasilewski,
M. Potemski, and K. Vyborny, New J. Phys. 14, 053002
(2012).

[37] K. K. Gomes, W. Mar, W. Ko, F. Guinea, and H.C.
Manoharan, Nature (London) 483, 306 (2012).

[38] L. Tarruell, D. Greif, T. Uehlinger, G. Jotzu, and T.
Esslinger, Nature (London) 483, 302 (2012).

[39] T. Uehlinger, G. Jotzu, M. Messer, D. Greif, W. Hofstetter,
U. Bissbort, and T. Esslinger, Phys. Rev. Lett. 111, 185307
(2013).

[40] S. Bittner, B. Dietz, M. Miski-Oglu, P. Oria Iriarte,
A. Richter, and F. Schifer, Phys. Rev. B 82, 014301
(2010).

[41] U. Kuhl, S. Barkhofen, T. Tudorovskiy, H.-J. Stockmann,
T. Hossain, L. de Forges de Parny, and F. Mortessagne,
Phys. Rev. B 82, 094308 (2010).

[42] E. Sadurni, T. H. Seligman, and F. Mortessagne, New J.
Phys. 12, 053014 (2010).

[43] S. Bittner, B. Dietz, M. Miski-Oglu, and A. Richter, Phys.
Rev. B 85, 064301 (2012).

[44] M. C. Rechtsman, J. M. Zeuner, A. Tiinnermann, S. Nolte,
M. Segev, and A. Szameit, Nat. Photonics 7, 153
(2013).

[45] M.C. Rechtsman, Y. Plotnik, J. M. Zeuner, D. Song,
Z. Chen, A. Szameit, and M. Segev, Phys. Rev. Lett.
111, 103901 (2013).

[46] A.B. Khanikaev, S. H. Mousavi, W.-K. Tse, M. Kargarian,
A.H. MacDonald, and G. Shvets, Nat. Mater. 12, 233
(2013).

[47] M. Polini, F. Guinea, M. Lewenstein, H. C. Manoharan, and
V. Pellegrini, Nat. Nanotechnol. 8, 625 (2013).

[48] F. Miao, S. Wijeratne, Y. Zhang, U. C. Coskun, W. Bao, and
C.N. Lau, Science 317, 1530 (2007).

[49] L. A. Ponomarenko, F. Schedin, M. I. Katsnelson, R. Yang,
E. W. Hill, K. S. Novoselov, and A. K. Geim, Science 320,
356 (2008).

[50] R. M. Westervelt, Science 320, 324 (2008).

[51] J. Giittinger, T. Frey, C. Stampfer, T. Ihn, and K. Ensslin,
Phys. Rev. Lett. 105, 116801 (2010).

023901-5


http://dx.doi.org/10.1103/PhysRevLett.63.1950
http://dx.doi.org/10.1103/PhysRevLett.63.1950
http://dx.doi.org/10.1103/RevModPhys.80.1337
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/PhysRev.89.1189
http://dx.doi.org/10.1103/PhysRev.71.622
http://dx.doi.org/10.1063/1.1748317
http://dx.doi.org/10.1038/nmat1849
http://dx.doi.org/10.1038/nnano.2007.300
http://dx.doi.org/10.1038/nnano.2007.300
http://dx.doi.org/10.1080/00018732.2010.487978
http://dx.doi.org/10.1103/PhysRevB.91.035411
http://dx.doi.org/10.1103/PhysRevB.91.035411
http://dx.doi.org/10.1103/PhysRevB.53.932
http://dx.doi.org/10.1103/PhysRevB.53.932
http://dx.doi.org/10.1103/PhysRevLett.84.4930
http://dx.doi.org/10.1103/PhysRevLett.84.4930
http://dx.doi.org/10.1016/S0022-3697(02)00230-5
http://dx.doi.org/10.1038/34139
http://dx.doi.org/10.1103/PhysRevB.65.165433
http://dx.doi.org/10.1103/PhysRevB.65.165433
http://dx.doi.org/10.1103/PhysRevB.90.115402
http://dx.doi.org/10.1103/PhysRevB.90.115402
http://dx.doi.org/10.1021/nl500823k
http://dx.doi.org/10.1103/PhysRevLett.104.136803
http://dx.doi.org/10.1103/PhysRevLett.104.136803
http://dx.doi.org/10.1103/PhysRevLett.106.046401
http://dx.doi.org/10.1103/PhysRevLett.106.046401
http://dx.doi.org/10.1103/PhysRevB.80.245112
http://dx.doi.org/10.1103/PhysRevB.80.245112
http://dx.doi.org/10.1103/PhysRevLett.56.2732
http://dx.doi.org/10.1103/PhysRevLett.56.2732
http://dx.doi.org/10.1103/PhysRevB.45.5714
http://dx.doi.org/10.1007/BF01320873
http://dx.doi.org/10.1103/PhysRevLett.78.1343
http://dx.doi.org/10.1103/PhysRevLett.78.1343
http://dx.doi.org/10.1103/PhysRevB.92.085423
http://dx.doi.org/10.1103/PhysRevB.92.085423
http://dx.doi.org/10.1103/PhysRevLett.102.206407
http://dx.doi.org/10.1103/PhysRevB.84.155410
http://dx.doi.org/10.1103/PhysRevB.84.245107
http://dx.doi.org/10.1103/PhysRevB.84.245107
http://dx.doi.org/10.1103/PhysRevB.85.165429
http://dx.doi.org/10.1103/PhysRevB.85.165429
http://dx.doi.org/10.1103/PhysRevLett.110.033902
http://dx.doi.org/10.1103/PhysRevB.88.104101
http://dx.doi.org/10.1103/PhysRevB.88.104101
http://dx.doi.org/10.1103/PhysRevB.92.075115
http://dx.doi.org/10.1103/PhysRevB.75.155111
http://dx.doi.org/10.1103/PhysRevB.75.155111
http://dx.doi.org/10.1103/PhysRevLett.110.084101
http://dx.doi.org/10.1103/PhysRevLett.110.084101
http://dx.doi.org/10.1126/science.1204333
http://dx.doi.org/10.1088/1367-2630/14/5/053002
http://dx.doi.org/10.1088/1367-2630/14/5/053002
http://dx.doi.org/10.1038/nature10941
http://dx.doi.org/10.1038/nature10871
http://dx.doi.org/10.1103/PhysRevLett.111.185307
http://dx.doi.org/10.1103/PhysRevLett.111.185307
http://dx.doi.org/10.1103/PhysRevB.82.014301
http://dx.doi.org/10.1103/PhysRevB.82.014301
http://dx.doi.org/10.1103/PhysRevB.82.094308
http://dx.doi.org/10.1088/1367-2630/12/5/053014
http://dx.doi.org/10.1088/1367-2630/12/5/053014
http://dx.doi.org/10.1103/PhysRevB.85.064301
http://dx.doi.org/10.1103/PhysRevB.85.064301
http://dx.doi.org/10.1038/nphoton.2012.302
http://dx.doi.org/10.1038/nphoton.2012.302
http://dx.doi.org/10.1103/PhysRevLett.111.103901
http://dx.doi.org/10.1103/PhysRevLett.111.103901
http://dx.doi.org/10.1038/nmat3520
http://dx.doi.org/10.1038/nmat3520
http://dx.doi.org/10.1038/nnano.2013.161
http://dx.doi.org/10.1126/science.1144359
http://dx.doi.org/10.1126/science.1154663
http://dx.doi.org/10.1126/science.1154663
http://dx.doi.org/10.1126/science.1156936
http://dx.doi.org/10.1103/PhysRevLett.105.116801

PRL 116, 023901 (2016)

PHYSICAL REVIEW LETTERS

week ending
15 JANUARY 2016

[52] J. Giittinger, F. Molitor, C. Stampfer, S. Schnez, A.
Jacobsen, S. Droscher, T. Ihn, and K. Ensslin, Rep. Prog.
Phys. 75, 126502 (2012).

[53] M. V. Berry and R.J. Mondragon, Proc. R. Soc. A 412, 53
(1987).

[54] L. Huang, Y.-C. Lai, and C. Grebogi, Phys. Rev. E 81,
055203 (2010).

[55] L. Huang, Y.-C. Lai, and C. Grebogi, Chaos 21, 013102
(2011).

[56] F. Libisch, C. Stampfer, and J. Burgdorfer, Phys. Rev. B 79,
115423 (2009).

[57] J. Wurm, A. Rycerz, I. Adagideli, M. Wimmer, K. Richter,
and H. U. Baranger, Phys. Rev. Lett. 102, 056806 (2009).

[58] J. Wurm, K. Richter, and I. Adagideli, Phys. Rev. B 84,
075468 (2011).

[59] X.Ni, L. Huang, Y.-C. Lai, and C. Grebogi, Phys. Rev. E 86,
016702 (2012).

[60] H.-J. Stockmann and J. Stein, Phys. Rev. Lett. 64, 2215
(1990).

[61] A. Richter, in Emerging Applications of Number Theory,
edited by D. A. Hejhal, J. Friedman, M. C. Gutzwiller, and
A.M. Odlyzko, The IMA Volumes in Mathematics and its
Applications Vol. 109 (Springer, New York, 1999), p. 479.

[62] M. Sieber, U. Smilansky, S. C. Creagh, and R. G. Littlejohn,
J. Phys. A 26, 6217 (1993).

[63] J. P.Hobsonand W. A. Nierenberg, Phys. Rev. 89, 662 (1953).

[64] S. Reich, J. Maultzsch, C. Thomsen, and P. Ordejon, Phys.
Rev. B 66, 035412 (2002).

[65] M. L. Mehta, Random Matrices (Academic Press, London,
1990).

[66] H. Weyl, J. Reine Angew. Math. 141, 1 (1912).

[67] S. W. McDonald and A. N. Kaufman, Phys. Rev. Lett. 42,
1189 (1979).

[68] G. Casati, F. Valz-Gris, and I. Guarnieri, Lett. Nuovo
Cimento 28, 279 (1980).

[69] M. V. Berry, Eur. J. Phys. 2, 91 (1981).

[70] O. Bohigas, M. J. Giannoni, and C. Schmit, Phys. Rev. Lett.
52, 1 (1984).

[71] Y. Atas, E. Bogomolny, O. Giraud, P. Vivo, and E. Vivo,
J. Phys. A 46, 355204 (2013).

[72] H. Weidenmiiller and G. Mitchell, Rev. Mod. Phys. 81, 539
(2009).

[73] G.E. Mitchell, A. Richter, and H. A. Weidenmiiller, Rev.
Mod. Phys. 82, 2845 (2010).

[74] N. Chavda, H. Deota, and V. Kota, Phys. Lett. A 378, 3012
(2014).

[75] C. Kollath, G. Roux, G. Biroli, and A. M. Liuchli, J. Stat.
Mech. (2010) PO8011.

[76] M. Collura, H. Aufderheide, G. Roux, and D. Karevski,
Phys. Rev. A 86, 013615 (2012).

[77] N. Chavda and V. Kota, Phys. Lett. A 377, 3009
(2013).

023901-6


http://dx.doi.org/10.1088/0034-4885/75/12/126502
http://dx.doi.org/10.1088/0034-4885/75/12/126502
http://dx.doi.org/10.1098/rspa.1987.0080
http://dx.doi.org/10.1098/rspa.1987.0080
http://dx.doi.org/10.1103/PhysRevE.81.055203
http://dx.doi.org/10.1103/PhysRevE.81.055203
http://dx.doi.org/10.1063/1.3537814
http://dx.doi.org/10.1063/1.3537814
http://dx.doi.org/10.1103/PhysRevB.79.115423
http://dx.doi.org/10.1103/PhysRevB.79.115423
http://dx.doi.org/10.1103/PhysRevLett.102.056806
http://dx.doi.org/10.1103/PhysRevB.84.075468
http://dx.doi.org/10.1103/PhysRevB.84.075468
http://dx.doi.org/10.1103/PhysRevE.86.016702
http://dx.doi.org/10.1103/PhysRevE.86.016702
http://dx.doi.org/10.1103/PhysRevLett.64.2215
http://dx.doi.org/10.1103/PhysRevLett.64.2215
http://dx.doi.org/10.1088/0305-4470/26/22/022
http://dx.doi.org/10.1103/PhysRev.89.662
http://dx.doi.org/10.1103/PhysRevB.66.035412
http://dx.doi.org/10.1103/PhysRevB.66.035412
http://dx.doi.org/10.1103/PhysRevLett.42.1189
http://dx.doi.org/10.1103/PhysRevLett.42.1189
http://dx.doi.org/10.1007/BF02798790
http://dx.doi.org/10.1007/BF02798790
http://dx.doi.org/10.1088/0143-0807/2/2/006
http://dx.doi.org/10.1103/PhysRevLett.52.1
http://dx.doi.org/10.1103/PhysRevLett.52.1
http://dx.doi.org/10.1088/1751-8113/46/35/355204
http://dx.doi.org/10.1103/RevModPhys.81.539
http://dx.doi.org/10.1103/RevModPhys.81.539
http://dx.doi.org/10.1103/RevModPhys.82.2845
http://dx.doi.org/10.1103/RevModPhys.82.2845
http://dx.doi.org/10.1016/j.physleta.2014.08.021
http://dx.doi.org/10.1016/j.physleta.2014.08.021
http://dx.doi.org/10.1103/PhysRevA.86.013615
http://dx.doi.org/10.1016/j.physleta.2013.09.013
http://dx.doi.org/10.1016/j.physleta.2013.09.013

