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In a quantum network, distant observers sharing physical resources emitted by independent sources can
establish strong correlations, which defy any classical explanation in terms of local variables. We discuss the
characterization of nonlocal correlations in such a situation, when compared to those that can be generated
in networks distributing independent local variables. We present an iterative procedure for constructing Bell
inequalities tailored for networks: starting from a given network, and a corresponding Bell inequality, our
technique provides new Bell inequalities for a more complex network, involving one additional source and
one additional observer. We illustrate the relevance of our method on a variety of networks, demonstrating
significant quantum violations, which could not have been detected using standard Bell inequalities.
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Distant observers performing local measurements on a
shared entangled quantum state can observe strong corre-
lations, which have no equivalent in classical physics. This
phenomenon, termed quantum nonlocality [1,2], is at the
core of quantum theory and represents a key resource for
quantum information processing [3,4].

This remarkable feature is now relatively well understood
in the case of observers sharing entangled states originating
from a single common source, for which a solid theoretical
framework has been established [2], and many classes of
Bell inequalities have been derived; see, e.g., Ref. [5]. The
situation is, however, very different in the case of quantum
networks, which have been far less explored so far. A
quantum network features distant observers, as well as
several independent quantum sources distributing entangled
states to different subsets of observers (see Fig. 1).
Crucially, by performing joint measurements, observers
can correlate distant (and initially fully independent)
quantum systems, hence establishing strong correlations
across the entire network. Characterizing and detecting the
nonlocality of such correlations represents a fundamental
challenge, which is also highly relevant to the implemen-
tation of quantum networks [6] and quantum repeaters [7].

Importantly, the methods of standard Bell locality (where
a single source is considered) are not appropriate for
discussing nonlocality in networks featuring independent
sources. This was demonstrated in a few exploratory works
discussing the simplest networks [8—11]. An illustrative
example is the scenario of entanglement swapping, where
two independent sources distribute entanglement to three
distant observers [see Fig. 2(a)]. Here there exist genuine
quantum correlations which cannot be detected using
standard Bell inequalities, as they admit a local model.
However, the nonlocality of these correlations can be
detected via more powerful nonlinear Bell inequalities.
Notably, these inequalities are derived under the assumption
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that the sources are independent[8,9], which represents a
natural extension of Bell’s original idea of “local beables”
[1] to the case of a network. Recently, the framework of
causal inference was also shown to be relevant in this context
[12—-17]. Nevertheless, it is fair to say that adequate methods
are still currently lacking for discussing nonlocal correla-
tions in networks beyond the simplest possible cases.

In this work, we present simple and efficient methods for
detecting and characterizing nonlocal correlations in a wide
class of networks. Specifically, we give an iterative pro-
cedure for constructing Bell inequalities tailored for net-
works. Starting from a given network, and a Bell inequality
for it, we then construct inequalities for a more complex
network, involving one additional source and one addi-
tional observer. Importantly, the inequalities we construct
capture the independence of the sources. We illustrate the
relevance of our approach considering a variety of networks
and demonstrate significant violations in quantum theory,
which cannot be detected using standard Bell inequalities.

Network N Extension to N’

FIG. 1. We consider networks consisting of distant observers
AJ sharing physical resources emitted from independent sources
Sy, and discuss nonlocality in such networks. In our approach,
starting from a network A (in black) with N sources and M
parties, we define a new network A/ by adding a new indepen-
dent source Sy, | connected to a single party AY of AV and to a
new party AM*! (in blue). We show how Bell inequalities for
so-called \’-local correlations can be derived starting from Bell
inequalities for A/-local correlations.
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FIG. 2. In the main text, we discuss a variety of networks:
(a) the scenario of bilocality, (b) a general chain network
featuring N sources and M = N + 1 observers, (c) a three-branch
star network, (d) a general star-shaped network with N branches,

and (e) a network featuring a different topology, illustrating the
versatility of our method.

We believe that the simplicity and versatility of our method
makes it adequate for starting a systematic exploration of
quantum nonlocality in networks.

Scenario of N -locality.—Consider a network N con-
sisting of N independent sources Si,...,Sy sending
physical systems to M parties A', ..., AY (see Fig. 1).
Each party thus holds a number of systems, and performs a
measurement on them (assumed here to be binary).
Specifically, we denote by x/ the input received by party
AJ, and by ai ; = %1, its corresponding output.

Our goal is to capture the strength of correlations that can
be established in a network N for different types of
resources. In particular, we want to compare the correla-
tions established in the case of a quantum network (i.e.,
with quantum sources, and with the parties performing
quantum measurements) to those that can arise in local
(hidden) variable models. Importantly, the latter should
feature the same network structure as A, with independent
sources of local variables, and are thus referred to as N -
local models. This represents the natural generalization of
the notions of Bell locality [1,2] (tailored for the case of a
single source), and “bilocality” [8,9] (tailored for the
scenario of entanglement swapping with two independent
sources), to arbitrary networks.

More formally, we associate with each source S; a
random local variable A;, which is sent to all parties
connected to S; in the network N. The crucial assumption
of N-locality is that all 1;’s are independent from one
another, that is, p(4;,...A4y) =[[,pi(4;), for some

(nonnegative and normalized) distributions p;(4;) over
some sets A;. We denote by A v the list of random variables
A;’s “received” by party A/. Then the (M-partite) joint
probability distribution P(a', ..., a"|x!, ..., x™) (where we
have omitted redundant subscripts) is A/-local if and only if
it can be decomposed as

P(a',...,a"|x", ..., x")
= / d/11,01(/11>---/ dAnpn(An)
Ay Ay
(M ). (1)
where each P(a/|x/, 4 4) is a valid probability distribution,
which (without loss of generality) can be assumed to be

deterministic. As we focus on binary measurements, it is
convenient to consider correlators, i.e., the expectation

x P(a'|x!, A )...P

values (a}c.aiz...ax"fﬁ. In an A -local model, these can be
written as

= Al d/llpl(/l]).../\N dAvpn (An)

a'(Ag)-..a (G m), (2)

for some deterministic response functions a (/1 EES

of the party’s input x/ and of the random variables J -

Characterizing the set of AN -local correlations is a
challenging problem. The main technical difficulty, for
cases beyond that of standard Bell locality, originates from
the independence of the sources, which makes the set
nonconvex. Here we will present a simple and efficient
technique for generating Bell inequalities tailored for the
problem of capturing AN -local correlations. Hence, a
violation of such inequalities, which is usually possible
considering quantum networks, certifies that no A/-local
model can reproduce the given correlations. Below we state
our main result, which is an iterative procedure for
constructing Bell inequalities for N -local correlations.
We then illustrate the relevance of our method by applying
it to simple networks, and discuss quantum violations.

Main result.—Consider a network A\, and a Bell inequal-
ity tailored for it. From A/, we construct a new network A/’
by adding one source, Sy, linked to just one party of \/,
say Ay, and to one new party, AY*! (see Fig. 1). The new
party AM*! gets an input x*!, which we choose to be
binary (x¥*1 =0, 1), and gives a binary output axMMt,l =41.
Given a Bell inequality capturing N\ -local correlations, we
can now construct a Bell inequality tailored for N’-local
correlations using the following result:

Theorem 1.—Suppose that the correlators <a1,, axMM>
in any N -local model satisfy a Bell inequality of the form

ST Bowlal..a%) <1 (3)

010403-2



PRL 116, 010403 (2016)

PHYSICAL REVIEW LETTERS

week ending
8 JANUARY 2016

for some real coefficients 1. Then, N”'-local corre-
lations (for the network A/’ obtained from A as described
above) satisfy the following constraint: either there exists
g €]0, 1] such that for any partition of the set of party A’s
inputs into two disjoint subsets X} and X, we have

12 + : Sy <1 4)
p X, 1—¢ x =
for
M+1 M+1
a +a
Ty, = Z ﬁxlv___,xM<a;...axMM° 5 L >; (5)
1 M-1

or,Xy =0and Xy <1 forall kandall XM or, Zy, =0
and £y <1 for all k and all X*.

In the present Letter, we abuse the notation and write
q € [0,1] to cover all cases; indeed, the particular cases
where Xy, = 0 can easily be recovered in the limits g — 1
or g — 0. In part A of the Supplemental Material [18] we
provide a more general statement of the above theorem—
which allows one to consider several Bell inequalities at
once and also allows for non-full-correlation terms in these
inequalities—as well as a detailed proof. Interestingly, the
technique used in our proof also provides an original way to
derive the simplest Bell inequality of Clauser-Horne-
Shimony-Holt (CHSH) [22], as discussed in part B of [18].

A remarkable feature of the “Bell inequality” (4) is that it
involves the quantifier “Jdq...”. As a consequence, despite its
appearance it actually defines a nonlinear constraint on \/-
local correlations. One could eliminate the quantifier by
minimizing the left-hand side of Eq. (4) over g; this would
indeed lead to explicitly nonlinear Bell inequalities (see
below and parts C-F of the Supplemental Material [18]).
However, it will be convenient in general to keep these
quantifiers (in a practical test, they could be eliminated later,
by optimizing the parameters g directly for the specific values
of the observed statistics). In fact, Theorem 1 also applies to
an initial Bell inequality for \/-local correlations that features
quantifiers itself. Our technique can therefore be used in an
iterative manner, and allows one to construct Bell inequalities
for a broad class of networks, as we shall see below.

Bilocality.—Let us first apply the above method to the
simplest nontrivial network A/ consisting of M = 2 parties
Al and A2 connected to a single source S, that is, the usual
Bell scenario [1,2]. In that case, AV/-local (i.e., here, simply
“Bell local”) correlations satisfy the well-known CHSH
inequality [22]:

i)t o

The network N, obtained by adding an independent
source S, linked to party A’ and to a new party A%
corresponds here to the scenario of bilocality [8,9]; see
Fig. 2(a). Applying Theorem 1 starting from the CHSH

inequality and with X2 = {0} and X2 = {1}, we find that
N'-local (i.e., bilocal) correlations satisfy the inequality

dg € [0,1] such that
1 <a(1)+a% 2a8+a?>
a

g\ 2 0 2

1 al—a' . dd-d’
+1_q<0 la%O l>§1 (7)

2 2

It is still fairly easy, in this first example, to eliminate the
quantifier. As we show in part C of the Supplemental
Material [18], this constraint (when combined with similar
forms obtained from other versions of CHSH) is equivalent
to the (nonlinear) “bilocal inequality” derived previously
in Ref. [9].

Next we discuss the quantum violation of the above
Bell inequality, thus considering the entanglement swap-
ping scenario. Assume that each source S; (i =1, 2)
emits two particles in the 2-qubit Werner state ¢(v;) =
v;| PV + (1 —v;)1/4, with »; €[0,1], |PF) =
(1/+/2)(]00) + |11)), and 1/4 the fully mixed state of
two qubits. Moreover, the parties A' and A3 perform
single qubit projective measurements given by operators
ah=al = (6, +6,)/V2] (for x',x3=0) or a} = a3 =
[(6, — 64)/V/2] (for x', x> = 1); here 6, and 6, are the Pauli
matrices. Finally, the intermediate party A? performs
projective two-qubit measurements given by aj =
6,®6, (for x>=0) or a?=6,Q® 46, (for x> =1).
Defining V = v, v,, one finds

() = (1) ®)

so that

a(l)—l—a%azag—i-a? _ aé—a%azag—a? :K )
2 0 2 ) 2

Noting that min,ejo,{(1/9)(V/2) + [1/(1 - )| (V/2)} =
2V, we find that the quantum correlations thus obtained
violate the Bell inequality (7)—and, hence, are nonbilocal—
for any V > %, as already shown in Ref. [8]. Notably, these
quantum correlations are Bell local for any 0 <V <1 [9]
(see also part G of the Supplemental Material [18]), and thus
can never violate any standard Bell inequality.

Chain network.—The above procedure can be iterated
in order to characterize N -local correlations on a one-
dimensional chain network [see Fig. 2(b)]. First, starting
from the previous bilocality network (with 2 sources and 3
parties), we add a new party A%, and a source S5 connected
to A3 and A*. Applying Theorem 1 to the Bell inequality
(7), and choosing X3 = {0} and X3 = {1}, we find that
“trilocal” correlations satisfy the inequality
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dq,r €10, 1]

1(11
3 5;<(a5+a})a3a3(03+a‘1‘)>

1 1
+ =7 ((ap + aj)aga; (ag — a}))

such that

tag(ag + ai))

((ap —ap)ajai(ag —ah))| < 1. (10)

Note that it is, in principle, possible to write the above
constraint without quantifiers, and end up with a nonlinear
Bell inequality (as in the case of bilocality above). We
discuss this operation in part D of the Supplemental Material
[18]. However, in this case the nonlinear form appears to be
extremely cumbersome and of no practical use.

Next, we extend our analysis to chains of arbitrary
lengths, focusing on linear Bell inequalities with quanti-
fiers. By further iterating the argument, we obtain the
following inequality for chains of N independent sources
and M = N + 1 parties:

34, ....q" €10,1] such that

1 1 1 1,2,.2.3 N N+1
o _'.'_(_l)xx+xx+~-+xx
2V ZXNJA e quN

< {aly.a% )y <1, (1)

with for each j, g) = ¢/ and ¢] = 1 — ¢/.

Let us discuss quantum violations. Consider that each
source S; sends two particles in the Werner state ¢(v;);
party A" measures either &) = [(6, + &,)/V2] or a} =
[(6, — 6,)/V/2]; parties j, with 2<j <N and j even,
measure either &) = 6, @ 6, or 4] = 6, ® 6; parties j,
with 3<j<N and j odd, measure either a)=
(6,4+60/ V218 (5, +5)/V2) or &] = [(5,~5,)/V2] @
[(6,—6,)/V/2]; for N even, party AN*! measures either
é\ZONJrl :&(l): [(&z+&x)/\/§] or a]lvJrl :fl} = [(82_&X)/\/§];

for N odd, party AMT! measures either &) =&, or
aY*t! = &,. Defining V = [[Y, v;, one finds
1%
<a)lc1 _._aiVNt]l> — (_1)x1x2+x2x3+.“+x~w+1 - (12)
The left-hand side of inequality (11) is then given by
N2y 1 1
Aﬂﬁ—EZATUfﬁ. (13)

v

Noting that min>  v[>" 2 w(1/g%)...(1/¢%)] =4V,
we find that the quantum correlations thus obtained violate
the Bell inequality (11)—and hence are non-A\/-local—for
V > 27N/2_ This proves a conjecture made in Ref. [9].
Interestingly, note that although the global correlations
become very weak for large N and V < 1, their nonlocality
can nevertheless be revealed using the Bell inequality (11).

Notably, this would not be possible using standard Bell
inequalities, as the correlations (12) admit a local model
(assuming a single source) for V =1 (for N even) and for
V =1/v2 (for N odd); see part G of the Supplemental
Material [18]. This illustrates the advantage offered by N
locality compared to the standard approach of Bell.

Star network.—To discuss star-shaped networks, we start
from the bilocality network, i.e., a linear chain of 3 parties
connected by 2 sources. For clarity, we relabel the parties
by calling A! and .A? the first and last parties in the chain,
and 5 the middle one. The input and output of 3 are now
denoted by y and b, = %1, respectively. Clearly, \-local
correlations satisfy the Bell inequality (7), with aiz replaced
by by and a?; replaced by a2,.

Similarly to our previous constructions, let us add a
source S5, connected now to party B3 and to a new party A>.
The network N thus obtained has a 3-branch star shape
[see Fig. 2(c)]. Applying Theorem 1 to the Bell inequality
of Eq. (7) (and with the two subsets of party B’s inputs
Y, ={0} and Y_ = {1}), we find that A/"-local correla-
tions satisfy the inequality

dg,r €[0,1] such that
11 aé+a%a%+a%a3+a?b
gr\ 2 2 2 0

1.2 2.3 3

1 1 al —ala} - ata} - a3
by)<1. (14
+1—q1—r< 2 2 7 b st (9

Iterating the above procedure, we obtain a star-shaped
network A consisting of N independent sources S;, each
connected to one out of N parties A’ and to a single central
party B, as depicted in Fig. 2(d). For such a network, we
find that \-local correlations satisfy the inequality
391, ..,qn-1 €[0,1] such that

1 1 <a(1)+a% aS’—l—a’l\’b >
T e cee 0
41 4n-1 2 2

11 N_ N
PR <“0 il G “1m>31. (15)
l—g; l-gn. 2 2

As shown in part E of the Supplemental Material [18], by
eliminating the quantifiers one can recover here the non-
linear Bell inequalities derived in Ref. [10], which general-
ize the bilocal inequalities of Ref. [9] to the star-shaped
network considered here. For violations of these inequal-
ities in quantum theory, we refer the reader to Ref. [10].
Other topologies.—To illustrate the versatility of our
framework, we now discuss a network which is neither a
linear chain nor star shaped. Specifically, we start from a
network A/ consisting of a single source S, connected to 3
parties A!, A%, and A°. Here, N-local (i.e., Bell-local)
correlations satisfy the Mermin inequality [23]:

ayal + ala} ayay — ajay
<4L%r¢£@>+<iu%riiﬁ>s1. (16)
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Adding a source S,, linked to party A* and to a new party
A*, we obtain a network N sketched in Fig. 2(e). Using
Theorem 1 and choosing X3 = {0} and A% = {1} we find
that NV’-local correlations have to obey the following Bell
inequality:

dg € [0,1] such that
1 ala? + ala} 2 ag + af
q 2 L)

| Jayag—ajai jaj-aj
: <1. (17
+pq< 5 a5 )< U7

We examine the quantum violations of the inequality
(17) in part G of the Supplemental Material [18], where the
N-locality independence condition exhibits again a sig-
nificant advantage compared to Bell standard locality.

Discussion.—We presented a simple and efficient method for
generating Bell inequalities tailored for networks with inde-
pendent sources. The relevance of our method was illustrated
with various examples, featuring strong quantum violations,
which cannot be detected using standard Bell inequalities.

While we focused here on the case of binary inputs and
outputs for each observer, our technique can also be used for
deriving Bell inequalities with more inputs and outputs. In
fact, the only requirements that we explicitly made use of is
that party A has binary outputs and the added observer
AM+1 has binary inputs and outputs. In part F of the
Supplemental Material [18], we illustrate for instance a case
with ternary inputs for parties A' and A2 in the bilocality
scenario, which also includes non-full-correlation terms. In
principle, our technique could also allow for any numbers of
outputs for parties A!, ... AY~!; it would just become quite
cumbersome to write without resorting to correlators.
Extending our method to the case where the party A" has
more outputs, and party AM*! has an arbitrary number of
inputs and outputs, is left for future work.

Finally, it would be interesting to derive Bell inequalities
tailored for networks featuring loops. In the present work
we could only discuss acyclic networks, as our method
allows us to “add a leaf” to a graph, but not to create a cycle.
Note, however, that given a Bell inequality tailored for a
network with a loop, our method can readily be applied in
order to add a leaf; however, we are not aware of any
nontrivial Bell inequality for networks containing a loop,
despite intense research efforts in this direction [9,12].

We thank Ben Garfinkel for useful comments on the
manuscript. C. B. acknowledges financial support from the
“Retour Post-Doctorants” program (ANR-13-PDOC-0026)
of the French National Research Agency and from a
Marie Curie International Incoming Fellowship (PIIF-
GA-2013-623456) of the European Commission. N.B.
from the Swiss National Science Foundation (Grant
No. PPOOP2_138917 and Starting Grant DIAQ), SEFRI
(COST action MP1006) and the EU SIQS.

Note added—While writing up this Letter, we became
aware of related and complementary work. First, Lee and
Spekkens [24] presented a method for characterizing
DAGs of any shape, but restricted to two binary variables.
Second, Chaves [25] discussed polynomial Bell inequal-
ities applicable to multivalued variables, but for a restricted
class of DAGs. This opens up the interesting possibilities of
combining these different methods in order to obtain Bell
inequalities in situations where none could be obtained by
any of the methods individually.
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