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Using high-resolution data from the Galactic Arecibo L-Band Feed Array HI (GALFA-HI) survey, we
show that linear structure in Galactic neutral hydrogen (Hi) correlates with the magnetic field orientation
implied by Planck 353 GHz polarized dust emission. The structure of the neutral interstellar medium is
more tightly coupled to the magnetic field than previously known. At high Galactic latitudes, where the
Planck data are noise dominated, the H1 data provide an independent constraint on the Galactic magnetic
field orientation, and hence the local dust polarization angle. We detect strong cross-correlations between
template maps constructed from estimates of dust intensity combined with either Hi-derived angles,
starlight polarization angles, or Planck 353 GHz angles. The Hi data thus provide a new tool in the search
for inflationary gravitational wave B-mode polarization in the cosmic microwave background, which is
currently limited by dust foreground contamination.
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The cosmic microwave background (CMB) is the perva-
sive residual radiation from the formation of the Universe.
The detection of primordial B-mode polarization in the CMB
is a major goal of contemporary cosmology. This signal is
imprinted at the surface of last scattering by perturbations
from gravitational waves generated during the epoch of
inflation, a period of rapid expansion in the early Universe
[1-3]. An inflationary gravitational wave (IGW) B-mode
measurement would be the first direct evidence of inflation.
A number of experiments are pursuing the signal, using
ground-based (e.g., ABS [4], Advanced ACT [5], BICEP2/
Keck Array [6], CLASS [7], POLARBEAR [8], SPT-3G
[9]), balloon-borne (EBEX [10], SPIDER [11]), and space
telescopes (Planck [12]).

Unfortunately, our view of the polarized CMB is
obscured by contaminating foregrounds. For IGW B-mode
searches at frequencies 2100 GHz, the largest foreground
is Galactic polarized dust emission. Aspherical dust grains
in the Milky Way align their short axes with the ambient
magnetic field, and interstellar radiation is absorbed and
reradiated by the dust as partially polarized light. The
BICEP2 Collaboration claimed a measurement of primor-
dial B modes [13], but subsequent analyses determined that
the detection could be attributed entirely to Galactic dust
[14,15]. A detailed understanding of the foreground polari-
zation signal is required before a definitive IGW B-mode
detection can be achieved. Pursuant to that goal, the Planck
satellite recently mapped the full sky at 353 GHz, a
frequency dominated by thermal dust emission. These data
can be used to subtract the foreground polarization pattern
from lower-frequency CMB observations. To optimize
the chance of primordial B-mode detection, experiments
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should target the “cleanest” regions of sky: areas where
there is relatively little polarized dust, and where the dust
polarization structure is measured with high signal to noise.
The Planck maps are limited in this regard, because the
Planck polarized signal is noise limited at high Galactic
latitudes, where the dust column is lowest. Thus, IGW
B-mode searches are plagued by a trade-off: the regions of
lowest foreground amplitude are also the regions with the
poorest foreground constraints.

We present an entirely new method for constraining
Galactic foregrounds. Using only the morphology of
diffuse neutral hydrogen (Hi) structures, we predict the
orientation of polarized dust emission at high precision
over a range of angular scales. In parallel with existing
measurements of polarized CMB foregrounds, our recovery
of the dust polarization angle will increase the precision of
foreground models. This is especially valuable in regions
where the Planck 353 GHz data are noise limited.

This work follows the discovery that linear structures in
Hr are elongated in the direction of the interstellar magnetic
field as probed by starlight polarization [16]. Here, we
demonstrate that Hr orientation is well correlated with the
Planck 353 GHz polarization angle across a region of high
Galactic latitude sky. Note that the Planck data enable
quantitative conclusions beyond the previous work, which
considered only 153 sparsely sampled starlight polarization
measures over 1300 deg” of sky. Also, polarized dust
emission samples the full line of sight, whereas starlight
polarization only traces the magnetic field out to the
distance of the star. The relationship between dust and
Hr in the interstellar medium (ISM) is deeper than their
correlation in column density (e.g., Ref. [17]), which is
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already used to estimate the amplitude of polarized dust
emission [14,18]. Small dust grains and long plumes of H1
are both aligned by the magnetic field, though the mecha-
nism for aligned Hi structure formation is not yet well
understood.

The slender linear features that best trace the orientation
of the Galactic magnetic field are only revealed by high
spatial and spectral resolution Hr maps (see Ref. [16] for
details). We use data from the Galactic Arecibo L-Band
Feed Array Hi survey (GALFA-HI; [19]) with the Arecibo
305m radio antenna. GALFA-HI has an angular resolution
of FWHM = 4/, a spectral resolution of 0.18 kms~!, and a
brightness temperature noise of ~140 mK rms per 1 kms™!
integrated channel over 13 000 deg? of sky. This work uses
data from the forthcoming second data release [20].

We analyze 353 GHz polarization data obtained by the
Planck satellite’s High Frequency Instrument (HFI) [18].
These data have an angular resolution of FWHM = 5,
comparable to GALFA-HI. We transform the Planck data
from Galactic to equatorial coordinates [21]. For all
analyses, we apply a mask constructed from the union
of all point source masks provided for each HFI channel in
both temperature and polarization.

We additionally consider 126 optical starlight polariza-
tion measures in this region [22]. Starlight is polarized
parallel to the magnetic field by the preferential absorption
of aligned grains.

We quantify the orientation of GALFA-HI structures
using the Rolling Hough Transform (RHT), a machine
vision technique [16]. The RHT runs on image data, and
outputs R(#), linear intensity as a function of angle, for
every pixel in the input map. For a detailed description of
the RHT we refer the reader to Ref. [16].

For this work we select a 1278 deg” region of the
GALFA-HI sky. The region, which spans right ascension
195° to 265° and declination 19.1° to 38.3°, stretches from
b =30° above the Galactic plane to b = 81.7°, nearly
Galactic zenith. We analyze this GALFA-HI region from
—13.5kms™! to +13.5kms~!, binned in 3.0 kms™!
integrated velocity channels.

Linear polarization data can be fully described by either
a polarization angle y and polarized intensity P or by the
Stokes parameters Q and U, where y = 1/2 arctan(U/Q)
and P? = Q? + U?. We define from the RHT output

Orur = / cos (20)R(0)de,
Urnr = /sin (20)R(0)do, (1)

where values are calculated for each point in the image
data. We process each velocity channel with the RHT and
add the resulting Qryr and Ugryp maps.

We define Ogryr = 1/2 arctan(Ugyr/ Qryr), an estimate
for the orientation of the magnetic field derived solely from

Hi data. We compare this value to 0553, a 90° rotation of the
polarization angle obtained from Q553 and Ussz (we use the
IAU polarization definition). The polarization angle of dust
emission is conventionally taken to be 90° from the
orientation of the local Galactic magnetic field (however,
see Ref. [23], and references therein).

We calculate 0353 and Oryr for the region described.
Figure 1 shows a map of each of these quantities on the sky,
along with starlight polarization angles. Although derived
from independent data, these three estimates for the plane-
of-sky magnetic field orientation trace one another remark-
ably well. Figure 2 shows histograms of 66 = 0353 — Oryr-
We construct 8553 and gyt from Q and U maps smoothed
to three different resolutions. For Gaussian smoothing
kernels of FWHM = 5/, 15/, and 30’, we find Gaussian
fits to the 50 histogram with standard deviation ¢ = 30.2°,
c=194°, and o= 14.4° respectively. We run a
Monte Carlo analysis to determine the pure Planck noise
contribution to 66, and find this noise is responsible for a
Gaussian component with ¢ =16.0°, ¢ =6.1°, and
o = 3.5° for each respective smoothing kernel. Thus as
the data are smoothed to larger angular scales, 0553 and
Oryr obtain ever better agreement, and a non-negligible
fraction of the 50 scatter is solely due to Qzs3 and Usjss
measurement noise. The 66 histograms are centered at
about —3° to —4°. This small offset from zero may be due to
either residual systematics in the 353 GHz map [25] or true
systematic differences between 6353 and Oryr.

To further characterize the relationship between RHT,
Planck, and starlight polarization angles, we construct
simple template maps and compute cross-power spectra
between them. We construct the templates using the Planck
353 GHz intensity, /553. A full polarization template would
also require an estimate of the polarization fraction,
p = P/I, but since our goal is to isolate the polarization
angle information, we set p = 1 in all templates. (Over a
small patch of sky, p ~ constant is a reasonable approxi-
mation, and one can simply rescale our power spectra for a
given value of p.) Furthermore, measuring P from the
Planck data is nontrivial, as simple estimators are noise
biased (e.g., Ref. [26]). The templates are

Q = Iz53c08(2y) and U = I353sin(2y),  (2)
where y is either the RHT, Planck, or starlight polarization
angle. For all templates, we smooth the Q and U data to a
common resolution of FWHM = 4° before computing .
This prohibits small-scale noise in Q and U from contami-
nating the templates on large scales via the harmonic-space
convolution implied by the real-space map multiplication in
Eq. (2). To avoid noise biases, we measure cross-correlations
between templates constructed from independent half-
mission splits of the Planck data.

We apply a common mask to all template maps,
consisting of the Planck point source mask and a mask
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FIG. 1 (color online).
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Plane-of-sky magnetic field orientation as predicted by Oryr (top) and 6353 (bottom). Color maps are integrated

HI column density from v = —61.5 kms™! to +61.5 kms™' (Ny[cm™2]), and dust opacity (z353). Planck and RHT Q and U values are
smoothed with a FWHM = 1° Gaussian kernel, then used to construct 6353 and Ogyr, which are visualized using line integral
convolution (LIC; [24]). The high latitude (b Z 70) behavior of the 6353 LIC pattern is due to Planck noise. White pseudovectors
represent starlight polarization angles. Galactic latitude lines lie at b = 30°, 50°, 70°, from left to right. Galactic longitude lines lie at

[ = 80°, 50°, 20°, from top to bottom.

removing regions that are more than 7° from starlight data,
regions where the integrated RHT intensity is zero, and the
edges of the region, where RHT artifacts could arise.
The total unmasked sky subtends 1181 deg?, 92% of the
original area. We apodize the mask with a Gaussian taper of
FWHM = 15/. We use polspice [27] to compute EE and BB
power spectra (C,, where multipole ¢ is the harmonic
variable conjugate to angular scale), corresponding to the
usual curl-free and divergence-free decompositions of polari-
zation data [1,3], respectively. We calibrate the polspice
internal parameters using 100 simulations of polarized dust
power spectra with properties matching recent Planck
measurements [18,28]. We bin the measured power spectra
in four logarithmically spaced multipole bins between
¢ =40 and 7 = 600 (centered at £ =59, 116, 229, and
451). Error bars are calculated in the Gaussian approxima-
tion from the auto-power spectra of the template maps used
in each cross-correlation. Sample variance is not included in
the error bars, as our interest is in comparing measurements
of the same modes on the sky.

Figure 3 shows cross-power spectra for the template maps
constructed from RHT, Planck, and starlight data. We refrain
from fitting a model to the data, as we have not considered p
in our templates, but instead consider the relative amplitudes
of the cross-power spectra. For the Planck-only templates
and the Planck—RHT, Planck—starlight, and RHT—starlight
cross-correlations, respectively, we detect the E-mode power

spectrum at 700, 550, 400, and 400 significance. We detect
the B-mode power spectrum at 650, 600, 500, and 400
significance. We verify that template maps constructed with
random angles yield a cross-power spectrum consistent with
zero (even when using the true /353 data in the random-angle
templates). We compare the template cross-power spectra
with the actual EE and BB power spectra measured directly
from Q353 and Usssy and infer a mean p ~ 5%, which is
reasonable for this region [18].
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FIG. 2 (color online). Normalized histograms of 66 = 0353 —
Ogryr in 1° bins at resolutions of FWHM = 5/, 15/, and 30'. The
Gaussian fit to the FWHM = 15’ histogram shown has a standard
deviation ¢ = 19.4°.
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FIG. 3 (color online). Cross-power spectra of polarization
template maps constructed from /353 and either Planck (y3s3),
RHT (wgryr), or starlight polarization (y ) data [Eq. (2)]. Shown
are E-mode (circles) and B-mode (squares) components.
Significant (40-700) cross-correlations are detected in all cases.

Although significant cross-correlations are detected for
all templates in Fig. 3, the Planck-only templates yield
higher amplitudes than the cross-correlations with RHT- or
starlight-based templates. While this could be due to
physical differences between angles, we note that the
RHT-Planck and RHT-starlight cross-correlations yield
similar results (especially at low-£), suggesting that the
Planck-only templates’ power spectra could be systemati-
cally biased. Because the angle construction relies on the
Uss3/ Q353 ratio, it is sensitive to any effect that modifies
the zero point of the maps. Such effects could include gain
calibration drifts or intensity-to-polarization leakage that
varies over the sky, both of which are known to be present
in the Planck data at some level [25]. Indeed, scan-
synchronous systematics have been detected in Planck
temperature data [29,30], and maps of 60 = 0553 — Oryr
present clear visual evidence of residuals that are highly
correlated with the Planck scan directions. We leave a
detailed consideration of these systematic effects on the
Planck angles to future work. Note that direct measure-
ments of EE and BB power spectra from Q53 and Ujsz are
more immune to these systematics than the angle con-
struction, but we require the latter method to compare
Planck data in a straightforward way to the RHT- and
starlight-based templates.

The RHT-Planck cross-power spectra yield an amplitude
ratio CFE/CPB ~2, a result consistent with the Planck
353 GHz measurement [28], though this must be inter-
preted with caution as we have not modeled p in our
templates. Many current models of the dust polarized sky
[31,32] predict equal E- and B-mode amplitudes [28]. Hi
orientation preserves the nonunity EE/BB ratio, suggesting
that ISM structure is a crucial missing component of these
models. The preferential alignment of Planck filamentary
dust structures with the magnetic field [33] supports this
conclusion. Our work underscores the need for a deeper

understanding of the interplay between ISM phenomena
and polarized dust.

IGW B-mode experiments often target the high Galactic
latitude sky, where Planck data cannot distinguish between
the most promising potential targets [34]. Figure 4 shows
the relative Galactic latitude dependence of uncertainties in
0353 and Ogyt, Where the Ory uncertainty is propagated
from the variance in R(0) [35]. With sensitive measure-
ments at high latitudes, Oy maps can be used to assess the
structure of the magnetic field in targeted regions of sky.

Our results indicate that full foreground templates with
higher signal-to-noise than the Q353 and Uss3 maps can be
constructed by combining fgyt With other data describing
P. A scale-dependent modeling of p and I from a
combination of /353, P3s3, and Hi data may enable the
extension of this work to full polarized dust foreground
maps. Such templates should remove CMB and cosmic
infrared background emission from /553, which we neglect
here. We can also replace /553 in Eq. (2) with an unbiased
estimator of P3s3 (e.g., Refs. [26,36]). P is theoretically
determined by the dust column along the line of sight,
traced by 7, and the tangledness of the magnetic field along
the line of sight, where more tangled fields cause greater
depolarization. Ny is a powerful proxy for /353, particu-
larly at high Galactic latitudes where dust emission is low
and the expected depletion of HI into a molecular state is
minimal. Changes in gy for different Hr velocity chan-
nels may indicate line-of-sight field tangling, and may
elucidate the physical origin of variations in p by isolating
components of the magnetic field. This will be the subject
of future work, and may lead to further Hi constraints
on P 353

In this work we demonstrate that Hr orientation corre-
lates with Planck 353 GHz polarization angle. We will
process Hi data from the full Arecibo sky in a forthcoming
work, as it overlaps with several CMB experiments [35].
Lower resolution Hr surveys such as GASS [37] and
EBHIS [38] can be used on other regions of the sky,
although they do not trace the Galactic magnetic field as
precisely as the high resolution GALFA-HI data [16]. Soon,
Galactic all-sky maps from Square Kilometer Array path-
finders [39] will be ideal for Hi-based foreground maps.

241302-4



PRL 115, 241302 (2015)

PHYSICAL REVIEW LETTERS

week ending
11 DECEMBER 2015

The authors thank David Spergel, Amber Miller, Blake
Sherwin, Raphael Flauger, and Kendrick Smith for enlight-
ening discussion of the work presented here. We thank the
other members of the GALFA-HI team for their role in
producing that data. We also thank Akito Kusaka and Tobias
Marriage for providing survey coordinates on behalf of the
PolarBear and CLASS teams, respectively. We thank the
anonymous referees for their thoughtful comments. S. E. C.
was supported by a National Science Foundation Graduate
Research Fellowship under Grant No. DGE-11-44155. This
work was partially supported by a Junior Fellow award from
the Simons Foundation to J. C. H. M. E. P. acknowledges
support from NSF Grant No. AST-1410800.

[1] U. Seljak and M. Zaldarriaga, Phys. Rev. Lett. 78, 2054
(1997).
[2] U. Seljak, Astrophys. J. 482, 6 (1997).
[3] M. Kamionkowski, A. Kosowsky, and A. Stebbins, Phys.
Rev. Lett. 78, 2058 (1997).
[4] T. Essinger-Hileman et al., arXiv:1008.3915.
[5] M. D. Niemack et al., in Proc. SPIE Int. Soc. Opt. Eng.
7741, 77411S (2010).
[6] P.A.R. Ade et al. (Keck Array and BICEP2 Collabora-
tions), Astrophys. J. 811, 126 (2015).
[7]1 T. Essinger-Hileman ef al. in Proc. SPIE 9153, 915311
(2014).
[8] Z.D. Kermish et al., Proc. SPIE Int. Soc. Opt. Eng. 8452,
84521C (2012).
[9] B. A. Benson et al., in Proc. SPIE Int. Soc. Opt. Eng. 9153,
91531P (2014).
[10] B. Reichborn-Kjennerud et al., in Proc. SPIE Int. Soc. Opt.
Eng. 7741, 77411C (2010).
[11] A.A. Fraisse et al., J. Cosmol. Astropart. Phys. 4 (2013)
047.
[12] P. A.R. Ade et al. (Planck Collaboration), arXiv:1502.01582.
[13] P. A.R. Ade et al. (BICEP2 Collaboration), Phys. Rev. Lett.
112, 241101 (2014).
[14] R. Flauger, J. Colin Hill, and D.N. Spergel, J. Cosmol.
Astropart. Phys. 8 (2014) 039.
[15] P. A.R. Ade et al. (BICEP2/Keck, Planck Collaborations),
Phys. Rev. Lett. 114, 101301 (2015).

[16] S.E. Clark, J. E. G. Peek, and M. E. Putman, Astrophys. J.
789, 82 (2014).

[17] D. Burstein and C. Heiles, Astron. J. 87, 1165 (1982).

[18] P.A.R. Ade et al. (Planck Collaboration), Astron.
Astrophys. 576, A104 (2015).

[19] J.E.G. Peek et al., Astrophys. J. Suppl. Ser. 194, 20
(2011).

[20] J. E. G. Peek et al. (to be published).

[21] Using HEALPix, http://healpix.jpl.nasa.gov.

[22] C. Heiles, Astron. J. 119, 923 (2000).

[23] A. Lazarian, J. Quant. Spectrosc. Radiat. Transfer 106, 225
(2007).

[24] B. Cabral and L. C. Leedom, in Computer Graphics Proc.,
ACM SIGGRAPH, 263 (1993).

[25] P. A.R. Ade et al. (Planck Collaboration), arXiv:1502.01587.

[26] S. Plaszczynski, L. Montier, F. Levrier, and M. Tristram,
Mon. Not. R. Astron. Soc. 439, 4048 (2014).

[27] G. Chon, A. Challinor, S. Prunet, E. Hivon, and 1. Szapudi,
Mon. Not. R. Astron. Soc. 350, 914 (2004).

[28] R. Adam et al. (Planck Collaboration), arXiv:1409.5738
[Astron. Astrophys. (to be published)].

[29] N. Aghanim et al. (Planck Collaboration), arXiv:1502.01596.

[30] J. Kim and E. Komatsu, Phys. Rev. D 88, 101301 (2013).

[31] D.T. O’Dea, C.N. Clark, C.R. Contaldi, and C.J.
MacTavish, Mon. Not. R. Astron. Soc. 419, 1795
(2011).

[32] J. Delabrouille, M. Betoule, and J.B. Melin, Astron.
Astrophys. 553, A96 (2013).

[33] P. A.R. Ade et al. (Planck Collaboration), arXiv:1505.02779
[Astron. Astrophys. (to be published)].

[34] E.D. Kovetz and M. Kamionkowski, Phys. Rev. D 91,
081303 (2015).

[35] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.115.241302 for calcu-
lation of uncertainties, and a map of HI survey and CMB
experiment observing regions.

[36] M. Vidal, J. P. Leahy, and C. Dickinson, arXiv:1410.4436.

[37] N. M. McClure-Griffiths et al., Astrophys. J. Suppl. Ser.
181, 398 (2009).

[38] J. Kerp, B. Winkel, N. B. Bekhti, L. Floeer, and P. Kalberla,
Astron. Nachr. 332, 637 (2011).

[39] A.R. Duffy, M.J. Meyer, L. Staveley-Smith, M. Bernyk,
D.J. Croton, B.S. Koribalski, D. Gerstmann, and S.
Westerlund, Mon. Not. R. Astron. Soc. 426, 3385 (2012).

241302-5


http://dx.doi.org/10.1103/PhysRevLett.78.2054
http://dx.doi.org/10.1103/PhysRevLett.78.2054
http://dx.doi.org/10.1086/304123
http://dx.doi.org/10.1103/PhysRevLett.78.2058
http://dx.doi.org/10.1103/PhysRevLett.78.2058
http://arXiv.org/abs/1008.3915
http://dx.doi.org/10.1117/12.857464
http://dx.doi.org/10.1117/12.857464
http://dx.doi.org/10.1088/0004-637X/811/2/126
http://dx.doi.org/10.1117/12.2056701
http://dx.doi.org/10.1117/12.2056701
http://dx.doi.org/10.1117/12.926354
http://dx.doi.org/10.1117/12.926354
http://dx.doi.org/10.1117/12.2057305
http://dx.doi.org/10.1117/12.2057305
http://dx.doi.org/10.1117/12.857138
http://dx.doi.org/10.1117/12.857138
http://dx.doi.org/10.1088/1475-7516/2013/04/047
http://dx.doi.org/10.1088/1475-7516/2013/04/047
http://arXiv.org/abs/1502.01582
http://dx.doi.org/10.1103/PhysRevLett.112.241101
http://dx.doi.org/10.1103/PhysRevLett.112.241101
http://dx.doi.org/10.1088/1475-7516/2014/08/039
http://dx.doi.org/10.1088/1475-7516/2014/08/039
http://dx.doi.org/10.1103/PhysRevLett.114.101301
http://dx.doi.org/10.1088/0004-637X/789/1/82
http://dx.doi.org/10.1088/0004-637X/789/1/82
http://dx.doi.org/10.1086/113199
http://dx.doi.org/10.1051/0004-6361/201424082
http://dx.doi.org/10.1051/0004-6361/201424082
http://dx.doi.org/10.1088/0067-0049/194/2/20
http://dx.doi.org/10.1088/0067-0049/194/2/20
http://healpix.jpl.nasa.gov
http://healpix.jpl.nasa.gov
http://healpix.jpl.nasa.gov
http://healpix.jpl.nasa.gov
http://dx.doi.org/10.1086/301236
http://dx.doi.org/10.1016/j.jqsrt.2007.01.038
http://dx.doi.org/10.1016/j.jqsrt.2007.01.038
http://arXiv.org/abs/1502.01587
http://dx.doi.org/10.1093/mnras/stu270
http://dx.doi.org/10.1111/j.1365-2966.2004.07737.x
http://arXiv.org/abs/1409.5738
http://arXiv.org/abs/1409.5738
http://arXiv.org/abs/1502.01596
http://dx.doi.org/10.1103/PhysRevD.88.101301
http://dx.doi.org/10.1111/j.1365-2966.2011.19851.x
http://dx.doi.org/10.1111/j.1365-2966.2011.19851.x
http://dx.doi.org/10.1051/0004-6361/201220019
http://dx.doi.org/10.1051/0004-6361/201220019
http://arXiv.org/abs/1505.02779
http://arXiv.org/abs/1505.02779
http://dx.doi.org/10.1103/PhysRevD.91.081303
http://dx.doi.org/10.1103/PhysRevD.91.081303
http://link.aps.org/supplemental/10.1103/PhysRevLett.115.241302
http://link.aps.org/supplemental/10.1103/PhysRevLett.115.241302
http://link.aps.org/supplemental/10.1103/PhysRevLett.115.241302
http://link.aps.org/supplemental/10.1103/PhysRevLett.115.241302
http://link.aps.org/supplemental/10.1103/PhysRevLett.115.241302
http://link.aps.org/supplemental/10.1103/PhysRevLett.115.241302
http://link.aps.org/supplemental/10.1103/PhysRevLett.115.241302
http://arXiv.org/abs/1410.4436
http://dx.doi.org/10.1088/0067-0049/181/2/398
http://dx.doi.org/10.1088/0067-0049/181/2/398
http://dx.doi.org/10.1002/asna.201011548
http://dx.doi.org/10.1111/j.1365-2966.2012.21987.x

