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Nuclear spins in a spin-blocked quantum dot can be pumped and eventually polarized in either of two
opposite directions that are selected by applying two different source-drain voltages. Applying a square
pulse train as the source-drain voltage can continuously switch the pumping direction alternately. We
propose and demonstrate a critical behavior in the polarization after alternate pumping, where the final
polarization is sensitive to the initial polarization and pulse conditions. This sensitivity leads to stochastic
behavior in the final polarization under nominally the same pumping conditions.
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Hyperfine interactions between electron spins and
nuclear spins are known to produce a variety of phenomena
in quantum dots, such as oscillatory behavior, telegraph
switching, and hysteresis of the transport current [1–6].
Similar behaviors have also been observed in optically
probed quantum dots [7–14]. All these effects were
attributed to the nonlinear dynamics of hyperfine-induced
dynamical nuclear polarization and its feedback to the
electron spin Zeeman energy via the effective nuclear field
BN . The complex interplay between nuclear polarization
and electron transport in spin-blocked double quantum dots
(DQDs) has been studied theoretically [15–21]. In quantum
dots, the existence of a large number of nuclear spins and
the hyperfine interaction with electron spins can be a useful
resource if they are appropriately manipulated [14,22–26].
Nonlinear dynamics, including chaotic behavior, has
attracted long-term interest. The so-called return map is
a powerful tool for easily understanding discrete time
dynamics [27]. Such dynamics can now be applied to
engineering to predict, control, and calculate various
complex systems spanning large areas [28].
In this Letter, at first we show a simple return map model

describing the interaction between nuclear and electron
spin in our system. Then we report a novel characteristic of
the nonlinear dynamics of nuclear polarization, a critical
behavior of considerably different final states being
obtained from slightly different initial states. Nuclear spins
in a spin-blocked DQD can be pumped and eventually
polarized in either of two opposite directions that are
selected by applying two different source-drain voltages
VSD. We show that the dynamics of nuclear spins under this
alternate pumping exhibits extreme sensitivity to the initial
polarization as well as the pumping conditions. Such
behavior can be understood by a simple discrete dynamics
approximation and so-called return maps. We experimen-
tally demonstrate the critical behavior of the final nuclear
polarization after alternate pumping.

A schematic energy diagram of the two-electron energy
for a DQD is shown as a function of VSD in Fig. 1(a). The
VSD-independent spin triplet states Tþ, T0, and T− are
separated from each other by the effective Zeeman energy
gμBðBext þ BNÞ, where g is the g factor of the electron, μB is
the Bohr magnetron, and Bext is the external magnetic field.
Two spin singlet states, Sð1; 1Þ and Sð0; 2Þ, hybridize and
anticross with splitting, reflecting the interdot tunnel

FIG. 1 (color online). (a) Schematic energy diagram of two-
electron energy for a DQD as a function of source-drain voltage
VSD. The two crossing points, NPP and PPP, and the directions of
the shift upon nuclear spin pumping, are indicated by arrows. The
lengths of the arrows indicate the strength of pumping at each
position. (b) Trajectories of the return map for alternate pumping.
The two trajectories start from two initial states that are located
very close to the repulsive fixed point.
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coupling. The spin blockade loads the electrons to one of
the triplet states [29]. Hyperfine-induced elastic flip-flop
scattering between an electron spin and a nuclear spin is
possible at the two crossing points. At the Tþ-S crossing,
the accumulation of flopped nuclear spins leads to negative
polarization, a decrease in effective Zeeman splitting, and a
shift of the crossing point toward a negative VSD. We refer
to this crossing point as a negative pumping point (NPP).
At the T−-S crossing, positive pumping occurs in a similar
manner, causing a shift of the positive pumping point
(PPP). These dynamics have been described by the rate
equation [15].
The rate equation can be approximated by simpler

discrete time dynamics using return maps [27]. For the
case of fixed VSD around the NPP, the discrete dynamics

of the ðiþ 1Þth step of BN , B
ðiþ1Þ
N , is determined from

Bðiþ1Þ
N ¼ BðiÞ

N þ fðBðiÞ
N Þ with the Lorentzian function fðxÞ

describing the VSD-dependent pumping strength. For

alternate pumping, the return map is Bðiþ1Þ
N ¼ BðiÞ

N þ
ð−1ÞifðBðiÞ

N Þ [30]. Now the sign of the Lorentzian peak
changes with the parity of the pulse number i. This return
map can be visually understood in terms of the trajectory, as
shown in Fig. 1(b). The rules for the trajectory are as

follows. (i) Choose the initial Bð0Þ
N that reflects the detuning

of the low or high voltage of the pulse from the NPP or PPP,
respectively, under the initial nuclear condition. (ii) Move
upward until the inclined Lorentzian having the positive
peak is reached. (iii) Move to the right until the inclined
straight line is reached. (iv) Move downward until the
inclined Lorentzian having the negative peak is reached.
(v) Move to the left until the inclined straight line is
reached, then go back to (ii).
In Fig. 1(b), the two Lorentzian curves show the up and

down pumping curves and the inclined straight line
shows the line of symmetry of the two Lorentzian curves.

Also, the two trajectories represent the evolutions of BðiÞ
N

from two slightly different initial states near a fixed point

where Bðiþ2Þ
N ¼ BðiÞ

N . Their final states are considerably
different even though the initial states are nearly the
same. This critical behavior is due to the repulsive nature
of this fixed point. The trajectories that start near the
fixed point repeatedly move back and forth around the
origin of Fig. 1(b) and eventually move to the left or right.
The final state is determined by whether the initial value

is larger or smaller than the fixed point. BðiÞ
N can undergo a

huge number of oscillations around the origin before
escaping to the left or right, and it appears to be difficult
to predict the final state from only the initial behavior.
Note that the fixed point changes with the pumping
conditions such as the height and width of the Lorentzian.
Thus, the final state also shows extreme sensitivity to a
slight change in the pumping conditions as well as the
initial state.

To experimentally explore the critical behavior of
nuclear spins, we measured the transport characteristics
of a vertical DQD. The device comprises a submicron pillar
structure that consists of an InGaAs quantum well, a GaAs
quantum well, and three AlGaAs barriers [31]. The device
has two gate electrodes biased with gate voltages VG1 and
VG2, which enable the control of interdot detuning [4].
Measurements are performed at 1.6 K. The external
magnetic field Bext is applied in an in-plane direction.
Figure 2(a) shows the differential conductance dISD=dVSD
as a function of VSD and the gate voltages at Bext ¼ 3.0 T.
The two gate voltages are changed so that interdot detuning
remains nearly constant for a fixed VSD. The spin blockade
region is observed on the positive-VSD side of the Coulomb
diamond for the total electron number N ¼ 2. Two lines of
the current peak due to the NPP and PPP can be seen, as
indicated by the arrows [4].
We next describe the method used to quantitatively

measure the effect of alternate pumping. The sequence
of VSD used for the alternate pumping is shown in Fig. 2(b),
and consists of (1) initialization, (2) alternate pumping, and
(3) detection. The measured VSD value can be converted
into a BN value using the experimentally obtained relation-
ship between VSD and BN [30]. We apply square wave
pulse trains with a low voltage VL

SD and a high voltage VH
SD

at the same gate voltage, where VL
SD and VH

SD are set to
approximately the NPP and PPP, respectively. The fre-
quency and duty ratio of each pulse are 10 MHz and 50%,
respectively, unless specifically noted. The total burst time
is 1 s, which is much shorter than the relaxation time
of nuclear polarization of about 32 s [30]. We prepare
the same initial states and discuss the sensitivity to the
pumping conditions of the square pulse train.
The lowest trace in Fig. 3(a) is a plot of the change in the

nuclear field ΔBN from its initial value −0.6 T after
alternate pumping. Here, we use a square wave pulse train
with VL

SD fixed at −0.5 mV, which is much smaller than the

FIG. 2 (color online). (a) Plot of differential conductance
dISD=dVSD at Bext ¼ 3.0 T. The two gate voltages VG1 and
VG2 change simultaneously, as shown on the left and right axes,
respectively. The spin blockade region is indicated by dashed
lines. Arrows indicate the lines of current peaks due to the
NPP and PPP. (b) VSD sequence used for alternate pumping
measurement.
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NPP, and we vary VH
SD. At approximately VH

SD ¼ 2.3 mV,
ΔBN gradually changes from zero to 0.6 T, indicating that
VH
SD reaches the PPP and positive pumping occurs. Note

that the negative pumping should be sufficiently smaller
than the positive pumping under this condition because VL

SD
is set away from the NPP. The upper traces show the results
of similar measurements with VL

SD changed from −0.3 mV
to 1.1 mV. As shown by the trace for VL

SD ¼ 0.5 mV, which
is close to the NPP, the transition occurs in a narrower range
of VH

SD, indicating the transition of the two final states, a
negatively pumped and saturated state, and a positively
pumped and saturated state. The transition becomes
broader again upon further increase of VL

SD. These behav-
iors are well reproduced by the rate equation with alternate
pumping, as shown in the right panel of Fig. 3(b) [32].
Figure 3(c) shows the results of similar measurements

for various duty ratios (ratio of the high voltage to the
low voltage). Measurements were performed where VL

SD

coincided with the NPP. A sharp transition was observed for
all duty ratios, which was accompanied by a shift of the
critical VH

SD. The direction of this shift is consistent with
the balance between positive and negative pumping. In the
discrete dynamic picture, a change in the duty ratio corre-
sponds to different peak heights of the two Lorentzians.
We also repeat similar measurements with various

frequencies and burst times of the pulse train. For lower
frequencies or shorter burst times, the transition becomes
broader for all combinations of VL

SD and VH
SD. This is

consistent with the rate equation and the discrete dynamic
model. In the return map picture, this is described as a
decrease in the repulsive force from the fixed point,
resulting in more steps required to reach the final state.
For the burst time of 1 s, the sharp transition appears
at approximately 10 MHz and remains up to 19 MHz
[Fig. 3(d)]. Note that Figs. 3(a), 3(b), and 3(d) were
obtained under similar conditions but slightly different
gate voltages and interdot detuning, and the values for the
critical VH

SD are different in each case.
Systematic statistical measurements were performed for

values of VL
SD and VH

SD close to the transition. We repeated
the measurement 100 times with nominally the same pulse
train to obtain the distribution of the final values of BN . The
initial state was carefully set by scanning VSD 10 times
around the NPP. As shown in Fig. 4(a), the observed BN
stochastically takes two different values, −0.4 T and
þ0.1 T. The three panels correspond to slightly different
values for VH

SD around the PPP with the same VL
SD. When

VH
SD ¼ 2.31 mV, stochastic behavior with nearly 50%

switching probability is observed. We also confirmed that
the split distribution is obtained from the simple model
calculation used for the return map in Fig. 1(b) [30].
Figure 4(b) is an intensity plot of the distribution for the
final BN as a function of VH

SD for a small range of values
around the critical point. The switching probability as a
function of VH

SD is plotted in Fig. 4(c). The characteristic
transient width is 30 μV. In a GaAs quantum dot contain-
ing ∼105 nuclear spins, the width of the Gaussian distri-
bution is ∼10 mT. If the stochastic behavior only originates
from this state distribution, the transient width will be
0.2 μeV, which is 1 order of magnitude smaller than the
observed width. Thus, the observed stochastic behavior
originates from the reasonable amount of noise in VSD.
Although the dynamics of nuclear polarization is treated

classically in our model, nuclear spin systems are known to
behave as quantum systems [33,34]. Indeed, a long
coherence time of up to 1 ms was observed for nuclear
polarization in the device used in this study [4]. This time
scale is 3 orders of magnitude longer than the minimum
period of the alternate pumping used in this study. There is
little knowledge about the relationship between this quan-
tum nature and nonlinear or chaotic behaviors. The system
used in this study is expected to open up new fields in
quantum physics and nonlinear or chaos engineering.
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FIG. 3. (a) Plot of the change in the nuclear field ΔBN after
alternate pumping as a function of the high voltage of the square
wave pulse train VH

SD at Bext ¼ 3.0 T. Each trace is obtained for a
fixed low voltage VL

SD. The traces are offset for clarity. (b) Result
of calculation using the rate equation. The horizontal axis is the
high value δH of the interdot detuning pulse train. Each trace is
calculated for different low values δL of the pulse train [32].
(c) Duty ratio dependence on VH

SD with VL
SD set at the NPP at

Bext ¼ 3.0 T. (d) Dependence of the frequency of the square
pulse train on VH

SD with VL
SD set at the NPP.
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We proposed and demonstrated the critical behavior in
alternately pumped nuclear spins in a DQD. The current
peak observed in the leakage current of a spin blockade was
used to detect the NPP. Nuclear relaxation measurements
enabled the quantitative measurement of BN . After alternate
pumping under appropriate conditions, the final value of
BN revealed a transition that is extremely sensitive to the
conditions used for positive and negative pumping. This
behavior can be understood in terms of the discrete
dynamics based on return maps as well as a simulation
based on rate equations.
Note that the alternate pumping has various advantages

in terms of controllability over more simple unidirectional
pumping with relaxation used in previous studies [3,9,10].
In the alternate pumping, the critical behavior is controlled
via not only the pumping strength and magnetic field but
also the duty ratio and/or frequency of the square wave
pulse train. Furthermore, a numerical simulation with
different parameters showed that various characteristic
behaviors for nonlinear systems, such as a single (and/
or) multistable state, semiperiodic and periodic oscillation,
and chaotic behavior can appear in the case of more realistic
parameters than those in unidirectional pumping [30].
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