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The Goos-Hänchen (GH) shift and the Imbert-Fedorov (IF) shift are optical phenomena which describe
the longitudinal and transverse lateral shifts at the reflection interface, respectively. Here, we predict the GH
and IF shifts in Weyl semimetals (WSMs)—a promising material harboring low energy Weyl fermions, a
massless fermionic cousin of photons. Our results show that the GH shift in WSMs is valley independent,
which is analogous to that discovered in a 2D relativistic material—graphene. However, the IF shift has
never been explored in nonoptical systems, and here we show that it is valley dependent. Furthermore, we
find that the IF shift actually originates from the topological effect of the system. Experimentally, the
topological IF shift can be utilized to characterize the Weyl semimetals, design valleytronic devices of high
efficiency, and measure the Berry curvature.
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Introduction.—Modern quantum physics originates from
understanding the wave-particle duality of all particles,
among which the photon is the first one having been
discovered with such a duality. Classically, the physics of a
beam of light being reflected at an interface is governed by
geometric optics law, where the photons are treated as
classical particles. In contrast, when considering the wave
nature of photons, spatial shifts at the interface appear as a
longitudinal shift in the incident plane [1–3] or a transverse
shift normal to the incident plane [4–9], which are known
as the Goos-Hänchen (GH) effect and the Imbert-Fedorov
(IF) effect, respectively. Because of all particles possessing
the wave-particle duality, the spatial shifts are also expected
for other particles. For example, the GH effect has been
shown to exist in the systems of electrons [10–13], neutrons
[14], atoms [15], etc. Particularly for the 2D massless Dirac
fermions in graphene systems, the GH shift can be
manipulated from positive to negative by tuning an external
electric field [16]. However, the IF effect has not been
studied in nonoptical systems.
Similar to photons, Weyl particles are also massless. But

different from photons, Weyl particles are spin 1=2 chiral
fermions and described by the Weyl equation. Recently,
Weyl semimetals (WSMs) were proposed as promising
systems embedding Weyl fermions, generating intense
interest [17–23]. In WSMs, the Weyl nodes always exist
in pairs with opposite chiralities, and each Weyl node
corresponds to a valley index [24,25]. Several candidates
are suggested to be WSMs, including pyrochlore irradiates
[17], topological insulator and normal insulator hetero-
structures [19], staggered flux states in cold atom systems
[21], and photonic crystals based on double-gyroid struc-
tures [22]. There are two kinds of WSMs: the inversion
symmetry broken WSMs and the time reversal symmetry

broken WSMs. Very recently, ARPES and transport mea-
surements have shown convincing data on the realization of
WSMs in TaAs and related materials, which break the
inversion symmetry [26–28]. However, the experimental
realization of the time reversal broken WSMs remains a
challenge. This failure cannot be ascribed to the impedi-
ment of the material growth technique (e.g., Y2Ir2O7

[29,30] and HgCr2Se4 [31,32]), but to the scarcity of the
method of direct experimental identification of WSMs [33].
Because of the topological properties of the Weyl fermions,
the WSMs may possess exotic wave-packet dynamics,
which indicates a new route to characterizing WSMs and
potential applications in valleytronics [34–37].
In this Letter, we predict the GH effect and the IF effect

for 3DWeyl fermions in WSMs. By using the wave-packet
method, we derive analytic results for the spatial shift of the
GH effect and the IF effect. Our results show that the GH
shift is valley independent. By contrast, the IF shift is valley
dependent (see Fig. 1), which gives rise to the valley-
dependent anomalous velocities in the system. Because the
IF shift is perpendicular to the incident plane, it is a generic
3D effect and could never appear in a 2D material, e.g., the
graphene [16]. Furthermore, we demonstrate that the IF
shift originates from the topological effect of the system,
namely, the Berry curvature of the system. Remarkably,
the consequence of the valley-dependent anomalous veloc-
ity is significant enough to be detected experimentally.
Finally, we discuss three applications of the valley-
dependent IF shift: (i) effectively characterizing the
WSMs, (ii) directly detecting the Berry curvature, and
(iii) efficiently inducing a valley current with a high
polarization rate.
Quantum GH and IF effects in WSMs.—The

Hamiltonian of the WSMs system is
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H ¼

8>><
>>:

P
i¼x;y;z

vip̂iσi ðx ≤ 0Þ
P

i¼x;y;z
v0ip̂iσi þ VðxÞ ðx > 0Þ ; ð1Þ

where vi (v0i) is velocity parameter for region x ≤ 0
(x > 0); p̂i are momentum operators, VðxÞ is potential,
and σi stand for Pauli matrices. This Hamiltonian
indicates an interface located at x ¼ 0 in the WSMs
[see Fig. 2(a)]. The effective Hamiltonian (1) can
describe both the time reversal symmetry broken
WSMs and the inversion symmetry broken WAMs,
so the following results are valid for both cases. We
consider a beam of Weyl fermions incident from the
region x < 0 modeled by a Gaussian wave packet as
ψ in
g ðrÞ ¼ R

∞
−∞

R
∞
−∞ dkydkzfðky − k̄yÞfðkz − k̄zÞψ inðk; rÞ,

where fðks− k̄sÞ¼ð ffiffiffiffiffiffi
2π

p
ΔksÞ−1e−ðks−k̄sÞ

2=2Δ2
ks are Gaussian

distribution functions of width Δks peaked at the mean
wave vector ðk̄x; k̄y; k̄zÞ, with s ¼ y; z. Note that none of
our results depend on the shape of the wave packet. Here,
ψ inðk; rÞ is the incident wave function, which is a
solution of the Weyl equation, i.e., Hψ in ¼ Eψ in for
region x < 0:

ψ inðk; rÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ η2

p
�
e−iα=2

ηeiα=2

�
eikxxþikyyþikzz; ð2Þ

where kx¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2−ðℏvykyÞ2−ðℏvzkzÞ2

q
=ℏvx, α ¼

tan−1ðvyky=vxkxÞ, and η ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE − ℏvzkzÞ=ðEþ ℏvzkzÞ
p

.
Analogously, the reflected wave packet can be written
as ψ re

g ðrÞ¼
R∞
−∞

R∞
−∞dkydkzfðky− k̄yÞfðkz− k̄zÞψ reðk;rÞ,

where ψ re is the reflected wave function. ψ re can be
obtained from the incident wave Eq. (2) by the sub-
stitution kx ↦ −kx, α ↦ π − α and multiplication by the
reflection amplitude r ¼ jrjeiϕr . The integrals of ψ in

g and
ψ re
g give the center of the wave packets, and therefore we

can obtain the spatial shifts in the y, z directions [38]:

Δy
� ¼ −

∂
∂ky ϕrðk̄y; k̄zÞ∓ ∂

∂ky αðk̄y; k̄zÞ

Δz
� ¼ −

∂
∂kz ϕrðk̄y; k̄zÞ∓ ∂

∂kz αðk̄y; k̄zÞ: ð3Þ

The spatial shifts for Weyl fermions are defined as the
average shifts of the two spinor components: ΔyðzÞ ¼
ðΔyðzÞ

þ þ η2ΔyðzÞ
− Þ=ð1þ η2Þ. In Eq. (3), αðk̄y; k̄zÞ repre-

sents the incident angle, and ϕr is the phase of the
reflection coefficient, which can be obtained by matching
the wave function at x ¼ 0. If the incident wave packet is
confined in the x-y plane, the in-plane shift Δy and the
out-of-plane shift Δz of the wave packet corresponds to
the GH shift ΔGH and the IF shift ΔIF:

ΔGH ¼ v0y
v0x

ð1þ βsin2ᾱ − V
EÞ

β sin ᾱ cos ᾱκ
; ð4Þ

ΔIF ¼ −C
����ℏvxvzvy

���� 1

E tan θ

�
1 − E

V ð1 − γÞ
1 − E

V ð1 − βÞ
�
; ð5Þ

where κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðℏv0ykyÞ2 þ ðℏv0zkzÞ2 − ðE − VÞ2

q
=ℏv0x, β ¼

v0y=vy, γ ¼ v0z=vz, ᾱ ¼ tan−1ðvyk̄y=vxk̄xÞ, and θ ¼
tan−1ðk̄y=k̄xÞ. C≡ sgn½vxvyvz� is the chirality of the
valley in WSMs. From Eq. (5), one sees that the IF
shift is very large when the Fermi energy E is close to
the Weyl nodes at zero. Moreover, the IF shift remains at
a large value when E is not far away from the Weyl node.
We take the incident Fermi energy E ¼ 100 meV,

potential V ¼ 150 meV, and velocities vi ¼ v0i ¼
106 m=s, where i ¼ x; y; z. In this case, β ¼ γ ¼ 1. Note
that the two valleys (A, B) of a WSM have opposite
chiralities. Figure 2(b) shows the spatial shifts versus the
incident angle θ, where both the GH and IF shifts are odd
functions of the incident angle, which is consistent with
symmetry analysis. Figure 2(c) shows the valley independ-
ence and potential dependence of GH shift ΔGH, which can
be tuned from positive to negative by external field V. This
feature is analogous to the GH shift in graphene [16].
Figure 2(d) illustrates that the IF shift is independent of
potential, but that it depends on valley index. The IF shift
can be utilized to manipulate the valley degree of freedom.
Topological origin of the IF effect.—Based on the

semiclassical dynamics of the wave packet, we show that
the IF shift is closely related to the Berry curvature of the
system. Let us assume the velocity vi ¼ v0i (i ¼ x; y; z) in
the WSM system. In this case, β ¼ γ ¼ 1, and Eq. (5)
reduces to ΔIF ¼ −ðℏvxvz=vyÞð1=E tan θÞ. Commonly, the
Weyl node can be regarded as a magnetic monopole in k
space [39] and thereby generates an effective magnetic field
in k space. The Berry curvature of Hamiltonian equation (1)
in region ðx ≤ 0Þ is Ω� ¼ ∓ðℏ3vxvyvzk=2E3Þ for the
conduction band and the valence band [40], respectively.

FIG. 1 (color online). Illustration of GH effect and IF effect in
WSMs. The orange arrow represents the incident wave packet
which includes Weyl fermions from two valleys, whereas the
green (red) arrow represents the reflected wave packet of Weyl
fermions only from valley A (B). ΔGH denotes the GH shift, and
ΔAðBÞ

IF stands for the IF shift of valley A (B). This figure shows the
positive GH shift case only.
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The semiclassical equation of motion [40,41] of the wave
packet is ðdr=dtÞ ¼ ð∂EðkÞ=ℏ∂kÞ − ðdk=dtÞ × Ω, where
r and k are the center positions of the wave packet in phase
space. We assume that the incident wave packet locates in
the conduction band, and we consider the incident wave
packet in the x-y plane with kz ¼ 0. The variation of kx by
potential V and nonzero Berry curvature Ωy leads to the IF
shift ΔIF in the z direction:

ΔIF ¼ −
Z

−kx

kx

dkxΩy ¼ −
�
ℏvxvz
vy

�
1

E tan θ
; ð6Þ

where tan θ ¼ ky=kx. Remarkably, Eqs. (6) and (5) com-
pletely coincide in the case of β ¼ γ. This coincidence does
not depend on linear dispersion of the system [38]. The
consistency between Berry curvature calculations and
wave-packet results strongly support the conclusion that
the IF shift is mainly a topological effect. The IF shift in
WSMs is quite different from that in optical systems.
Specifically, ΔIF reaches the maximum in WSMs [see
Fig. 2(b)] when comparing the zero value in optical systems
at θ ¼ 0° [6,8]. This is because the conservation of ky; kz
guarantees that the Weyl Fermions stay in the same valley
during the reflection processes in WSMs. In contrast, the
polarization of the photons changes during the reflection
processes, which will severely influence ΔIF. In the
Supplemental Material [38], we present the comparison
between the IF shift in WSMs and in various spin Hall
effects. However, the semiclassical equation cannot be

generally applied to all cases of the reflection process
because of the breakdown of the adiabatic approximation
for some systems.
Anomalous velocities induced by the IF effect.—We

consider a well collimated beam of Weyl fermions propa-
gating in the middle layer (region II) of a sandwich
structure, which is constructed by three layers of WSMs
[see Fig. 3(a)]. The applied electric potential profile is
shown below the sandwich structure. The height of the
structure is h and the width of region II is d. There are both
GH and IF shifts at the two interfaces (x ¼ �ðd=2Þ). In
order to observe the valley-dependent IF shift, the mirror
symmetry at about the x ¼ 0 plane needs to be broken [38].
Thus, we consider that the z direction velocities in the three
regions are different, with vIz ¼ vL, vIIz ¼ v, and vIIIz ¼ vR,
whereas the x and y direction velocities are still identical,
vIx=y ¼ vIIx=y ¼ vIIIx=y ¼ v. Without considering the spatial
shifts at the interfaces, the normal velocities in region
II in the y and z directions are vn;y ¼ v sin θ cosϕ
and vn;z ¼ v sin θ sinϕ, where angles θ and ϕ characterize
the incident direction of the wave packet [see Fig. 3(b)].
We denote the GH and IF shifts at the left (right)
interface as ΔLðRÞ

GH and ΔLðRÞ
IF , respectively. During multiple

reflections in region II, the GH and IF shifts are accumu-
lated, and they induce average anomalous velocities:
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FIG. 2 (color online). (a) Schematic of a p-n junction with an
interface at x ¼ 0. vi (v0i) is the velocity in the left (right) side of
the interface. E is the Fermi energy, and V is the potential
difference of the junction. (b) GH shift ΔGH and IF shift ΔAðBÞ

IF of
valley A (B) versus incident angle θ. Total reflection happens at
θ ≥ 30° (the yellow shaded region). λF ¼ hvi=E stands for the
wavelength of the Weyl fermions. (c) Potential dependence of the
GH shift for incident angle θ ¼ 30° (solid line), 45° (dashed line),
and 60° (dotted line). (d) Potential dependence of the IF shift for
incident angle θ ¼ 30° (solid lines), 45° (dashed lines), and 60°
(dotted lines).

FIG. 3 (color online). (a) Schematic of the valley splitter for
Weyl fermions. Regions I, II, and III are three WSM layers with
different velocities vI, vII, and vIII. (b) Illustration of the wave-
packet trajectory (the black arrow) of Weyl fermions in region II.
The electrons are injected by a TEM tip with incident polar angle
θ and azimuthal angle ϕ. The parameter θ is fixed at 50° in our
calculation. In an ordinary case, the trajectory of a wave packet
stays in the ABMN plane. However, due to the valley-dependent
IF shift, the trajectory of Weyl fermions from valley A (B) would
shift to the plane ABRS (ABPQ). (c) ϕ dependence of the total
anomalous velocities. (d) The propagating plane shift for two
valleys. After considering the IF shift, SN (QN) is the final
position shift for valley A (B).
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va;y¼½ðΔL
GHþΔR

GHÞcosϕþðΔL
IFþΔR

IFÞsinϕ�=ð2ΔtÞ and
va;z¼½ðΔL

GHþΔR
GHÞsinϕþðΔL

IFþΔR
IFÞcosϕ�=ð2ΔtÞ. Δt ¼

d=ðv cos θÞ represents the propagating time between two
subsequent reflections. Therefore, the normal and anomalous
velocities result in the total velocity: vt;yðzÞ ¼vn;yðzÞ þva;yðzÞ.
We set the parameters E ¼ 100 meV, V ¼ 150 meV,

h ¼ 10 μm, d ¼ 50 nm, vIz ¼ vL ¼ 1.2 × 106 m=s, vIIz ¼
v ¼ 106 m=s, vIIIz ¼ vR ¼ 0.8 × 106 m=s, and velocities in
other directions are all set to 106 m=s [42]. Figure 3(c)
shows ϕ the dependence of the total anomalous velocities
induced by the spatial shifts. The anomalous velocities are
valley dependent, which implies that the total velocities
also depend on the valley index. Eventually, the different
velocities of the two valleys lead to macroscopic separa-
tion in real space, which is experimentally detectable.
Figure 3(d) shows the opposite position shift at the bottom
of region II for valley A and valley B. A GH shift cannot
induce the position shift, because the GH shift always lies
in the propagating plane. In contrast, an IF shift can
induce the position shifts (of micrometer order) for two
valleys (SN and QN) [38].
Identification of WSMs.—The experimental observation

of time reversal broken-type WSMs has not appeared,
mainly due to the lack of an efficient detection method
[43–45]. The direct ARPES measurements of energy
dispersions are currently scant due to the constraint of
magnetic properties of WSMs. Here, we suggest that the IF
effect can be used as an experimental identification of
WSMs. It has been shown that the topological IF shift splits
the incident wave packets into opposite directions with
respect to the valley index. Thus, the splitting of wave
packets on the bottom of region II in Fig. 3(a) can serve as a
hallmark of WSMs. Furthermore, even considering an
incident wave packet with a finite angle range, this exotic
splitting can also exist.
Pure valley polarization.—Let us consider a TEM

injector with incident angle range δ (θ ∈ ½θc − δ=2;
θc þ δ=2� and ϕ ∈ ½ϕc − δ=2;ϕc þ δ=2�) at the top of
region II, and study the valley density distribution at the
bottom [see Fig. 4(d)]. We calculate the valley density
distribution with parameters E ¼ 100 meV, V¼150meV,
h¼10 μm, d¼80 nm, δ¼3°, θc¼32.5°, and ϕc ¼ 90°.
Without considering anomalous velocities, the density
distributions for valleys A and B are maximized at the
center of the y direction, and thus they are not distinguish-
able [38]. In contrast, after considering the anomalous
velocities, Figs. 4(a), 4(b), and 4(c) show the density
distributions for valley A, valley B, and both valley A
and valley B, respectively. The IF effect induces opposite
shifts in the y direction for valley A and valley B. Since the
Weyl fermions from valleys A and B are well separated in
the space of micrometer order, pure valley current can be
generated in the green (red) region [see Fig. 4(c)]. This
schematic setup in Fig. 4(d) can be utilized to generate pure
valley current.

Detection of Berry curvature.—The Berry curvature, a
gauge invariant quantity, should be detectable in experi-
ments [40]. However, to date, there has not been a feasible
experimental method to measure the Berry curvature in real
materials. The topological IF effect provides a new way to
measure the Berry curvature. For a system with inversion
symmetry, the Berry curvature is an even function of wave
vector k, i.e., ΩðkÞ ¼ Ωð−kÞ [40], which is usually
satisfied in WSMs [17–19]. Considering a wave packet
propagating in the x-y plane with kz ¼ 0, the IF shift can be
expressed as ΔIF ¼ 2

R kx
0 dkxΩyðkÞ, or

ΩyðkÞ ¼
1

2

∂ΔIFðkÞ
∂kx : ð7Þ

To measure the Berry curvatureΩy, one needs to collect the
IF shift in the z direction ΔIFðE; θÞ as a function of energy
E and incidence angle θ. The ΔIFðE; θÞ can be transformed
into ΔIFðkx; kyÞ, and its derivative produces the Berry
curvature ΩyðkÞ. In the same way, the IF shift in other
directions can be used to obtain ΩxðkÞ and ΩzðkÞ.
Summary.—We obtained analytical expressions of the

GH shift and IF shift at the interface of WSMs. We
demonstrated that the IF shift is valley dependent, and
that it can be attributed to the topological nature of the
system. This IF shift can lead to valley-dependent

FIG. 4 (color online). Valley density distribution shift caused by
the IF effect. (a), (b), and (c) show the relative density distribution
of valley A, valley B, and both, respectively, after considering
the GH and IF effects. The color bar on the right represents
the relative density ρ=ρmax of Weyl fermions. Here, ρ (ρmax)
represents the absolute (maximum) density of the Weyl fermions
at the bottom. The dashed lines indicate the location of the
maximum intensity of density. The red (green) box in (c) guides
the eye to the region where only valley B (A) exists (pure valley
polarization). (d) Proposed setup for generating valley current.
The devices T1 (red) and T2 (green) are two terminals which can
extract the valley current out.
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anomalous velocity, which is experimentally detectable.
Finally, we discussed three applications of the topological
IF shift, including characterization of WSMs, fabrication of
highly efficient valleytronic devices, and detection of the
Berry curvature.
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