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Recently, Almheiri, Dong, and Harlow have argued that the localization of bulk information in a
boundary dual should be understood in terms of quantum error correction. We show that this structure
appears naturally when the gauge invariance of the boundary theory is incorporated. This provides a new
understanding of the nonuniqueness of the bulk fields (precursors). It suggests a close connection between

gauge invariance and the emergence of spacetime.
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Introduction.—The emergence of bulk spacetimes with
gravity from nongravitational boundary theories is a
remarkable and fundamental discovery [l]. A deeper
understanding of how local bulk information is encoded
in the boundary theory has been the goal of much work. It is
believed that a subregion of the boundary theory describes
a corresponding subregion of the bulk, the causal wedge
[2-4]. Recently, Almheiri, Dong, and Harlow have framed
some sharp puzzles in this regard [5]. They note a striking
parallel between these and the ideas of quantum erasure
correction and quantum secret sharing.

In this Letter, we show that quantum error correction and
quantum secret sharing appear automatically as a conse-
quence of boundary gauge invariance. The resulting con-
struction differs from standard examples of error correction
in that the precursors act in the full space of gauge-invariant
states; it is not necessary to introduce a distinct code
subspace. We illustrate this in two simple models, a discrete
model similar to one in Ref. [5] and a free-field model of
precursors. This observation gives a deeper and more
general understanding of the nonuniqueness of the pre-
cursor construction. While a local bulk operator is dual to
many different conformal field theory (CFT) precursor
operators, they are all equivalent when acting on gauge-
invariant states.

A discrete model.—The puzzles of Ref. [5] deal with
“precursors” [6—-10], CFT operators dual to local bulk
operators. The first puzzle is that bulk locality requires a
precursor to commute with all spacelike separated local
CFT operators. (To be precise, there are limitations to the
commutativity due to gravitational dressing at higher order
in 1/N [11-13], which we will discuss later.) The second
puzzle is that one can cover the CFT by three patches, A, B,
C, such that the precursor can be reconstructed from any of
the group AB, BC, or CA, though not from A, B, or C
separately. Thus, the bulk information is stored in the CFT
in a very nonlocal way. As Ref. [5] notes, this is strongly
reminiscent of quantum erasure correction and quantum
secret sharing [14].
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It might appear challenging to construct CFT operators
having such properties, but we exhibit here a simple model
in which they are realized precisely, and in which gauge
invariance plays an essential role. As in Ref. [5], we model
the boundary theory by three sites, as in Fig. 1. The new
ingredient is an O(N) gauge symmetry, which for sim-
plicity we take to depend on time but not on space, so that
its only effect is to constrain the Hilbert space to invariant
states. In our example, each site has a single bosonic degree
of freedom transforming in the N of O(N). These are
denoted (¢, '), where the subscript denotes the site and
the superscript is the O(N) index; dot products will always
be on the O(N) indices.

We wish to construct a nontrivial precursor operator that
commutes with the local gauge invariants, those that are
restricted to any single site. To do this, we note that ¢¢, ¢,
and 7z, which generate the complete set of O(N) invariants
on site a, form an SL(2, R) algebra. The doublet (¢, 7%,
transforms as the fundamental representation of this alge-
bra, so the antisymmetric combination

L = @iyl — piur, (1)

O(z)

O(x3)

FIG. 1. Focusing on a single time slice of anti—de Sitter (AdS)
space, bulk microcausality requires the operator ®(0) to commute
with all spacelike-separated local operators. By the holographic
dictionary, the boundary limits of such bulk operators are local
CFT operators O(x), which must thus commute with ®(0).
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is a singlet with respect to the SL(2, R) on site a, while
obviously commuting with the invariants on all other sites.
Thus, any linear combination of the operators

Pa» = LILY (2)

is a gauge-invariant operator satisfying the conditions.
These are nontrivial; for example, P, does not commute
with ¢, 5. The bulk precursors can then be built out of the
P,,’s. For example, P, + Pa3 + P3; should be ®(0).

The P,;,’s appear to be double trace operators, while the
bulk fields should be single trace. However, normal order-
ing will induce single-trace terms, and these are the leading
terms in 1/N; we will see an example in the next section.
Since the appropriate normal-ordering prescription will
depend on the background, a background-independent
precursor will have different single-trace parts in different
backgrounds.

A better way to understand this construction is to note
that Ly is the generator of O(N) transformations acting on
site a, and so it commutes with invariants on any single site.
Any invariant built out of the LY thus commutes with all
local invariants. These are nontrivial in general, as only the
total O(N) generator L'/ = 5" L/ annihilates all physical
states. Note also that

P]Q - —Pzz - P32 + L”lej (3)

It follows that on physical states P, is equivalent to
—P»y, — P35, which does not involve the site 1 at all.

For any operator A" in the adjoint, the combination
L AV annihilates all gauge-invariant states,

LA =0, (4)

Note that LY AY = AYLY. Also, the commutator of the
operator (4) with an invariant,

[LUAU,S] = LAY, 8], (5)

need not vanish identically, but it vanishes on physical
states because we can commute L% through to the right.

The gauge-invariant precursors thus have natural error
correction built in. We can read messages encoded in any of
the P,,’s by looking at the state on any two sites, while
observables on any single site contain no information about
any P,,’s. Note that, in addition to erasing any single site,
we can introduce arbitrary gauge-invariant one-site errors
on the remaining sites without losing the message. This
may not fit precisely into the standard framework of
quantum error correction [14]. The gauge-invariant sub-
space in which the precursors act is not a standard code
subspace, in that not all states represent distinct messages:
it also includes error degrees of freedom from the one-site
gauge-invariant operators [15].

Free-field precursors.—Now let us apply these lessons
to a continuum model of precursors. Essentially, this is an
infinite-site version of the preceding example. We will take
the CFT to be a free massless scalar ¢ in two dimensions;
this will not have a fully local holographic dual, but—at
least at the level of the two-point function—it provides a
good model [16,17]. The operator ¢* has dimension zero,
so is dual to a massless AdS; scalar ®(z, p, 0).

By the usual precursor construction [6—10], one uses
bulk equations of motion to express ®(t, p, ) in terms of
the CFT field ¢> smeared over space and time, then uses
CFT equations of motion to evolve this to an operator at a
single time. We will work in the large-N limit, expanding ¢
in terms of bulk creation operators bTAZ for the normal
modes j,;, where A, [ are the global energy and the angular
momentum:

(t,p,0) = ZJ'AI(P’ 0)by(t) + Hec. (6)
Al

Taking the boundary limit of ®, we find that b,; is the
Fourier transform over the space and time of ¢»*. Expanding
¢ in modes gives the precursor

1 ~
by = T=0A QA

VN

Here «, for m positive (negative) is the annihilation
(creation) operator for ¢ for left movers of momentum
m, and similarly for a,, for right movers (these are
normalized [a,,,a,] = mé,,,), so a bulk particle is dual
to a pair of left and right moving boundary “particles.” The
1/+/N normalization is to give the correct O(1) two-point
function. Thus, Eq. (6) expresses the bulk field in terms of
CFT bilinears. The precursor can alternatively be expressed
in position space,

A =s(AED. ()

N[ =

B(1.0.0) = [ 40" T {1(9.0:0'.0")4(1.0)6(.")

+9(p,0;6,0")x(1,6)x(1,0")}. (8)

The integrals (8) run over the full range 0 < @', 0" < 2x
and so determine ® in terms of CFT operators on a full
Cauchy slice for the CFT. However, it is expected that bulk
physics can be reconstructed in terms of the state on a
smaller region of the CFT, namely, any one whose causal
wedge contains the given bulk point. One can make this
explicit, for example, by separating the CFT into two
halves: each reconstructs a Rindler wedge of the bulk; see
Fig. 2. One can expand the fields in terms of Rindler
modes, in a way analogous to Eq. (6). Using now the
precursor for a Rindler mode, one has the analogous
expression to Eq. (6), but now in terms of the continuous
Rindler energy and momenta w, k with w, = (o £ k)/2,
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FIG. 2 (color online). A bulk operator (the black dot) can be
represented as a CFT precursor consisting of bilocals (the red arcs
ending with X’s) stretching over the entire boundary. A different
construction represents the bulk operators in the right bulk
Rindler wedge as a precursor with support on only the right
half of the boundary. Thus, bilocals localized on the left half of
the CFT, as well as bilocals stretching from the left to the right
half, can be removed from the precursor. This is due to the
additional freedom that comes with considering the action of the
precursors only on gauge-invariant states.

(1.p.0) = / ” dj; HE o (0.0)a () (1), (9)

The p, 0 are now functions of the AdS-Rindler coordinates,
and hf,m_ is related to the AdS-Rindler modes [18].

The Rindler Fourier operators a,,, (distinguished from
the global CFT a,, by their subscript) have support only
within the Rindler patch of the CFT, which is half of the
CFT. On the other hand, the global CFT operators a,, or,
equivalently, the functions  f(#,p,0;0',0") and
g(t,p,0,0',0"), take values in the full Cauchy slice, so
that bilinears may lie in either half of the CFT, or may
stretch between them. So there appears to be a contradiction
between the forms (6) and (9).

The point is that there is freedom in the choice of
ha, a_ = ja- This is particularly simple in this large-N
limit where only the two-point functions of gauge-invariant
operators remain. From the form (7), we see that any
additional contribution ay, an_, for AL A_ < 0, annihilates
the vacuum in both directions and so makes no contribution
to the two-point function. (Such an operator would be dual
to a bulk mode with A < [, which does not exist in global
AdS space.) Therefore, to this order we have the freedom to
shift

ha a (p:0) = ha s (p,0) + a4 (p.0)  (10)

for an arbitrary A5 o restricted to A;A_ <O. In the
Appendix we show explicitly that the Poincaré and
Rindler precursors are equal up to the equivalence (10).

This freedom is well known [9], but in light of the
preceding section we can express it in a new and powerful
way. The generator of gauge transformations is

Lif:i (oo + & ey + LY (11)

r=1

where the last term acts on the zero modes. Then, for A, <
0 and A_ > 0, we have

LifaiA+&£_ = aiA+Li/&£_ + (I =N)ax an_. (12)
The first term on the right is normal ordered, and thus of
order N, while the second is of order N3/2. Thus, the
freedom (10) is a special case of the freedom (4), a
surprising result. What had seemed to be a somewhat
obscure dynamical freedom is reinterpreted in terms of
gauge invariance. Note, too, that for A A_ > 0 there is no

normal-ordering constant in L% aL a) . so these bilinears
are nonvanishing, as we would expect. This interpretation
of the operator identity (10) shows that it is not specific to
the leading large-N behavior, nor to a given vacuum.

In fact, it is not possible for the precursors to commute
exactly with all local operators because they cannot
commute with the Hamiltonian, which is an integral over
T,,. This corresponds to the need for gravitational dressing
to define the bulk position in a coordinate invariant way
[11-13]. This did not arise in the free-field model because it
is of higher order in 1/N. Also, at higher orders in 1/N
there are other complications. The free-field toy model will
not be local in the bulk below the AdS scale. And, in a
realistic model, the gauge symmetry will be a function of
space as well as time, necessitating Wilson lines in the
precursors; their commutators will enter at next order in
1/N. In the full-fledged duality, precursors can be con-
structed order by order in 1/N around a semiclassical
background [22,23], and by construction the localization
properties noted above will hold in this expansion.
Extension of the construction beyond this expansion is
an interesting topic for the future.

The gravitational dressing can be such that the precursor
fails to commute with local CFT operators at only one point
[24], for example, by working in the Fefferman-Graham
gauge. This may seem like too strong of a requirement to
satisfy, but the precursor construction guarantees it at least
in the 1/N expansion around a semiclassical background. It
is sometimes argued that this would require the precursors
to commute with nonlocal operators as well, because the
latter can be expanded in an infinite series of local
operators. However, taking a commutator does not com-
mute with summing such a series. To see this, consider a
free scalar, where

$(1.0) = e p(0,0)e " = Z a" (0,0).  (13)

The operator z(0, x) commutes with every operator on the
right for x # 0, but it only commutes with the operator on

151601-3



PRL 115, 151601 (2015)

PHYSICAL REVIEW LETTERS

week ending
9 OCTOBER 2015

the left for |x| > |¢|. It should be noted that taking a
commutator also does not commute with the operator
product expansion, nor with taking the continuum limit
of a lattice theory. The point is that a commutator is the
zero-time limit of a difference of time orderings, and this
limit need not commute with the others.
Conclusion.—Dualities only act on gauge-invariant
quantities, so the role of gauge symmetry is often deem-
phasized. However, our work suggests a deep connection
between gauge invariance in the boundary theory and the
emergence of the dual spacetime, which deserves further
exploration. This connection shows up in the natural error
correction that allows for the localization of bulk informa-
tion in different regions, and which seems to capture the
gauge-gravity structure more precisely than the standard
error correction schemes. This is seen both in the three-site
model and in the continuum precursors. The introduction of
gauge symmetries into quantum information theory may be
interesting to explore for other reasons as well.

We thank Ahmed Almbheiri, Xi Dong, and Daniel Harlow
for the useful discussions, and for their comments on the
manuscript. This work is supported by NSF Grants
No. PHY11-25915 and No. PHY13-16748.

APPENDIX

Here, we show at leading order in N the operator equality
of the Rindler and Poincaré precursors, up to pure gauge
terms. We use the Poincaré description in place of the
global description of the main text for ease of notation.

Let b, =, a, /v/N denote the bulk annihilation
operator for a Rindler mode with frequency @ and
momentum k. We do a Bogoliubov transformation to the
Minkowski mode operators

dv
= [ —T .
Ay / o Oy

(Our notation is such that I',,, includes both the positive and
the negative frequency Bogoliubov coefficient, depending
on whether v is positive or negative.) We distinguish the
Minkowski modes by their arguments, v, k. Then,

e

where v, = 1 (v £ ). Our goal now is to show that this is
equivalent to the precursor found with the Poincaré
smearing function.

The precursor for a Poincaré mode is

1 -

bmc = ﬁay+ay . (AS)

Unlike the Rindler case, where there are evanescent modes
with |w| < |k| [20], the Minkowski modes are restricted to

(A1)

dzqdv ~

2”) ZEYE m+ vl o Gy %y, (AZ)

lv| > |k|, orv,v_ > 0. We want to express our AdS Rindler
mode in terms of Poincaré modes, and we then use the
precursor (A3) for each of the Poincaré modes. To do this,
we need to do a bulk Bogoliubov transformation,

dv,dv_

buk ://: (

1 o dy, dv_
= \/—N/]—oo WQ(VM—)FM,W% a,

In the second line, we have inserted the Poincaré
precursor (A3).

The Rindler and Poincaré precursors (A2) and (A4)
differ in their ranges of integration, with the latter restricted
tov, v_ > 0. The smaller momentum range translates into a
larger coordinate range: the Rindler precursor by construc-
tion includes only bilinears with both fields in one Rindler
patch of AdS, while, for the Poincaré precursor, each field
can be in either patch. The equivalence of Eqs. (A2)
and (A4) requires that

(y+y—)rrzlk,ukbyk

(A4)

r r,..T

okvk —Lov b ovs (AS)
for v,v_ > 0. The remaining difference, from modes with
v, v_ < 0, is then pure gauge to leading order in 1/N. This
was shown in Eq. (12) for the global case; the same
argument applies to Poincaré.

For completeness, we verify Eq. (AS5). First, we note that
near the boundary, AdS-Rindler space asymptotes to
Rindler space. To see this, let the AdS-Rindler metric be

2

ds? = —(2 = N)de? + - 2R, (A6)
and consider the coordinate transformation
| |
u=-2" er T, p="""" e, z=e"/r, (A7)
r r
which yields the Poincaré metric,
—dud dz?
ds* = #—l—z (A8)
z
Notice that as r — oo, we have it that
u— —e¥7, v — e, (A9)

which is the standard transformation between the
Minkowski and Rindler coordinates.

The bulk Bogoliubov coefficients are given by the Klein-
Gordon inner product between an AdS-Rindler mode and a
Poincaré mode. This is usually computed on a spacelike
codimension-one surface. We will instead compute the

Klein-Gordon inner product on a timelike codimension-one
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surface: the boundary of AdS. The boundary limit of the
Poincaré and AdS-Rindler modes is, respectively,

e—iuur—ivu_ , (_M)iabr in_’ (AIO)
where we have rescaled by the conformal factor z* and
have chosen a nonstandard normalization for the modes.
The Bogoliubov coefficients are thus

F(x}k,DK_/dudve_iuy+_ivy(—u)iw+via)

=r r

WVt O_ Vo (All)
confirming the needed relation (AS) between the AdS-
Rindler-Poincaré Bogoliubov coefficients and the boun-
dary Rindler-Minkowski Bogoliubov coefficients.
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