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We study the interplay of geometric frustration and interactions in a nonequilibrium photonic lattice
system exhibiting a polariton flat band as described by a variant of the Jaynes-Cummings-Hubbard model.
We show how to engineer strong photonic correlations in such a driven, dissipative system by quenching
the kinetic energy through frustration. This produces an incompressible state of photons characterized by
short-ranged crystalline order with period doubling. The latter manifests itself in strong spatial correlations,
i.e., on-site and nearest-neighbor antibunching combined with extended density-wave oscillations at larger
distances. We propose a state-of-the-art circuit QED realization of our system, which is tunable in situ.

DOI: 10.1103/PhysRevLett.115.143601 PACS numbers: 42.50.Pq, 05.30.Jp, 05.70.Ln, 42.50.Ar

Over the past decade there has been a surge of interest in
realizing strongly correlated states of light in interacting
photonic lattices for quantum simulations and the study of
nonequilibrium many-body physics [1–12] (for two recent
reviews, see Refs. [13,14]). Effective photon-photon inter-
actions can be engineered in these systems utilizing strong
light-matter couplings in various cavity or circuit QED
platforms, e.g., with atoms [15], excitons [16,17], or
superconducting qubits [18,19]. Arranging cavities and
atoms or qubits on a lattice offers the opportunity to
engineer strongly correlated states of photons in various
geometries with local control over coherent as well as
dissipative dynamics. The driven dissipative nature of
photonic systems then allows for direct experimental,
noninvasive access to the complete density matrix, e.g.,
temporal and spatial correlation functions [20].
A particularly challenging and interesting problem of

many-body physics concerns the study of frustrated latti-
ces. Frustration refers to the impossibility of satisfying
simultaneously all constraints implied by a Hamiltonian,
which are imposed, e.g., by geometry, disorder, or inter-
actions. This typically leads to macroscopically degenerate
ground states, which are sensitive to small perturbations
and thus define a challenging minimization problem.
Conversely, frustration often gives rise to interesting
strongly correlated phenomena and the emergence of
fascinating nontrivial structures, e.g., in quantum magnet-
ism [21–25], quantum Hall systems [26–28], Josephson
junctions [29,30], or ultracold atoms [31–35]. In this work,
we make use of geometric frustration to boost interactions
and show that photons pumped into the flat band of a
photonic lattice form an incompressible state of light with
nontrivial spatial correlations at the onset of crystallization.
This steady state cannot follow from energy minimization,
but originates under nonequilibrium conditions with
balanced drive and dissipation.
First realizations of interacting photonic lattices have

recently been engineered based on superconductor as well

as semiconductor technologies [36–40]. Motivated by
these achievements, we study a 1D qubit-cavity chain,
where qubits couple to photons in every other cavity. Such
a Jaynes-Cummings-Hubbard system [2,3,41–50] can be
viewed as a quasi-1D cut through a 2D Lieb lattice [21],
where the qubit represents one of the sites in the unit cell
and simultaneously generates the frustration leading to the
flat band as well as the photon-photon interaction. This
setup is readily realizable with state-of-the-art circuit QED
technology, where the lattice dispersion as well as the
strength of the effective photon-photon interactions can be
tuned in situ by simply changing the qubit-resonator
detuning [14]. We show that one of the Bloch bands of
the array can be tuned from dispersive to completely
dispersionless, i.e., flat in the entire Brillouin zone. This
flat band arises due to destructive quantum interference
and generates a macroscopic set of degenerate and local-
ized plaquette states [22,23] [further information on
creating flat bands can be found in the Supplemental
Material (SM) [51]]. Similar flat bands were recently
observed in noninteracting 2D laser and micropillar arrays
[38,58].
Here, we investigate the effects of strong photonic

interactions in such a nonequilibrium geometrically frus-
trated system by using projective methods as well as a time-
evolving block decimation (iTEBD) algorithm [59,60]. We
find that geometric frustration strongly enhances photon
repulsion on the lattice and pushes the system towards an
incompressible state characterized by short-ranged crystal-
line order with period doubling. Incompressibility is
signaled by the appearance of an extended plateau in the
average polariton excitation number as a function of drive
strength, whose height is determined solely by the geom-
etry of the lattice. Crystallization manifests itself in strong
spatial photonic correlations, i.e., on-site and nearest-
neighbor antibunching combined with extended density-
wave oscillations at larger distances. Interestingly, we find
that the correlation length of these oscillations can be
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increased when decreasing the light-matter coupling
strength g with respect to the photon hopping rate J.
We study a variant of the driven dissipative Jaynes-

Cummings-Hubbard model, i.e.,

H ¼
XN

j¼1

X

α¼A;B

hjα þ J
XN−1

j¼1

½ðaj þ ajþ1Þb†j þ H:c:�; ð1Þ

where hjα denote the on-site Hamiltonians for resonators of
type A and B with qubits at site Q coupling only to the A
sites, i.e., hjA ¼ ΔAa

†
jaj þ ΔQσ

þ
j σ

−
j þ ðga†jσ−j þ faj þ

H:c:Þ and hjB ¼ ΔBb
†
jbj þ fðbj þ H:c:Þ. The bosonic

operators aj (bj) annihilate a cavity photon at site A (B)
in unit cell j ¼ 1;…; N. The second term in Eq. (1)
describes photon hopping between nearest-neighbor reso-
nators at a rate J. The qubits are represented by Pauli
operators σ−j and couple to the A photons with strength g.
All cavities are subject to a coherent drive of strength f
described by the last terms in hjα. In a frame rotating with
the drive frequency ωD, the bare cavity and qubit frequen-
cies ωX are renormalized to ΔX ¼ ωX − ωD, with
X ¼ A; B;Q. Cavity dissipation is taken into account using
a Lindblad master equation for the density matrix, i.e.,
_ρ ¼ −i½H; ρ� þ ðκ=2ÞPjðD½aj�ρþD½bj�ρÞ, with the
Lindblad operator D½a�ρ ¼ 2aρa† − a†aρ − ρa†a and the
photon decay rate κ. Here we neglect spontaneous emission
and dephasing of the qubits, which can be substantially
suppressed with respect to cavity decay [61]. Figure 1
shows an implementation of our model based on state-of-
the-art circuit QED technology [14]. A similar geometry
can be realized using semiconductor micropillar arrays,
where the qubit site is replaced with a nonlinear cavity
(see the SM [51] for further information) [17,38].
We start with the discussion of the single-particle

spectrum of Eq. (1) in the absence of drive (f ¼ 0)
and dissipation (κ ¼ 0). For that purpose, we write a
common Fourier transform ψ j ¼ ð1= ffiffiffiffi

N
p ÞPke

ikjψk, with

ψ j ¼ ½aj; bj; σ−j �T and impose periodic boundary condi-
tions to obtain the k-space representation of the lattice
Hamiltonian, i.e., H ¼ P

kψ
†
khkψk, with k ¼ 2nπ=N,

n ¼ −N=2;…; N=2 − 1. The eigenvalue equation for hk
yields three bands, which are plotted in Fig. 2(a). For the
general case with δQB ¼ ωQ − ωB ≠ 0, all bands are
dispersive (dashed lines). However, if δQB ¼ 0, the
middle band turns flat with energy εFB ¼ ωB while the
other two remain dispersive with energies ε�k ¼
ωB þ δAB=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J2ð1þ cos kÞ þ g2 þ δ2AB=4

p
, where

δAB ¼ ωA − ωB. The flat band eigenstates can be written as

jΛji ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ 2J2
p ½gb†j − Jðσþj þ σþjþ1Þ�jvaci; ð2Þ

which describes a localized plaquette state defined by one
B and two neighboring Q sites (see Fig. 1). The flat band
arises due to the destructive interference between a photon
hopping process from resonator B to A (∼J) and the
excitation transfer due to the coupling of qubit Q to the
resonator A (∼g). As a consequence, the A cavities remain
completely dark, such that an excitation originally localized
at one end of the chain does not disperse and/or propagate
to the other end.
In the following, we are interested in the interplay of

frustration and interactions in the nonequilibrium steady
state (NESS) of the system. In equilibrium, thermalization
would lead to a zero temperature ground state not involving
flat band states, as these do not reside at the lowest energy.
In a nonequilibrium setup, however, the coherent drive can
excite the flat band by keeping the drive frequency resonant
with the flat band energy, i.e., ωD ¼ εFB. In order to take

FIG. 1 (color online). Top: Sketch of a transmission line
resonator chain including superconducting qubits in every other
resonator. Bottom: Simplified lattice representation. Two reso-
nators of type A and B (rectangles) are coupled by the photon
hopping rate J. Qubits (circles) are only coupled to the A cavities
with strength g. The dashed lines show one unit cell of the array
and the blue symbols mark a localized plaquette state as discussed
in the text (� denote the corresponding phases in the wave
function); see Eq. (2).

FIG. 2 (color online). (a) Single-particle dispersion of the lattice
in Fig. 1. For δQB ¼ J (dashed line), all three bands are
dispersive. For δQB ¼ 0 (solid line), the middle band (blue)
becomes flat, corresponding to a set of degenerate single-particle
plaquette states. (b) Many-body eigenstates associated with the
flat band are constructed from products of plaquettes (see main
text). They form an equally spaced multilevel system indexed by
the particle number n ¼ 0;…; nmax with degeneracies dn ¼
ð2nmax−n

n Þ and largest filling nmax ¼ ðN þ 1Þ=2. Here we show
the case for N ¼ 13 unit cells.
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into account states resonant with the drive, we construct
from Eq. (2) the eigenstates of the Hamiltonian (1) (for
vanishing drive amplitude, i.e., f ¼ 0) with energies that
are integer multiples of εFB and project the Lindblad
equation on this subspace. Apart from the single-particle
states in Eq. (2), these states are products of nonoverlap-
ping plaquettes, e.g., the two-particle states jψ2i ∼
jΛ1ijΛ3i; jΛ1ijΛ4i;… with energy 2εFB, the three-particle
states jψ3i ∼ jΛ1ijΛ3ijΛ5i;… with energy 3εFB, etc. (for
further details see the SM [51]). The energetically highest
lying state is the density wave jΨdwi ¼

Qnmax
j¼1 jΛ2j−1i with

energy εdw ¼ nmaxεFB and particle number nmax ¼
ðN þ 1Þ=2, i.e., filling per lattice site νdw ¼ nmax=
ð3NÞ ¼ 1=6þOð1=NÞ. This special ladder of flat band
states with degeneracies dn ¼ ð2nmax−n

n Þ, where n is the
particle number of each state, is shown in Fig. 2(b) for
N ¼ 13 unit cells. All eigenstates with n > nmax belong
to dispersive bands and are gapped from the flat band
ladder due to the nonlinearity induced by the light-matter
coupling g.
Because of the coherent drive with ωD ¼ εFB, we expect

states belonging to the flat band ladder to mostly contribute
to the NESS at small and intermediate drive strength. In
Fig. 3 we show the average excitation number per lattice
site hνi (for a formal definition, see the caption of Fig. 3) as
a function of pump strength f=κ. At weak pump f ≪ κ, the
results of the projected model (solid blue line) agree with
the analytical expression hνi ≈ ð4f2=κ2Þ½1þ ð4J2 þ
κ2=4Þ=g2� (straight solid line), which is obtained from a
perturbative calculation of the steady state to leading order
in f=κ. At stronger pump, however, the system saturates at
a filling hνi ≈ νdw=2 ≈ 1=12, resulting in an extended
plateau centered around f ∼ κ. This plateau can be inter-
preted as an incompressible state of photons with
∂hνi=∂f ≈ 0, as we now explain in more detail. The height
of the plateau is largely independent of g and J and
determined mostly by the geometry of the lattice. This
can be understood by looking at the excitation number
distribution pn of finding n excitations in the lattice, shown
in Fig. 3(c). At weak pumping the distribution is peaked at
low excitation numbers and shifts to larger n for increasing
pump strength. At strong pumping it saturates and resem-
bles approximately the degeneracies dn shown in Fig. 2(b);
i.e., all states are almost equally occupied similar to a
two-level system saturating halfway between ground and
excited state [62]. The saturated average excitation number
is thus calculated as n̄ ≈ ðPnmax

n¼0 ndnÞ=ð
Pnmax

n¼0 dnÞ ¼
ð1 − 1=

ffiffiffi
5

p ÞðN=2Þ, corresponding to roughly half the
density-wave filling ν̄ ¼ n̄=ð3NÞ ≈ νdw=2 [horizontal
dashed line in Fig. 3(a)]. The incompressible state thus
originates from an unconventional photon blockade on a
frustrated lattice arising from a saturation of the flat band
ladder shown in Fig. 2(b).
We confirm this picture by numerical simulations

employing an open system version of the iTEBD algorithm

[59,60] (for technical details, see SM [51]). In Fig. 3(a) the
projected model agrees with the exact numerics (diamonds)
well into the plateau, thus verifying the incompressible
state of photons, where fluctuations of the excitation
number are reduced [see Fig. 3(b)]. For an even stronger
pump (f ≫ κ), the dispersive bands start to contribute to
the NESS, leading to a destruction of the incompressible
state. This is also signaled by an increasing occupation of
the A cavities (squares). In this regime, the projected model
becomes invalid and the full numerics very costly as the
local Hilbert space cutoff needs to be increased substan-
tially. The interesting details of this crossover are the
subject of future work.
We now investigate the spatial order of the steady state

by studying the second-order coherence function (density-

density correlator) of the B sites, i.e., gð2ÞijB ¼ hb†i b†jbibji=
hb†i biihb†jbji. Figure 4 shows the spatial correlations of the
central B site (i ¼ 0) with its neighbors as calculated with
iTEBD. At weak and intermediate pump strength f=κ, we

FIG. 3 (color online). (a) Excitation number hνi ¼ P
XhνXi,

with νX ¼ nX=ð3NÞ, nX ¼ P
jx

†
jxj (X ¼ A; B;Q and

xj ¼ aj; bj; σ−j ) in the steady state as a function of pump strength
f=κ. Shown are results obtained from projection of the density
matrix on the flat band eigenspace for a system with N ¼ 13 unit
cells and open boundary conditions (solid line) and from iTEBD
simulations of the infinite system at zero detuning δQB ¼ 0 (blue
symbols) and finite detuning δQB ¼ J (circles). The plateau at
hνi ≈ ν̄ ≈ 1=12 is associated with a suppression of number
fluctuations ~K ¼ ½hðPXnXÞ2i − ðPXhnXiÞ2�=

P
XhnXi, as

shown in (b). The plateau is extended for the difference hνi −
hνAi (asterisks), but almost vanishes in the dispersive case
(circles). (c) Probability pn of finding n excitations in the lattice
as calculated within the flat band model for the pump strengths
marked with arrows in (a). Other parameters are g=J ¼ 1,
δAB=J ¼ 0.5, κ=J ¼ 0.05.
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find local (j ¼ 0) as well as nearest-neighbor (j ¼ �1)
antibunching, which represent a signature of photon block-
ade and incompressibility, i.e., the resistance of the system
to accept simultaneously two pump photons entering the
chain either on the same or on neighboring plaquettes
(which share a qubit, see Fig. 1). Thus, if a photon is
present at a B site of the chain, every other B site is less
occupied due to effective photon-photon interactions result-
ing in polaritonic density-wave-like order. At larger dis-
tances, density-wave order manifests itself in correlations

alternating between bunching (gð2Þ
0ð2jÞB > 1) and antibunch-

ing (gð2Þ
0ð2jþ1ÞB < 1) with a period doubling of two unit cells,

leading to an incipient crystalline state of light. This can be
interpreted as the nonequilibrium counterpart of a charge
density wave appearing in the ground state of an electronic
or atomic system with a flat lowest-energy band, e.g., in a
sawtooth or kagome lattice [32].
In a regular one-dimensional Jaynes-Cummings array

interactions vanish when g ≪ J [8]. Interestingly, for the
flat band the converse is true, as the ratio g=J determines
the polaritonic nature of the plaquette states, which are
qubitlike and thus strongly interacting when g ≪ J [see
Eq. (2)]. This remarkable effect determines the spatial
extent of the density-wave correlations. As shown in Fig. 5,
the correlation length shrinks when the flat band becomes
photonlike (g ≫ J), while it grows steeply in the opposite
limit (g ≪ J). On the technical level, the projection on the
flat band (see SM [51]) modifies the drive strength

according to f=κ → ðf=κÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2J2=g2

p
, thus effectively

increasing the drive strength when g=J decreases. This
entails a larger contribution of the high-energy density-
wave state jΨdwi (with infinite correlation length) to the
NESS. At the same time, the gap to the other bands closes
as g=J → 0, leading to a destruction of the photon block-
ade. Consequently, we find the strongest antibunching for
the fully mixed polaritonic case when g ∼

ffiffiffi
2

p
J.

Finally, we show that the signatures of geometric
frustration, incompressibility and crystalline order, vanish
when the flat band becomes dispersive, i.e., when δQB ≠ 0

(the drive stays resonant with the top of the band). For
δQB ¼ J [compare with the dashed lines in Fig. 2(a)], we
observe in Figs. 3(a) and 4(b) that the plateau as well as the
density-wave-like correlations completely disappear. The
latter are replaced by a broad and rather featureless
antibunching dip in Fig. 4(b). Indeed, the correlation length
of the density-wave oscillations drops quickly from its
maximum flat band value to roughly one unit cell (see inset
of Fig. 4).
In summary, we have shown that geometric frustration in

a photonic lattice pushes the system towards an incom-
pressible state of light characterized by short-ranged
crystalline order with period doubling. We have proposed
the simplest model of a frustrated quasi-1D lattice based on
a circuit QED architecture realizable with state-of-the-art
technology and easily extensible to two dimensions, e.g., to
study topological effects. Avariant suitable for a realization
of our proposal based on semiconductor micropillar arrays
[17,38] is described in the Supplemental Material [51] and
has recently been realized experimentally [63]. The onset of
long-range correlations motivates another interesting ques-
tion for future work, i.e., whether supersolid behavior of
light (coexistence of superfluidity and density-wave order)
could be observed in a flat band without the need of

FIG. 4 (color online). Correlation function of photons emitted

by the B sites gð2Þ0jB ¼ hb†0b†jb0bji=hb†0b0ihb†jbji for different drive
strengths f=κ at fixed detuning δQB ¼ 0 (upper panel) and
different detunings δQB=J at fixed drive strength f=κ ¼ 0.05
(lower panel) as calculated with iTEBD. The density-wave
oscillations correspond to a period doubling with respect to
the unit cell of the underlying lattice. In (b) the drive stays
resonant with the top of the middle band. The inset shows the
length of the density-wave oscillations ξ obtained from an
exponential fit. Arrows mark the corresponding values in the
main figure. Other parameters chosen as in Fig. 3.

FIG. 5 (color online). (a) On-site and nearest-neighbor corre-

lator gð2Þ00B; g
ð2Þ
01B as a function of g=J for f=κ ¼ 0.05 (blue arrow in

Fig. 3). The inset shows the complete spatial dependence of the
coherence function for the g=J values marked by arrows in the
main figure. (b) Correlation length as a function of g=J obtained
from an exponential fit of the correlator. Other parameters chosen
as in Fig. 3.
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explicitly engineering nearest-neighbor interaction terms in
the Hamiltonian [11,64]. Our proposal thus paves the way
for quantum simulations [65] of frustrated systems far from
equilibrium and the realization of strongly correlated,
exotic states of light with nontrivial spatial correlations.

We acknowledge fruitful discussions with A. Amo, F.
Baboux, J. Bloch, M. Bordyuh, C. Ciuti, K. LeHur, H. E.
Türeci, and G. Zhu and support from the Swiss NSF
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