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We demonstrate a method to determine dipole matrix elements by comparing measurements of
dispersive and absorptive light ion interactions. We measure the matrix element pertaining to the Ca II H
line, i.e., the 42S1=2 ↔ 42P1=2 transition of 40Caþ, for which we find the value 2.8928(43) ea0. Moreover,
the method allows us to deduce the lifetime of the 42P1=2 state to be 6.904(26) ns, which is in agreement
with predictions from recent theoretical calculations and resolves a long-standing discrepancy between
calculated values and experimental results.
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Methods for trapping and cooling single or few atoms,
molecules, or ions and manipulating them at the quantum
level have opened up new avenues for precision laser
spectroscopy. In particular, quantum logic techniques [1]
have enabled a new accuracy regime of timekeeping with
optical atomic clocks [2]. In contrast to atomic transition
frequencies, dipole matrix elements and radiative lifetimes
are still notoriously hard to determine at high accuracy, but
are important for the quantification of black body radiation
shifts of atomic clocks [3], interpretation of astrophysical
spectra [4,5], novel approaches for the search for physics
beyond standard model [6,7], and for testing the accuracy
of atomic structure calculations [8].
Regarding measurements of radiative lifetimes and

transition matrix elements, established methods, e.g., based
on ion beams, have been successfully complemented by
novel techniques based on trapped particles. For 87Rb,
dipole matrix elements have been determined on the 10−3

uncertainty level by diffraction in a condensate [9], while
for the 6p2Po

1=2 state of 174Ybþ, the radiative lifetime has
been measured by time-resolved counting of photons
emitted from a single trapped ion [10]. A related technique
was used for neutral 171Yb in an optical lattice [11].
The species Caþ is widely used in quantum optics

experiments, and its II H line led to the discovery of the
interstellar medium [12]. For 40Caþ, branching ratios
between different decay channels have been determined
at uncertainties approaching the 10−5 level [13,14], and
lifetimes of metastable states have been accurately mea-
sured [15]. The radiative lifetime of the 42P1=2 excited state
of 40Caþ has been determined to be 7.098(20) ns [16] by
fluorescence measurements on a fast ion beam. However,
this value disagrees with the most recent theoretical
calculation [8] by more than 11 standard deviations, while
similar calculations for alkalinelike species from Li to Fr,
Mgþ, Baþ, and Srþ are in good agreement with exper-
imental results (see [8] and references therein).

In this work, we determine the radiative decay rates and
the lifetime of the 42P1=2 excited state of 40Caþ together
with the dipole matrix element of the 42S1=2 ↔ 42P1=2
transition. The cornerstone of our scheme is the comparison
between the dispersive and absorptive interactions, which
occur upon driving this transition with an off-resonant
laser, see Fig. 1. As the method is based on the discrete
discrimination of atomic states of a single trapped particle
[17,18], it is robust against many systematic error sources
which affect other existing methods.
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FIG. 1 (color online). Measurement scheme: (a) a laser off-
resonantly couples two Zeeman ground state levels to an excited
state with decay rate γ. (b) The coupling gives rise to a differential
ac-Stark shift ΔS between the Zeeman levels and incoherent
redistribution of population at rates R�. (c) Relevant energy
levels in 40Caþ. The shelving to the metastable 32D5=2 state as
well to the 32D3=2 state acting as a population sink are indicated.
State populations, which result in a bright (dark) detection event
are marked by an open (closed) circle.
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The off-resonant laser is characterized by its detuning Δ
from the 42S1=2 ↔ 42P1=2 transition, the Rabi frequencyΩ,
and the relative amplitudes ϵq, which characterize the
circular (q¼�1, denoted “�” henceforth) and π (q ¼ 0)
polarization components.
The dispersive interaction with the laser field, detuned

by a frequency Δ from resonance, causes ac-Stark shifts
[19,20] of the energy levels. Specifically, we are interested
in the differential ac-Stark shift ΔS between the
two Zeeman sublevels of the electronic ground state
jS1=2; mS ¼ �1=2i, denoted henceforth as j↑i and j↓i.
It reads

ΔS ¼
1

3

Ω2

4Δ
ðϵ2− − ϵ2þÞ; ð1Þ

and is obtained by a spin-echo measurement technique [21].
The absorptive interaction mediated by the same laser

field manifests itself through inelastic Raman scattering,
i.e., spin flips [22,23]. We denote the spin-flip rate from j↓i
to j↑i with Rþ and the rate in the inverse direction,
respectively, with R−. For an optical field with arbitrary
polarization they read [20]

R� ¼ γPS
ϵ2� þ ϵ20

9

Ω2

4Δ2
; ð2Þ

where γPS is the radiative decay rate from theP1=2 to the S1=2
state. The spin-flip rates R� are experimentally determined
by monitoring the population in j↑i and j↓i during the
interaction. Note that the π-polarized field component drives
the two spin-flip directions equally strong, whereas each of
the circular components drives only one pathway, corre-
sponding to optical pumping in the limit of purely circularly
polarized field component. The occurrence of elastic
(Rayleigh) scattering is taken into account by the prefactor.
The detuning Δ is chosen such that the conditions
jΔj ≫ Ω; γPS for Eqs. (1) and (2) to hold are met.
By combining Eqs. (1) and (2), we obtain the decay

rate γPS:

γPS ¼ 3Δ
δR
ΔS

; ð3Þ

with δR ¼ R− − Rþ. All quantities on the rhs of (3) are
experimentally accessible.
As both interactions are driven with the same optical

field, the Rabi frequency Ω and the polarization amplitudes
ϵq cancel out in Eq. (3) and notorious error sources are
eliminated. These quantities are given by the electric field
amplitude of the off-resonant laser at the position of the ion,
which reads E ¼ P

q¼�;1jEjϵqeq þ c:c. Here, eq are the
spherical basis vectors. The polarization amplitude ϵq
defines the coupling between Zeeman sublevels with
mP −mS ¼ q with effective Rabi frequencies scaled with
the respective Wigner 3j symbol,

Ωϵq
�

1=2 1 1=2

−mS q mP

�
:

Here Ω ¼ 2jEjD=ℏ is defined as the base Rabi
frequency, with the reduced dipole matrix element
D ¼ hS1=2∥d̂∥P1=2i.
We take an additional decay channel into account, for the

case of 40Caþ decay from the 42P1=2 to the 32D3=2 state
occurs at rate γPD. For that, we assume that only circular
components are present in the beam, i.e., ϵ20 ≈ 0. The rates
at which population from j↑iðj↓iÞ is sunk in the metastable
32D3=2 state are then proportional to R�:

R↑ð↓ÞD ¼ 3ðγPD=γPSÞR−ðþÞ ≡ bR−ðþÞ; ð4Þ
with the leak factor b, which is also accessible from the
measured time-dependent populations. Together with γPD,
we obtain also the 42P1=2 state’s lifetime τ. Finally, using
γPS and the resonance wavelength λPS of the 42S1=2 ↔
42P1=2 transition, we can deduce the reduced matrix
element D:

D2 ¼ 2γPS
3ϵ0ℏ
8π2

λ3PS: ð5Þ

Weperformmeasurements on a single 40Caþ ion stored in
a segmented Paul trap [24]. The relevant energy levels and
transitions are depicted in Fig. 1. A magnetic field splits the
Zeeman sublevels of the electronic ground state j↑i and j↓i
by 2π × 13.7 MHz. The ion is Doppler cooled on the
42S1=2 ↔ 42P1=2 (cycling) transition near 397 nm and
afterwards prepared in either j↑i or j↓i by optical pumping.
Now, the ion is illuminated with light near 397 nm, detuned
byΔ from the 42S1=2 ↔ 42P1=2 transition to induce both the
dispersive and absorptive interactions, which allow for
determining ΔS and R�. Spin readout is accomplished by
shelving population from the j↑i level to the metastable
32D5=2 state by means of rapid adiabatic passage pulses
[18,25]. This allows for discrimination between j↑i and j↓i
as the linewidth of the 42S1=2 ↔ 32D5=2 quadrupole tran-
sition and the bandwidth of the rapid adiabatic passage
pulses aremuch smaller than the Zeeman splitting. Then, the
ion is illuminated by laser fields driving the cycling
transition and the 32D3=2 ↔ 42P1=2 transition near
866 nm, such that fluorescence is detected on a photo-
multiplier tube if the ion has not been shelved. Conversely,
the probability to not detect fluorescence, i.e., for a dark
event, corresponds to the probability that the ion has been
shelved from j↑i to the metastable state.
The off-resonant laser light is provided by an amplified

and frequency-doubled diode laser system, stabilized in
both wavelength (δΔ=Δ≲ 0.5 × 10−3) and intensity
(δI=I ≲ 0.5 × 10−3). The beam is aligned along the quan-
tizing magnetic field and predominantly σþ polarized, such
that Rþ ≫ R−, and ϵ20 ≈ 0, justifying the approximation
for Eq. (4).
The ac-Stark shift ΔS is measured with a spin-echo

sequence, where a π=2 pulse on the stimulated Raman
transition between j↑i and j↓i is followed by a π pulse, and
another π=2 pulse concludes the sequence. The delay time
between the pulses is constant. During the first delay, the
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ion is exposed to a square pulse of variable duration from
the off-resonant laser. We probe 250 different shift pulse
times, each with 150 interrogations. The pulse durations
are spaced by 120 ns, such that a signal with about 40
oscillation periods is obtained. The differential ac-Stark
shift is the frequency of this oscillatory dark event fraction
(see inset of Fig. 2).
For the measurement of the spin-flip rates R�, the ion is

exposed to pulses of variable duration up to 1 ms of the off-
resonant laser after preparation. This changes the spin
populations as depicted in Fig. 2. The time gap between
initialization and readout is kept constant irrespectively of
the scatter pulse duration to avoid systematic effects.
The spin-flip dynamics can be described by the rate

equations

_p↑ ¼ −R−ð1þ bÞp↑ þ Rþp↓;

_p↓ ¼ −Rþð1þ bÞp↓ þ R−p↑: ð6Þ
The solution of Eqs. (6) is

pð↑Þ
↑ ðtÞ ¼ 1

~R
e−ð1=2ÞR̄t

�
~R cosh

�
~Rt
2

�
− ð1þ bÞδR sinh

�
~Rt
2

��
;

pð↓Þ
↑ ðtÞ ¼ 2

~R
e−ð1=2ÞR̄tRþ sinhð ~Rt=2Þ; ð7Þ

with pð↑Þ
↑ corresponding to initialization in j↑i;

p↑ðt ¼ 0Þ ¼ 1, and pð↓Þ
↑ for initialization in j↓i;

p↓ðt ¼ 0Þ ¼ 1. We use R̄ ¼ ð1þ bÞðR− þ RþÞ and ~R2 ¼
R̄2 − 4bð2þ bÞR−Rþ.
For each measurement, the dark event fraction is

determined by probing the ion 2500 times for 30 fixed

scatter pulse durations. Note that while the ac-Stark shift is
given by the frequency of an oscillatory signal, the spin-flip
rates are given by time constants of exponentially decaying
signals. Thus, the latter measurement requires significantly
more data to attain the same level of precision as the former.
We extract the values for the differential scattering rate
δR and the leak factor b by means of a Markov chain
Monte Carlo parameter estimation, taking into account the
binomial statistics of the shot noise in the spin readout. State
preparation and measurement errors are taken into account
by modeling the measured dark event fractions as a linear
transformation of the values pð↑Þ

↑ ðtÞ; pð↓Þ
↑ ðtÞ from Eqs. (7).

We repeated ac-Stark shift measurements and spin-flip
rate measurements in an interleaved fashion in order to
capture drifts of the laser intensity and thus the Rabi
frequency Ω. One measurement run consists of one spin-
flip rate measurement for preparation both in j↑i and j↓i,
preceded and followed by one ac-Stark shift measurement.
In total, 65 of such measurement runs were performed, at a
total acquisition time of about 50 h. Four different values of
the detuning Δ were used to show that no systematic effects
with respect to this parameter are present. To determine the
value of these detunings, we read the optical frequency from
a commercial wavelength meter (High Finesse WSU 267)
with better than 10 MHz precision. We perform a linear
regression of the measured ΔS divided by δR versus the
corresponding optical frequencies to obtain the resonance
frequency, as shown in Fig. 3. Compared to direct fluores-
cence spectroscopy, this technique mitigates effects like
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FIG. 2 (color online). Dark event fraction versus time of
exposure to an off-resonant laser pulse for initializations in j↑i
and j↓i. Data points indicated by blue squares (red circles) are
measured with the laser detuned by 12.03 GHz (13.94 GHz) from
resonance. Solid lines show the fits to the model, Eq. (7). The
inset shows the dark event fraction versus pulse duration for a
spin-echo experiment. The blue line connects the data points, the
red line is the resulting fit. The oscillation frequency directly
corresponds to the differential ac-Stark shift ΔS.
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FIG. 3 (color online). Determination of the four detunings
chosen for our measurements. For each of the 65 acquired data
sets, we plot the quantity signðΔÞΔS=δR ∝ Δ versus the
optical frequency as measured by a wavelength meter. The zero
crossing of a linear fit, depicted by the solid red line, reveals the
resonance frequency with a standard measurement uncertainty of
2π × 21 MHz. The insets show details of the data sets measured
at the different detunings with the abscissa magnified 166 times.
The shaded backgrounds indicate their uncertainties along the
frequency axis. The arrows on the top frequency scale indicate the
values of the four different detunings at −13.94, −12.03, 11.52,
and 13.42 GHz.
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power broadening, Zeeman splitting, or micromotion
induced broadening, which would make a determination
of the resonance frequency less accurate.
Finally, we combine the measured quantities Δ;ΔS, and

δR, using Eq. (3), to obtain the desired value γPS. Together
with b this also yields γPD ¼ ðb=3ÞγPS, and the radiative
lifetime is given by 1=τ ¼ γPS½1þ ðb=3Þ�.
Averaging over the data sets and taking into account

the corrections discussed below, we obtain the resulting
values: γPS ¼ 2π × 21.57ð8Þ MHz and a 42P1=2 → 42S1=2
branching fraction of 1=½1þ ðb=3Þ� ¼ 0.935 72ð25Þ. This
leads to a lifetime of τ ¼ 6.904ð26Þ ns and a value of
γPD ¼ 2π × 1.482ð8Þ MHz. Using Eq. (5), we obtain a
value for the reduced dipole matrix element of D ¼
2.8928ð43Þ ea0.
Experimental imperfections and model approximations

lead to uncertainties and corrections for the value of γPS.
These are summarized in Table I: Beyond the approxima-
tion in Eq. (4), a possible ϵ0 polarization component has
been taken into account, and yields corrections and
uncertainties on the 10−3 level. The uncertainty of the
detuning Δ is determined by the finite precision of the
wavelength meter, and by the uncertainty of the determi-
nation of the resonance frequency, see Fig. 3. The random
measurement errors for δR, determined by the amount of
acquired data, are another significant contribution to the
uncertainty budget. Residual resonant light close to 397 nm
resulting from imperfect laser switch off causes relative
corrections and uncertainties in the 10−4 regime. Beyond the
rate equation model Eq. (6), we include a correction for the
finite lifetime of the 32D3=2 state or its depletion by residual
light near 866 nm. ΔS can be measured by orders of
magnitude more precisely than δR and b; however, the
precision is limited by drift effects, quantified by monitoring
the ac-Stark shift over the entire data acquisition time.
Excess micromotion of the ion also causes a small systematic
uncertainty via frequency modulation of the off-resonant
light. Furthermore, we include corrections due to the

presence of the 42P3=2 state about 2π × 6.69 THz above
the 42P1=2 state, and due to the power-broadened Lorentzian
line shape beyond the assumption jΔj ≫ Ω; γPS. A detailed
discussion of corrections and uncertainties is presented in the
Supplemental Material [26].
Our value for τ is compared to previously reported values

in Fig. 4. We find that our value agrees with the latest
theory predictions [8], while it is in substantial disagree-
ment with the most recent experimental result [16]. Our
value for the branching fraction is in agreement with the
results from recent measurements [14]. To our knowledge,
there is no experimentally determined value of D so far.
The value reported in our work is in agreement with the
calculation from [8].
Furthermore, using the measured value for D, we infer

the reduced matrix element pertaining to the 42S1=2 ↔
42P3=2 transition, which results to hS1=2∥d̂∥P3=2i ¼ffiffiffi
2

p
D ¼ 4.091ð6Þ ea0. Both reduced dipole matrix ele-

ments enter in the calculation of the blackbody-radiation
(BBR) shift of the 42S1=2 ↔ 32D3=2 and 42S1=2 ↔ 32D5=2

quadrupole transitions, which are widely used test beds for
high precision laser spectroscopy [36]. The BBR shift is
among the major contributions to the uncertainties of clock
transition frequencies, for species such as 43Caþ [37], Srþ
[38], Sr [39,40], and Yb [41]. These are used for state-of-
the art optical clock experiments, and some of them are
discussed as new Systeme International frequency stan-
dards. Our result adds to existing work [42–44] validating
computational methods used to predict the BBR shift in
optical clocks.
In summary, we demonstrate a novel method for the

measurement of dipole matrix elements, which works despite
the presence of additional decay channels. We attain an
uncertainty on the 10−3 level. All major error sources can be
potentially mitigated, such that measurements of radiative
decay rates at unprecedentedly low uncertainties in the 10−4

regime appear within reach with current technology. Our
method is applicable to atom and ion species which allow for
thepreparation and readout of Zeemanor hyperfine sublevels.
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FIG. 4 (color online). Comparison of the measured lifetime
with theoretical and experimental results for P1=2-level lifetimes
from Refs. [8,16,27–35].

TABLE I. List of relative corrections and measurement un-
certainties for γPS. The specified values result from averaging
over the 65 sets of measurement data. They are added in
quadrature to obtain the resulting final uncertainty.

Effect Shift×10−3 Uncertainty×10−3

Residual ϵ0 polarized light 3.3 2.9
Uncertainty of resonance
frequency

… 1.6

Statistical uncertainty of δR … 1.5
Residual near-resonant light −0.4 0.5
Wave-meter precision … 0.4
D3=2 depletion 0.3 0.2
Uncertainty of ΔS … 0.2
Influence of micromotion … 0.1
Influence of P3=2 state 0.3 <0.1
Residual line-broadening
effects

0.1 <0.1

Total þ3.6 3.7
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