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We propose a new exact quantization condition for a class of quantum mechanical systems derived from
local toric Calabi-Yau threefolds. Our proposal includes all contributions to the energy spectrum which are
nonperturbative in the Planck constant, and is much simpler than the available quantization condition in the
literature. We check that our proposal is consistent with previous works and implies nontrivial relations
among the topological Gopakumar-Vafa invariants of the toric Calabi-Yau geometries. Together with the
recent developments, our proposal opens a new avenue in the long investigations at the interface of
geometry, topology and quantum mechanics.
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Nonperturbative phenomena are ubiquitous in quantum
theories. A classic example is the quantum mechanics of a
nonrelativistic particle moving in a double-well potential.
Here the nonperturbative effects come from instantons
tunneling between different local minima of the potential
or its analytic continuation, and are proportional to positive
powers of exp�−�1=ℏ�� (see, e.g., Chap. 7 of Ref. [1]). It is
not easy to find exact quantization conditions which include
all instanton contributions. In a series of seminar works,
Zinn-Justin et al. proposed such exact quantization
conditions for certain quantum mechanical systems with
double-well and periodic potentials [2,3]. The eventual
proof of the quantization conditions has produced tremen-
dous advances in modern mathematical physics, entailing
the developments in the advanced theory of resurgence [4,5].
It has also long been a fascinating idea to connect the

study of geometries with quantum mechanics, which in a
sense lead to the so-called quantum geometry (see, e.g.,
Refs. [6,7]). Here we shall focus on the Calabi-Yau geom-
etries, which have been the main playground for topological
string theory. This is a big subject andwe shall not go into the
details in this Letter. The main ingredient that we need is a
type of topological invariant of such geometries, known as
the refined Gopakumar-Vafa invariants, which have been
computed systematically in many cases.
Recently, there has been some considerable interest in

the studies of a novel type of quantum mechanical system,
where the Hamiltonian is derived from toric Calabi-Yau
geometries, and consists of exponentials of linear combi-
nations of the quantum position and momentum operators.
For example, the simplest nontrivial example is derived
from local P2 Calabi-Yau geometry, with the following
exponential of the Hamiltonian:

eĤ � ex̂ � ep̂ � e−x̂−p̂; �1�
where the x̂; p̂ operators satisfy the canonical commutation
relation �x̂; p̂� � iℏ. The Hamiltonian is Hermitian and

bounded below by the classical minimum H ≥ log�3�, so
we expect it has a well-defined energy spectrum for
any Planck constant ℏ ≥ 0. Based on earlier works on
perturbative results [6], and the ABJM (Aharony-
Bergman-Jafferis-Maldacena) matrix model [8–10], one
of the co-authors of the present Letter was able to establish
the relation between the exact discrete energy spectrum of
quantum systems of general toric Calabi-Yau geometries
and the corresponding topological Gopakumar-Vafa invar-
iants [11]. The formulas for some low order nonperturbative
contributions to the exact quantization condition are deter-
mined by numerical analysis. Soon afterward, a much more
powerful conjecture for the spectral determinant of such a
quantum system was proposed by Grassi, Hatsuda, and
Mariño [12], which we shall call the GHM conjecture. Our
formulas in Ref. [11] can then be analytically derived from
the GHM conjecture, and serve as its nontrivial checks. For
some more recent developments, see, e.g., Refs. [13–17].
Our results in this Letter may have broad interdiscipli-

nary impact on many research fields. First, we know that
exact results in quantum theories are often very useful for
analyzing strong coupling phenomena. However, without
supersymmetry, such exact results are very rare. It is thus
both quite astonishing and satisfying for us to see that a
seemingly simple nonsupersymmetric quantum mechanical
system such as Eq. (1) could have a deep connection to the
Calabi-Yau geometry, and the exact quantization condition
can be written in terms of topological invariants of the
corresponding geometry. Furthermore, due to the relation
with topological strings, our proposal may provide useful
insights into nonperturbative formulations of string or M
theory, which still is the main challenge of the field. Finally,
although we do not have concrete examples at the moment,
these quantum systems may well be related to some
condense matter systems as many exactly solvable systems
are. If this is the case, it is not unthinkable that our proposal
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could help one to understand the corresponding experi-
mental results.
Now we shall present the main result of the Letter. We

use the local P2 model in Eq. (1) as the main illustrative
example. We conjecture that the discrete energy spectrum
satisfies the following quantization condition:

volp�E;ℏ� � volnp�E;ℏ� � 2πℏ

�
n� 1

2

�
; �2�

where n � 0; 1; 2;… is the discrete energy level, and the
formulas for perturbative and nonperturbative parts
volp�E;ℏ� and volnp�E;ℏ� are

volp�E;ℏ� �
~t2 − π2

2
−
ℏ2

8
� ℏfNS�~t;ℏ�;

volnp�E;ℏ� � ℏfNS

�
2π~t
ℏ

;
4π2

ℏ

�
: �3�

Some more explanation of the notations is necessary. Here ~t
is known as the quantum A period of the Calabi-Yau
geometry and can be calculated straightforwardly from the
Hamiltonian [6]. The Schrödinger equation with a wave
function ψ�x� can be transformed as

zV�Xq�
Xq

1
2

� X − 1� 1

V�X� � 0; �4�

where the parameters are z � e−3E, X � ex, q � eiℏ, and
V�X� � ψ�x�=ψ�x − iℏ�. The function V�X� can be solved
perturbatively in small z expansion, and the quantum A
period is computed by its residue around X � 0 as

~t�E;ℏ� � log�z� � 3

I
dX
2πiX

log�V�X��

� −3E� 3�e�iℏ=2� � e−�iℏ=2��e−3E � 3�e2iℏ � e−2iℏ

� 7

2
�eiℏ � e−iℏ� � 6�e−6E �O�e−9E�: �5�

It is convenient to introduce an index parameter r for toric
Calabi-Yau geometries, such that the quantum A period is
~t�E;ℏ� ∼ −rE for large E and can be expressed as a power
series of e−rE. For the local P2 model we have r � 3. The
function fNS�~t;ℏ� is proportional to the derivative of
the world-sheet instanton part of the topological string
amplitude in the Nekrasov-Shatashvili limit with respect to
the quantum A period ~t, and can be expressed in terms of
the refined Gopakumar-Vafa ndjL;jR as

fNS�~t;ℏ� � −
r
2

X
jL;jR

X∞
w;d�1

�−1�2jL�2jR�rwdndjL;jRe
wd~t

×
d
w
·
sin wℏ�2jR�1�

2
sin wℏ�2jL�1�

2

sin3�wℏ
2
� : �6�

Here the indices jL; jR are non-negative (half-)integers
corresponding to the representation under the decomposi-
tion of the 5D little group SO�4� ≅ SU�2�L × SU�2�R, and

the degree d denotes the element of the second homology
class of the Calabi-Yau geometry. The refined Gopakumar-
Vafa invariants ndjL;jR are non-negative integers and only
nonvanishing up to finite jL; jR for a given degree d. They
are first computed by the method of the refined topological
vertex [18]. The data are also available in, e.g., our previous
paper [11].
The power series in Eqs. (5) and (6) are convergent when

the energy E ≥ log�3�, i.e., no less than the classical
minimum. Therefore, for any energy level n and Planck
constant ℏ, we can solve for the corresponding energy E
from our proposal of the quantization relation (2). This can
be done, in principle, to arbitrary numerical precision. In
the spirit of Bohr-Sommerfeld quantization, the left-hand
side of our proposal (2) can then be regarded as the exact
nonperturbative definition of quantum phase volume. In
the classical limit ℏ � 0, we have volnp�E; 0� � 0 and
the perturbative part is simply the bounded area
volp�E; 0� �

R
H�x;p�≤E dxdp, consistent with the usual

convention [11].
The use of the Nekrasov-Shatashvili limit for the

perturbative part volp�E;ℏ� is already proposed in
Ref. [6], and also in earlier works on Seiberg-Witten
theory [19,20]. The various constants are determined in
our previous paper [11]. Our new contribution in this Letter
is that the nonperturbative contributions can be simply
obtained by the replacement of variables

~t →
2π~t
ℏ

; ℏ →
4π2

ℏ
; �7�

in the instanton contribution fNS�~t;ℏ�. Our conjecture is
inspired by earlier works on nonperturbative completion of
topological string theory [21–23], but the specific contexts
and details are somewhat different. Here our quantum
mechanical system is already well defined nonperturba-
tively for any Planck constant ℏ, and as such, our proposal
can be tested precisely by numerical computations. We can
choose any complete orthonormal basis of quantum wave
functions, such as the eigenfunctions of a harmonic
oscillator, truncate to a finite energy level, and diagonalize
the matrix for eĤ to find the energy eigenvalues. It is found
empirically that as we increase the matrix size, the energy
eigenvalues do converge [11]. This is justified later in
Ref. [14], which proves that the exp�−Ĥ� is indeed a well-
defined trace class operator. So, in principle, we can also
compute the energy eigenvalues to any numerical precision
in this way and use the results to test the conjectural
quantization conditions. We check below that the proposal
for nonperturbative phase volume agrees with the numeri-
cally fitted formulas obtained up to the fifth order in our
previous paper [11].
It is easy to see that the perturbative phase volume has

singularities when ℏ=π is a rational number. As a consis-
tency check, since the quantum spectrum is well defined for
any ℏ, these singularities must be canceled by the non-
perturbative contributions. Motivated by studies from the
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ABJMmatrixmodel, Kallen andMariño proposed to use the
conventional topological string amplitude without refine-
ment, which is also known as the unrefined amplitude and is
a different limit from the Nekrasov-Shatashvili limit, to
cancel the singularities [10]. Here we can similarly check
that our new proposal for the nonperturbative contributions
to the phase volume can also cancel the singularities, and we
also need to use the property that for the local toric Calabi-
Yau geometry, the nonvanishing refined Gopakumar-Vafa
invariants ndjL;jR always have 2jL � 2jR � rd as an odd
integer, with r � 3 for the local P2 model. We emphasize
that the singularity cancellations from the two methods are
independent, but our proposal has the advantage that it also
captures the nonsingular contributions.
We can check that our new conjecture is consistent with

the previous GHM conjecture in Ref. [12]. A quantization
condition, which can also be written in the Bohr-
Sommerfeld form, has been derived there, by setting the
spectral determinant to zero. The perturbative part is
identical to the one in Eq. (3), but the nonperturbative part
is more complicated, consisting of the unrefined amplitude
and an infinite series of corrections. The unrefined ampli-
tude is responsible for singularity cancellations, while the
infinite series of corrections are nonsingular and have to be
calculated order by order from the spectral determinant
formula. To write down the formula for the local P2 model,
we follow Ref. [12] and define some functions as

f≔
ndjL;jR
4w

�−1�2jL�2jR�rwdQwd

×
�2jR � 1� sin�4xw�2jL � 1��

sin2�2xw� sin�4xw� ;

fc�n�≔
X
jL;jR

X∞
w;d�1

�cos�2r�2n� 1�xwd�

− cos�2rxwd��f;

fs�n�≔
X
jL;jR

X∞
w;d�1

�sin�2r�2n� 1�xwd�

− �2n� 1� sin�2rxwd��f; �8�
where we denote x≔π2=ℏ and Q≔e�2π~t=ℏ�. The GHM
quantization condition gives the nonperturbative phase
volume

volGHMnp �E;ℏ� � −2ℏ
X
jL;jR

X∞
w;d�1

f sin�2rxwd� � λ; �9�

where λ≔
P∞

k�1 ck�x�Qk is the correction term, which is
determined by the following equation:

X∞
n�0

sin
�
3n�n� 1��2n� 1�x� fs�n� �

�
n� 1

2

�
λ

�

×Q�3n�n�1�=2��−1�nefc�n� � 0: �10�

The correction terms can be solved perturbatively by
expansion of the equation in powers of Q. Using the data
of refined Gopakumar-Vafa invariants, the solutions for the
first few coefficients are

c1�x� � c2�x� � 0;

c3�x� � 2 sin�18x�;

c4�x� �
6sin2�6x� sin�24x�

sin2�2x� ;

c5�x� �
6 sin�6x� sin�30x�

sin2�2x� �16 sin�2x�sin2�6x�

� 20 sin�2x� sin�10x� sin�6x� � 7 sin�18x��: �11�

These are the formulas that were first determined by
numerical analysis [11] and later derived analytically this
way in Ref. [12]. Now we can easily check that our much
simpler new formula for nonperturbative phase volume
volnp�E;ℏ� in Eq. (3) is equal to the GHM formula (9)
for the first few order coefficients (11). We can check the
equality in the convenient variables x andQ here, and do not
need the formula for the quantum A period (5). The checks
are performed successfully up to orderQ7 with our available
data of Gopakumar-Vafa invariants. We conjecture that they
are indeed equivalent to all orders. This is further support of
our conjecture, in addition to the numerical calculations of
energy eigenvalues, since there are some other tests of the
GHM conjecture in, e.g., Refs. [14–16].
For the special cases when 2π=ℏ � 2x=π is an integer,

the correction term λ vanishes; the equality volnp � volGHMnp

simply follows from the singularity cancellations with
perturbative contributions. On the other hand, the equality
for generic values of ℏ depends on the specific data of the
Gopakumar-Vafa invariants; therefore, it imposes nontrivial
constraints on the invariants. However, these constraints do
not seem to be strong enough to completely fix all
Gopakumar-Vafa invariants. For example, the only non-
vanishing Gopakumar-Vafa invariants up to d ≤ 2 are
n10;1 � 1 and n20;�5=2� � 1. Assuming the vanishings

n1jL;jR � 0 for jL > 0 or jR > 1 and n2jL;jR � 0 for jL >
0 or jR > 5

2
, the equality volnp � volGHMnp requires the

vanishings of all Gopakumar-Vafa invariants up to d ≤ 2

except for n10;1 and n
2
0;�5=2�, though the precise nonvanishing

values of n10;1 and n20;�5=2� are not determined this way. In
another test, we assume the vanishings of the Gopakumar-
Vafa invariants as in the available data and try to constrain
the nonvanishing ones with the equality volnp � volGHMnp .
Up to d ≤ 7, there are 273 nonvanishing invariants, and we
find that the equality imposes 63 independent constraints.
Some nonvanishing values, for example, n30;3 � 1 and
n3�1=2�;�9=2� � 1, can be completely fixed by the constraints.
Our proposal can be straightforwardly generalized to other

well-known toric Calabi-Yau geometries. Here we consider
the cases of local Calabi-Yau threefolds which are line
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bundles overHirzebruch surfaces F0 � P1 × P1; F1; F2. The
refined Gopakumar-Vafa invariants nd1;d2jL;jR

are labeled by two
degrees d1; d2, which are the degrees of the base and fiber
P1’s of theHirzebruch surfaces, respectively. It is known [24]
that the F0; F2 models are related geometrically,

�
nd1;d2jL;jR

�
F 2

�
(
0 d2 < d1�
nd1;d2−d1jL;jR

�
F0

d2 ≥ d1:
�12�

Since the mirror curve is elliptic, there is only one
dynamical combination of the Kähler parameters [24] that
corresponds to the quantum mechanical Hamiltonian here.
The other nondynamical combination can be treated as a
mass parameter. The corresponding Hamiltonians can be
written as

F0 model∶ eĤ � ex̂ � ep̂ � e−x̂�m � e−p̂;

F1 model∶ eĤ � ex̂ � ep̂ � e−x̂�m � e−x̂−p̂;

F2 model∶ eĤ � ex̂ � ep̂ �me−x̂ � e−2x̂−p̂: �13�
Here we require the Hamiltonian to be Hermitian and
bound below in the real �x; p� plane. So the mass parameter
m is real, andm > −2 for the F2 model. In the following we
denote the vector degrees d � �d1; d2�. It is also convenient
to introduce a vector of integers c � �c1; c2� and a vector of
quantum A periods ~t � �~t1; ~t2�, such that the formula (6)
can be generalized by replacing the single degree with the
dot product,

fNS�~t;ℏ� � −
r
2

X
jL;jR

X∞
w;d1;d2�1

�−1�2jL�2jR�rwc·dndjL;jR

×
c · d
w

ewd·~t
sin wℏ�2jR�1�

2
sin wℏ�2jL�1�

2

sin3�wℏ
2
� : �14�

Now we can write down the various parameters and the
perturbative phase volumes for these models. The results
for the F0 model are

r � 2; c � �1; 1�; ~t � c~t� �0; m�;
~t � −2E� �2� 2em�e−2E � �3� 8em � 3e2m

� 2em�eiℏ � e−iℏ��e−4E �O�e−6E�;

volp�E;ℏ� � ~t2 �m~t −
2π2

3
−
ℏ2

6
� ℏfNS�~t;ℏ�: �15�

The results for the F1 model are

r�1; c��1;2�; ~t�c~t��−m;m�;
~t�−E�eme−2E��eiℏ=2�e−iℏ=2�e−3E

�3

2
e2me−4E�O�e−5E�;

volp�E;ℏ��4~t2�m~t−
m2

2
−
2π2

3
−
ℏ2

6
�ℏfNS�~t;ℏ�: �16�

The results for the F2 model are

r�2; c��0;1�; ~t�c~t��−2 ~m; ~m�;
~t�−2E�2me−2E��2�3m2�2�eiℏ�e−iℏ��e−4E
�O�e−6E�;

volp�E;ℏ�� ~t2− ~m2−
2π2

3
−
ℏ2

6
�ℏfNS�~t;ℏ�; �17�

where we introduce an additional parameter ~m with the
relation 2 cosh� ~m� � m.
The various constants in the perturbative phase volumes

and the formulas for scalar ~t�E;ℏ� have also been deter-
mined in our previous paper [11] for the F0; F1 models with
the special mass m � 0, and here we present the more
general results which are obtained by the same method.
Now we can simply read off the nonperturbative phase
volumes by the transformations of parameters ~t →
�2π~t=ℏ�, ℏ → �4π2=ℏ� as in Eq. (3) in the instanton
contribution fNS. We check the quantization condition
(2) with the corresponding quantum phase volumes by
some high precision numerical analysis.
The Hamiltonian for the F1 model reduces to the local P2

model (1) in the limit m → −∞. The refined Gopakumar-
Vafa invariants are also related, �nd;djL;jR

�F1 � �ndjL;jR�P2 [18].
In this limit the classical term in Eq. (16) blows up, and the
instanton contributions also go to infinity due to the only
nonvanishing invariant n1;0�0;0� � 1 with d1 > d2 of the F1

model. There seems to be no simple regularization that
gives a finite result, which would agree with the formula (3)
of the local P2 model. So the local P2 model should be
treated separately.
We can also observe the correspondence between the F0

and F2 models in the case of mF2 > 2, which has been
pointed out in the recent papers [15,25]. Consider the
following transformations from the F2 to F0 model:

~m →
1

2
mF0 ; i:e: mF2 → 2 cosh

�
mF0

2

�
;

x̂ → −
1

4
mF0 � log�ex̂ � ep̂�;

p̂ → p̂ − x̂� 3

4
mF0 − log�ex̂ � ep̂�;

Ĥ → Ĥ −
1

4
mF0 : �18�

Using the Baker-Campbell-Hausdorff formula, one can
show that the quantum commutation �x̂; p̂� � iℏ is pre-
served under the transformation, and the F2 quantum curve
is mapped to the F0 quantum curve in Eq. (13). So the
quantum spectra of the F2 and F0 models are simply related
by a shift. Meanwhile, the shift in energy E → E − 1

4
mF0

and the transformation of the mass parameter results in a
shift of the quantum A period ~t → ~t� 1

2
mF0 . Using the

relations of Gopakumar-Vafa invariants (12), we can easily
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check that our proposed quantum phase volume of the F2

model is then mapped to that of the F0 model.
In the case of −2 < mF2 < 2, the parameter ~m is purely

imaginary. We check that the phase volume (17) is real and
still valid. In fact, the quantization condition for the ABJM
model studied in Ref. [10] corresponds to a mass parameter
in this range.
Finally, we would like to address how to generalize the

GHM conjecture to compare with our much simplified
formula. The formulas in Eq. (8) and (9) are generalized by
the replacements d → c · d, Qwd → exp��2π=ℏ�wd · ~t�, and
the relevant sums are now over all degrees d1; d2.
Equation (10) becomes

X∞
n�0

sin
�
2C
3

n�n� 1��2n� 1�x� fs�n� �
�
n� 1

2

�
λ

�

×Q�Cn�n�1�=r�ea�m��π=ℏ�n�n�1��−1�nefc�n� � 0; �19�

where the constants C and a�m� are related to the quadratic
and linear terms of the classical phase volume, and are C �
9
2
; 4; 4; 4 and a�m� � 0; 2m;m; 0 for the P2; F0; F1; F2

models, respectively. Again, the series expansions show
that the λ corrections in the GHM quantization condition
agree exactly with our new conjecture, and the equivalence
imposes nontrivial constraints on the Gopakumar-Vafa
invariants.
The GHM conjecture is certainly a very remarkable tool

for studying many aspects of the spectral theory. It is
actually more naturally and simply written in terms of the
modified grand potential, and looks more complicated here
only in the form of the quantization condition. Moreover,
the fermionic spectral trace of the operator exp�−Ĥ� can be
written as a matrix integral, whose t’ Hooft expansion
reproduces the conventional topological string amplitude
near the conifold point [15,16]. This provides a beautiful
nonperturbative formulation for the conventional, i.e.,
unrefined, topological string theory and is again supporting
evidence for the GHM conjecture. On the other hand,
although our new formulation is much less useful in these
aspects, our advantage is that we use only the Nekrasov-
Shatashvili limit for both the perturbative and nonpertur-
bative contributions. Recently, important progress in the
study of nonperturbative effects in conventional quantum
mechanics [26] is the realization that nonperturbative
physics is actually often determined purely by perturbation
theory, and the original quantization conditions [2] are
greatly simplified in this way. Our formulation of the
quantization condition confirms this appealing philosophy.
Furthermore, the surprising connection between different
limits of the refined topological string theory as uncovered
by our formulation should be a promising direction for
future exploration.
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