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Unbiased quantum Monte Carlo simulations are performed on the nearest-neighbor spin-1
2
pyrochlore

XXZ model with an antiferromagnetic longitudinal and the weak ferromagnetic transverse exchange
couplings, J and J⊥. The specific heat exhibits a broad peak at TCSI ∼ 0.2J associated with a crossover to a
classical Coulomb liquid regime showing a suppressed spin-ice monopole density, a broadened pinch-point
singularity, and the Pauling entropy for jJ⊥j ≪ J, as in classical spin ice. On further cooling, the entropy
restarts decaying for J⊥ > J⊥c ∼ −0.104J, producing another broad specific heat peak for a crossover to a
bosonic quantum Coulomb liquid, where the spin correlation contains both photon and quantum spin-ice
monopole contributions. With negatively increasing J⊥ across J⊥c, a first-order thermal phase transition
occurs from the quantum Coulomb liquid to an XY ferromagnet. Relevance to magnetic rare-earth
pyrochlore oxides is discussed.

DOI: 10.1103/PhysRevLett.115.077202 PACS numbers: 75.10.Kt, 02.70.Ss, 75.30.Kz

A compact U(1) gauge theory hosts dual electric and
magnetic monopoles as well as photons, as they all emerge
in non-Abelian gauge theories for grand unified theories
[1,2]. In condensed matter, they are expected to appear at
the ground state of the nearest-neighbor spin-1

2
XXZ model

on the pyrochlore lattice [3–5] given by the Hamiltonian

H ¼
X
hr;r0i

½Jszrszr0 þ J⊥ðsxrsxr0 þ syrs
y
r0 Þ�; ð1Þ

with a spin-1
2
operator sr ¼ ðsxr ; syr ; szrÞ at a pyrochlore lattice

site r and the nearest-neighbor longitudinal (z) and trans-
verse (xy) exchange couplings Jð> 0Þ and J⊥. This model
defined in the C2-invariant local spin frames with their
z axes pointing inwards to or outwards from the center of
the tetrahedron [6–8] gives the most simplified case of
low-energy effective spin models for magnetic rare-earth
pyrochlore oxides, e.g., Pr2Ir2O7 [9], Pr2Zr2O7 [6,7,10],
Yb2Ti2O7 [8,11,12], and Tb2Ti2O7 [7,13–17].
The particular limit J⊥ ¼ 0 of the model is reduced to

the nearest-neighbor classical spin-ice (CSI) model. It
involves a macroscopic degeneracy of the ground states
satisfying the 2-in, 2-out spin-ice rule [18,19] and the
Pauling residual entropy SP ¼ 1

2
ln 3

2
[20], as observed in

Ho2Ti2O7 [21] and Dy2Ti2O7 [22]. This CSI has been well
understood in terms of a classical Coulomb (CC) phase
physics in a gauge theory on the dual diamond lattice
[4,23–25]: the Hamiltonian is given by J

2

P
Rσ
n2Rσ

with the
static gauge charge nRσ

¼ σ
P

μ¼0;…;3s
z
Rσþσbμ=2

defined at

the center Rσ of the tetrahedron, where σ ¼ � and bμ
denote the sublattice index of the diamond lattice and the
four nearest-neighbor diamond lattice vectors, respectively.
On cooling down to zero temperature, the population of this

gauge charge dubbed a spin-ice monopole [25] vanishes,
and the spin correlations become of the dipolar form [23].
In the simplest quantum spin-ice (QSI) model (1) with

nonzero J⊥, the gauge charge acquires a quantum kin-
ematics as a QSI monopole, which is a spin-1

2
bosonic

spinon playing a role of scalar Higgs fields in the U(1)
gauge theory [26]. This kinematics completely lifts the
degeneracy of the spin-ice manifold, leading to quantum
melting of spin ice [6]. A degenerate perturbation theory
about J⊥ yields a bosonic U(1) quantum spin liquid having
deconfined dual gauge charges and linearly dispersive
gapless “photons” [3]. This prediction was partially tested
by quantum Monte Carlo (QMC) simulations [5], which
found a consistency of the spin correlations with those of
photons for small J⊥ at low temperatures, while the bosonic
U(1) quantum spin liquid is replaced by an XY ferromagnet
(XY FM) at large negative J⊥. For a pure lattice U(1) gauge
model obtained by projecting Eq. (1) onto the spin-ice
manifold, a Green function Monte Carlo study showed that
a scaling of the ground-state energy with the U(1) gauge
flux supports the emergence of photons [27].
On the other hand, finite-temperature properties remain

open. A decrease of the entropy below SP has been
observed at very low temperatures in Dy2Ti2O7 [28],
Yb2Ti2O7 [29], Pr2Zr2O7 [10], and Pr2Ir2O7 [30], whose
nature has not been fully understood yet. Some could be
ascribed to an onset of either a crossover from a CC liquid
to a quantum Coulomb (QC) liquid [3] or a transition or
proximity to a long-range order. Recent mean-field calcu-
lations based onWilson’s idea [31], which violates Elitzur’s
theorem prohibiting a broken local gauge invariance [32],
in terms of the compact Abelian lattice Higgs model
description highlighted a possibly spurious first-order
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thermal phase transition to a deconfined phase that does
not break any physical symmetry but hosts emergent
gauge fields [33]. Now, unbiased calculations for finite-
temperature properties of even the simplest QSI model have
been called for.
In this Letter, we reveal a finite-temperature phase

diagram of the simplest QSI model (1), uncovering two
successive crossovers and a single phase transition shown
with dashed curves and a solid curve in Fig. 1. On cooling,
the system first crosses over to a CC liquid or CSI regime
with the entropy S ∼ SP. For J⊥ > J⊥c with J⊥c=J ¼
−0.104 [5], another crossover occurs to a QC liquid or
QSI regime where the entropy decays from SP, and spin
correlations evolve continuously towards the formation of
“pyrochlore photons” at the deconfined QC liquid ground
state [3]. This rules out a possibility of the first-order
thermal confinement-deconfinement transition from CSI to
QSI at a temperature scale T ∼ J3⊥=J2 [33]. For J⊥ < J⊥c,
there occurs a phase transition, which is of the first order at
least for J⊥=J ≥ − 1

7
, to the XY FM [5].

All the numerical results presented in this Letter are
obtained with unbiased worldline QMC simulations based
on the path-integral formulation in the continuous imagi-
nary time [34]. To update worldline configurations, we
adopt a directed-loop algorithm [35] in the fszrg basis, with
the modification previously introduced for softcore bosonic
systems to reduce the computational cost [36]. To moderate
a freezing problem, we employed a thermal annealing in the
simulations. We performed typically ∼10 000 Monte Carlo
sweeps for each temperature.
Let us start with the disordered side J⊥ > J⊥c of the

phase diagram. Figure 2 shows for J⊥=J ¼ − 1
11

the
temperature dependence of the energy density ε≡
hHi=Ns with Ns ¼ 4L3 being the total number of spins
[Fig. 2(a)], the specific heat C≡ ∂ε=∂T [Fig. 2(b)], the
entropy S≡ ln 2 −

R Tmax
T

C
T dT computed from a numerical

integration of the cubic spline interpolation of ε by taking
Tmax=J ¼ 20 [Fig. 2(c)], and the mean square QSI monop-
ole density hn2i≡ hn2Rσ

i and the uniform static longitudinal
spin susceptibility χ∥ [Fig. 2(d)], which is nothing but the
QSI monopole charge compressibility of a FCC sublattice
of the pyrochlore lattice. A broad specific heat peak appears
without significant finite-size effects beyond small statis-
tical errors at TCSI ∼ 0.2J. On cooling across TCSI, the
entropy decays from ln 2 to SP of the spin-ice plateau
(0.01≲ T=J ≲ 0.1) and χ∥ steeply decays to zero. This
signals a crossover from a high-T local-moment regime to a
CC liquid or CSI regime. Here, the vanishing χ∥ indicates
that QSI monopoles no longer survive in the QMC world-
lines from τ ¼ 0 to 1=T. Finite-size effects and statistical
errors are pronounced when this occurs at around
T=J ∼ 0.05. Well below this temperature, a coherence of

J /J

T
/J

QSI

CSI

XY FM
J /J 3

FIG. 1 (color online). Finite-temperature phase diagram for
J⊥ < 0, obtained with QMC simulations. Below the phase
boundary (solid line) the transverse (xy) component of spins is
ferromagnetically ordered with finite order parameter hsþi and
spin stiffness ρS. The blue dots are extracted from Ref. [5]. The
dashed lines indicate the crossover temperatures TCSI=J and
TQSI=J estimated from the position of the broad peaks in the
specific heat. The lower-T (black) dashed line interpolates our
results at J⊥=J ¼ − 1

11
and the J⊥=J ¼ 0 limit [3].

FIG. 2 (color online). Temperature dependence of (a) ε,
(b) C, (c) S, and (d) hn2i (left axis) and χ∥ (right axis) for
J⊥=J ¼ − 1

11
> ðJ⊥=JÞc. Solid and broken curves are the cubic

and basis spline interpolations of the QMC data, respectively.
Insets: Black solid and red dashed curves are the basis spline
interpolation of the QMC data extrapolated to L → ∞ [37] and its
fit to the photon contribution εphotonðTÞ to the energy density,
respectively, in (a), while their temperature derivatives are shown
in (b). For magnified views, see Ref. [37].
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the gauge fields is expected to develop. Hence, we perform
1=L4 extrapolations [37], as expected from emergent
photons for QC liquids [3], of the QMC data on ε to
L → ∞ and then its numerical temperature derivative to
obtain the specific heat, as plotted with black solid curves
in the insets of Figs. 2(a) and 2(b), respectively. On cooling
below T ∼ 0.01J, the specific heat starts to increase again
and exhibits another broad peak at TQSI ∼ 0.001J where the
Pauling entropy has been significantly released [Fig. 2(c)].
The extrapolated data of ε and C for T ≤ TQSI can be fitted
in the asymptotic forms εðT ¼ 0Þ þ εphðTÞ and ∂εph=∂T,
as shown with red dotted curves in the insets of Figs. 2(a)
and 2(b), respectively, indicating that spin ice is melted by
quantum fluctuations [6]. Here, εphðTÞ ¼ ½2a3=4ð2πÞ3�R 2π

a
0 dk½ξphðkÞ=eξphðkÞ=T − 1� is the energy density of photons
in the noncompact pure U(1) gauge theory for Eq. (1) with

the cubic lattice constant a, the energy dispersion ξphðkÞ ¼
2ℏc=a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
μ<νsin

2k · ðbμ − bν=2Þ
q

[39] at the wave vector k,

and the “light” velocity c. This implies that on cooling

across TQSI, the system crosses over to a QC liquid [3] or
QSI regime. Extremely careful experiments taking into
account a long thermal relaxation time on high-quality
samples might uncover this QSI regime with the entropy
significantly reduced from SP, as recently tackled for
Pr2Zr2O7 [10], Pr2Ir2O7 [30], and Dy2Ti2O7 [28]. The
above fitting yields c≃ 1.49ð4Þðag=ℏÞwith g≡ j3J3⊥=2J2j
for J⊥=J ¼ − 1

11
. This and the previous estimate c ¼

1.8ð1Þðag=ℏÞ for J⊥=J ¼ − 1
9.7 [5] show an enhancement

by a factor of 2–3 from c ¼ 0.6ð1Þðag=ℏÞ in the asymptotic
limit jJ⊥=Jj → 0 [39], indicating the importance of higher-
order corrections in J⊥=J. Since TQSI should be governed
by the energy scale of photons, we conjecture TQSI ≃
2ℏc=3a to reproduce our results for J⊥=J ¼ − 1

11
. The QSI

regime below TQSI is actually adiabatically connected to the
CSI regime, and, hence, it is not a deconfined phase in a
strict sense, on the contrary to the mean-field result [33]. It
is most likely that the deconfinement occurs only at T ¼ 0.
Then, the QC liquid ground state is never an exclusive
quantum-mechanical superposition of spin-ice rule states,

FIG. 3 (color online). QMC results on σSF, σNSF, and σTot for J⊥=J ¼ − 1
11
with L ¼ 12. (a) Profiles on the k ¼ ð2π=aÞðh; h; lÞ plane at

T=J ¼ 4–0.002. (b) σSF ¼ σNSF along k ¼ ð2π=aÞð0; 0; lÞ and (c),(d) σSF and σNSF along k ¼ ð2π=aÞðh; h; 2Þ. Dashed curves denote the
cases for a noncompact pure U(1) gauge theory on the pyrochlore lattice [39] with the “light” velocity c ¼ 1.49ð4Þðag=ℏÞ, and the black
dashed curves are for T → 0. The results at T=J ¼ 4 and 0.5 merge with those at T=J ¼ 0.05. The arrows in (c) show the magnitudes of
the photon form at k ¼ limη→0ð2π=aÞð0; 0; 2 − ηÞ.
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as evidenced by a small but finite value of hn2i and its
upturn below T ∼ 0.01J [Fig. 2(d)]. This upturn reflects that
states outside the spin-ice manifold are required for gaining
the kinetic energy of spinons. Even in the pure U(1) gauge
theory associated with Eq. (1) [3], the perturbed wave
function should acquire a finite QSI monopole density
through a unitary transformation.
Now we clarify how spin correlations evolve on cooling

in the above case of J⊥=J ¼ − 1
11
. Figure 3(a) presents

the energy-integrated Z-polarized neutron-scattering cross
sections on the k ¼ ð2π=aÞðh; h; lÞ plane for non-Kramers
cases like Pr, Ho, and Tb moments, σSFðkÞ≡ σTotðkÞ −
σNSFðkÞ in the spin-flip (SF) channel, σNSFðkÞ≡P

μ;μ0 hszμkszμ0−ki½ðk̂× b̂μÞ · ðk̂×ZÞ�½ðk̂× b̂νÞ · ðk̂×ZÞ� in the

non-spin-flip (NSF) channel, and the total σTotðkÞ≡P
μ;μ0 hszμkszμ0−ki½b̂μ · b̂μ0 − ðb̂μ · k̂Þðb̂μ0 · k̂Þ� without the

nuclear form factor, where szμk≡ð1=L3=2Þ
×
P

Rþs
z
Rþþbμ=2

eik·ðRþþbμ=2Þ, with Z≡ ð1= ffiffiffi
2

p Þð1;−1; 0Þ,
b̂μ ≡ bμ=jbμj, and k̂≡ k=k. At T > TCSI, a broad SF
scattering intensity appears along [100] and [111], as
demonstrated for T=J ¼ 1 in Fig. 3(a). This elucidates
experimental observations in Pr2Zr2O7 [10]. On cooling
below TCSI ∼ 0.2J down to 0.1J, the pinch-point singu-
larity [23,24] develops only in σSF at every reciprocal lattice
vectors but k ¼ ð0; 0; 0Þ, as shown for T=J ¼ 0.1 in
Fig. 3(a). σSF around (002) becomes anisotropic on cooling
from T=J ¼ 4 (red) to 0.05 (green), as clearly seen
by comparing Figs. 3(b) and 3(c). The pinch points
never evolve into a real singularity, because the
2-in, 2-out spin-ice rule is dynamically violated by
the spin-flip exchange processes of Eq. (1) [6]. The k
dependence of σNSF is invisible above T ∼ 0.05J, as is also
clear from Figs. 3(b) and 3(d) as well as Fig. 3(a). On
further cooling below T=J ¼ 0.01 where the entropy starts
being reduced from SP [Fig. 2(c)], the intensity of both σSF
and σNSF around the reciprocal lattice vectors starts
decaying, as shown in the two lower panels of Fig. 3(a).
At T=J ¼ 0.005 and 0.002, they nearly follow the
k,T-dependent form of the photon contribution in the
associated noncompact pure U(1) gauge theory [39], which
is drawn with blue and violet dashed curves, respectively,
in Figs. 3(b)–3(d). Nevertheless, we clearly observe the
following deviations from the photon form. (i) On cooling,
anisotropic peaks of σSF at reciprocal lattice vectors, e.g.,
(002) and (222), sharpen on top of the decaying photon
contribution, while the height is saturated. (ii) Obviously,
the disappearance of the pinch-point feature and the
emergence of the broad [111]- and [100]-rod scattering
intensity at T ≥ TCSI can never be described by the photon
form. They all should be ascribed to effects of QSI
monopoles.
Now we focus on the case of J⊥ < J⊥c, where a phase

transition occurs to the XY FM [5]. We observe a clear

discontinuous jump of the energy density ε when J⊥ is
close to J⊥c, while we observe only a sharp specific heat
peak gradually growing with L when J⊥ is far from J⊥c
[Fig. 4(a)]. Our results suggest a possibility of either a
weakly first-order or a second-order transition in the case
of J⊥=J ≤ − 1

6
[37]. The high-T crossover at TCSI ∼ 0.2J

evidenced by a broad specific heat peak is also observed in
this case, as marked with the (green) dashed line in Fig. 1
and demonstrated for J⊥=J ¼ − 1

5
in Fig. 4(a). However, the

entropy S [Fig. 4(b)] does not show the spin-ice plateau,
which is masked by a spiky peak in C due to a ferromag-
netic transition at Tc ¼ 0.124ð3ÞJ.
The neutron-scattering profile in this case of J⊥=J ¼ − 1

5
has also been computed above Tc. The results look almost
the same as shown in Fig. 3: remnants of the pinch-point
singularity survive at T ¼ 0.2J, as indeed observed in
Yb2Ti2O7 slightly above Tc where a first-order transition
occurs to a nearly collinear ferromagnet [12]. In this regard,
Yb2Ti2O7 slightly above Tc is possibly only at an onset to a
narrow, if any, QSI regime, and, hence, it is unlikely to
observe photons in Yb2Ti2O7.
Note that recent experiments on Tb2Ti2O7 [16] have

revealed a phase diagram which looks compatible with our
result, except that our transverse spin order is interpreted
as a quadrupole order [7,26].
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