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We show how to perform universal adiabatic quantum computation using a Hamiltonian which describes
a set of particles with local interactions on a two-dimensional grid. A single parameter in the Hamiltonian is
adiabatically changed as a function of time to simulate the quantum circuit. We bound the eigenvalue gap
above the unique ground state by mapping our model onto the ferromagnetic XXZ chain with kink
boundary conditions; the gap of this spin chain was computed exactly by Koma and Nachtergaele using its
g-deformed version of SU(2) symmetry. We also discuss a related time-independent Hamiltonian which
was shown by Janzing to be capable of universal computation. We observe that in the limit of large system
size, the time evolution is equivalent to the exactly solvable quantum walk on Young’s lattice.
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Adiabatic quantum computation [1] is a computational
model where one gradually converts a (efficiently prepar-
able) ground state of a simple Hamiltonian into a (computa-
tionally useful) ground state of another Hamiltonian using
adiabatic evolution with a slowly changing Hamiltonian.

This model was shown to be equivalent to the standard
quantum circuit model [2] through the use of the Feynman-
Kitaev circuit-to-Hamiltonian construction [3,4]. Although
the class of universal Hamiltonians originally considered
(nearest neighbor interactions between six-dimensional
particles in two dimensions) is not practically viable,
perturbation gadget techniques [5,6] were later used to
massage it into simpler forms [7.8]. However, these
techniques have the disadvantage of requiring impractically
high variability in the coupling strengths which appear in
the Hamiltonian (see, e.g., the analysis in Ref. [9]). Given
this state of affairs, it is of interest to consider how to
construct a universal adiabatic quantum computer with a
physically plausible Hamiltonian without using perturba-
tive gadgets.

An alternative type of circuit-to-Hamiltonian mapping
which is conceptually distinct from the Feynman-Kitaev
construction has been used by some authors [10-16]. In
these works a quantum circuit is mapped to a Hamiltonian
which acts on a Hilbert space with computational and
“local” clock degrees of freedom associated with every
qubit in the circuit. This idea was first explored by
Margolus in 1989 [10], just four years after Feynman’s
celebrated paper on Hamiltonian computation [3].
Margolus showed how to simulate a one-dimensional
cellular automaton by Schrédinger time evolution with a
time-independent Hamiltonian. More recently, Janzing [11]
presented a scheme for universal computation with a time-
independent Hamiltonian. In Ref. [14] it was claimed that
an approach along these lines can be used to perform
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universal adiabatic quantum computation; unfortunately,
the analysis presented by Mizel et al. does not establish the
claimed results. The local clock idea was developed further
in the recent “space-time circuit-to-Hamiltonian construc-
tion” and was used to prove that approximating the ground
energy of a certain class of interacting particle systems is
QMA-complete [16].

Our main result is a new method which achieves efficient
universal adiabatic quantum computation using the space-
time circuit-to-Hamiltonian construction. The Hamiltonian
we use describes a system of interacting particles which
live on the edges of a two dimensional grid. To prove that
the resulting algorithm is efficient we use a mapping from
our Hamiltonian to the ferromagnetic XXZ model with
kink boundary conditions [17]. Our work can be viewed as
a carefully tuned adaptation of the proposal from Ref. [11]
to the quantum adiabatic setting. In the final part of this
work, we turn our attention to Janzing’s proposal for
computation with a time-independent Hamiltonian and
we present a new analysis based on the quantum walk on
Young’s lattice.

Universal adiabatic quantum computation.—We con-
sider the universal circuit family used in Ref. [11] and
depicted in Fig. 1(a), i.e., 2n-qubit circuits which can be
schematically drawn as a rotated n x n grid [shown in
Fig. 1(b)] where each plaquette p on the grid corresponds to
a two-qubit gate U,. For technical reasons we further
restrict the circuit so that many of the gates are fixed to
be the identity; in particular, we set k = y/n/16 and select
the rotated k x k subgrid with its left corner in the center of
the original lattice as the “interaction region”; see Fig. 1(c).
In this interaction region the gates U, are unrestricted,
elsewhere they are identity gates.

We map such a circuit to a Hamiltonian H(4) which
depends on a single parameter A€ [0,1]. We will
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FIG. 1 (color online). A quantum circuit of the form shown in
(a) (each gray square is a two qubit gate) is mapped to a
Hamiltonian which describes a system of interacting particles that
live on the edges of the rotated grid shown in (b). In the ground
state, the edges occupied by particles form a connected string, as
illustrated by the thick (red) line. (c) Many of the gates are fixed
to be the identity; the gates which are unrestricted correspond to
plaquettes within a k x k subgrid, the “interaction region,” with
the left corner in the center of the grid (shown in black).

demonstrate that (a) H(4) has a unique ground state for all
A € [0, 1], (b) the ground state of H(0) can be efficiently
prepared, (c) the output of the quantum circuit is obtained
with sufficiently high probability by performing a simple
measurement in the ground state of H(1), and (d) the
eigenvalue gap above the ground energy of H(4) is lower
bounded as 1/poly(n) for all A € [0, 1]. These properties
allow us to efficiently simulate the given quantum circuit
using the quantum adiabatic algorithm with interpolating
Hamiltonian H(4).

We consider a multiparticle Fock space where the
particles live on the edges of the rotated n x n grid, and
each particle has a two-dimensional internal degree of
freedom that encodes a qubit. For an edge with midpoint
that intersects horizontal and vertical coordinates (7, w) (as
shown in Fig. 1(b), these are unrotated coordinates) we
define an operator a,,[w]| which annihilates a particle on
that edge with internal state x € {0,1}, and a number
operator n, ([w] = aj .[w]a, .[w] which counts the number
of particles in this state. H(A) is defined using these
operators and, as we will see, it conserves the total number
of particles on each horizontal line w. We restrict our
attention to the sector where there is exactly one particle for
each w € {1, ...,2n}; for the rest of this Letter we work in
this finite-dimensional Hilbert space. The coordinate ¢ can
be viewed as a local time variable (local, since different
particles may be located on edges with different values
of ¢). For our purposes it is irrelevant whether the particles
are fermions, bosons or distinguishable particles, since each
particle never strays from its horizontal line of edges.

For a gate U, with plaquette p bordered by edges
(t,w),(t+ 1Lw), (t,w+ 1), (t+ 1,w+ 1), we define

Hirop = — Z ((8.9|U,|a, 7>“j+1,ﬁ[w]az.a[w]
a,p.y.0

xal,, 5w+ 1a,,[w+1]) + He.,

which allows nearest-neighbor particles to hop together.
When the particles are both located before (or after) the
plaquette, Hh, can map them onto being both located after
(or before) it, while their internal qubit degrees of freedom

are changed according to U, (or Uj). For each 1 € [0, 1]
we define a positive semidefinite operator

H e (A) = ny[win[w + 1] + 0, wing g [w 4 1] 4 AH jrop.

where n,[w| = n,o[w] + n,[w]. The Hamiltonian H (1) is
built out of these gate operators as well as an operator
H gying Which ensures that the time variables for different
particles remain synchronized. Consider a state where the
2n occupied edges of the grid form a connected string
with endpoints at the top and bottom [e.g., the red string in
Fig. 1(b)]. Such a string can be represented by 2n bits
7 = 2125..-Z24, Where 0 = / represents an edge going down
and to the left and 1 =\ is an edge going down and to the
right, with total Hamming weight wt(z) = n. The subspace
of the Hilbert space with this property can be identified [18]
with the space

Sswing = span{|x)|z): x.z € {0, 1}*", wi(z) =n} (1)

where z describes the string and x represents the 2n-qubit
state encoded in the internal degrees of freedom. It is clear
that Sgin, 1s an invariant subspace for each of the gate
operators H gate (A)—acting with these operators on a state
in Sgyin, can move the string forward (or backward) and
modify the internal state of the particles, but the string
remains connected and fixed at the bottom and top of the
grid. H(Z) will contain a term Hgy,, Which penalizes
particle configurations which do not correspond to con-
nected strings; this will ensure that the ground state of H(4)
is in Sgying. We define Hgyjpo = Zngmng as a sum of
terms for each vertex in the grid, where, if vertex v has
four incident edges labeled (z,w),(r+ 1,w),(t,w+ 1),
(t+1,w+1), we let

HZ)

string

=n[w] +n, 4w +nfw+ 1]+ 0w+ 1]
= 2(n,[w] + g W) (0w + 1] +my g [w + 1]).

(2)

For vertices at the boundaries of the grid which have degree
<4, this definition is modified so that it only includes
operators for the edges which are present. Note that
Hing 2 0 in the Hilbert space we are working in (the
space with exactly one particle per horizontal line), and its
null space is equal to Sgy,,. More generally, a particle
configuration corresponding to a set of occupied edges
which form L string segments which are disconnected from
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one another has energy 2L — 2, the number of “loose ends.”
In particular, the smallest nonzero eigenvalue of H gy, is 2.

We are now ready to define the Hamiltonian H(4). For
1€ 10,1] we let

ZHgate /1) + 1 - /12Hinitv

01rcu1t
H(/i) = Hstring + Hcircuit(’l) + Hinpuv

where Hjy =mn, . [w=1]+n,.,[w=2n] is chosen
so that in the ground state of H(0) all particles are
located at the left boundary of the grid, and Hippy =

2 > i< Me1w] ensures that the internal state of each
particle is correctly initialized to |0) when the particle is on
the left-hand side of the grid. We now investigate the
ground space of H(4).

To begin, observe that H ;,, commutes with each of the
plaquette operators Hprop [19] and also with each of the
number operators 7, [w]. Thus [Hgyne, H(4)] =0. As
noted above, the ground energy of Hgy,, is zero and its
first excited energy is 2. In the following we show that the
smallest eigenvalue of H(A) within the space Syyin, is

V1—22. Since V1—1? <2 this establishes that the
corresponding eigenvector of H(4) is the ground state.

First consider H(0). Since ), Hg,.(0) has minimal
energy when the string is either 170" or z;,; = 0"1", and
since H,,; penalizes configurations where the first edge of
the string is \ or the last edge is /, we see that the ground
space of H joyi(0) + Hying (With eigenvalue 1) is spanned
by states |x)|ziy). The term Hj,,, penalizes all of these
states except |0%") |ziy;) Which is the unique ground state of
H(0), with ground energy 1. Note that our adiabatic
quantum computation can be efficiently initialized since
this state is easy to prepare.

To understand the ground space of H(4) when 4 > 0, it
will be convenient to work with a different basis for the
space Sgying Which builds in the details of the quantum
circuit. For any configuration of the string z € {0,1}%"
with wt(z) = n, let V(z) be the unitary equal to the product
of all the two-qubit gates associated with plaquettes which
lie to the left of the string. In other words V(z) is the total
unitary of the partially completed circuit with boundary
described by z. Define basis vectors

2y =V x ze{0.1}". wiz) =n  (3)

which span Sine. The action of H.jeic(4) in this basis has
a nice form: it acts nontrivially only on the string degree of
freedom; the two-qubit gates which make up the circuit are
“rotated away.” Moreover, its action on the string register is
equivalent (up to a term proportional to the identity and a
multiplicative constant) to the ferromagnetic XXZ chain
with kink boundary conditions

o0 2 (e (D) = V1= 21 ) [x.2)y
= 260.{2/|Hyxz (D)]2) @)

where [17] (writing X, Y, Z for the Pauli operators)

1 /—
Hyxz(2) =5 P (Zyn=2y)

4

—
._

7 [(Zwa+1 - I) +/1(XWXW+1 + Ywa+1)]

w=1

2n—1
= Z |\Ilq(ﬂ)><q/q(/1)|w,w+1’
w=1

2
=TT ®)

where 0<¢q(4) <1 and the g-deformed singlet equals

= (1/4/¢* + 1)(]10) — ¢|01)). This spin chain can
be v1ewed as a g analogue of the ferromagnetic Heisenberg
chain; it has a remarkable SU,(2) quantum group sym-
metry which is a deformation of the SU(2) symmetry
of the Heisenberg ferromagnet. Its spectral gap, ground
space [17], and excitations are known [17,20]. In the
Supplemental Material [21] we derive an expression for
the zero energy ground state of Hyy,(4) in the sector with
Hamming weight n. Using this expression and Eq. (4) we

N

immediately obtain a spanning basis for the v'1 — A% energy
ground space Of Hgying + Heircuit(4), given by (up to
normalization)

2,00) = > a@™xz)y  xe {0,137, (6)
z: wit(z)=n
where A(z) = Y3, jz; — [n(n +1)/2] is the area of the

grid which lies to the right of the string (and z; is the jth bit
of 7). We see that when 1 < 1 the associated probability
distribution over strings favors the left-hand side of
the grid; the most likely string is z;,; = 0"1" [with
A(zini) = n?], the least likely is 1"0" [with A(z) = 0],
etc. The term Hj,p,, penalizes every state [Eq. (6)] except
|®,(0%")), which is the unique ground state of H(1), with

energy V1 —142 for0 <A< 1.

The ground state |®,_,(0?")) of the final Hamiltonian is
a uniform superposition over basis vectors |0?", z),, corre-
sponding to all possible configurations of the string z. To
obtain the output of the quantum circuit we measure the
locations of the 2k particles which lie on horizontal lines
that intersect the interaction region. If we find that all of
these particles are located on edges to the right of the
interaction region then their internal degrees of freedom
give the output of the quantum circuit. Since the string is
connected, this is guaranteed to occur as long as the nth
particle (i.e., the particle on horizontal line w = n) is
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located on an edge which lies to the right of the interaction
region. In the Supplemental Material [21] we show that,
with our choice k = y/n/16, this occurs with probability
lower bounded by a positive constant. Finally, we lower
bound the eigenvalue gap of H(A).

Theorem 1: The smallest nonzero eigenvalue of
H(2)—V1—=221 is at least (1/(4n+3))(1—Acos(x/2n))
for all 2 € [0, 1].

This Q(n~>) bound establishes that the adiabatic quan-
tum computation can be performed efficiently. The proof,
given in the Supplemental Material [21], uses the known
expression for the eigenvalue gap of Hyx,(A) and a Lemma
for bounding the smallest nonzero eigenvalue of an
operator sum.

In an attempt to improve the success probability of a final
measurement, one might consider modifying this scheme
so that the ground state of the final Hamiltonian is localized
at the right side of the grid. This can be achieved by adding
another segment to the adiabatic path: after reaching H(1),
replace Hi, with Hgg =n,[w = 1]+ n,[w = 2n| and
then reduce A from 1 to 0. With this choice, every state in
the ground space of the final Hamiltonian has particle
configuration corresponding to the string 10" on the far
right. However, the ground space is degenerate (since
Hippye|x, 1"0")y, = 0 for all computational input states x).
Although the error-free Hamiltonian has a symmetry
which prevents transitions between the ground state cor-
responding to the correct input and the other wrong-input
states, an imperfect realization could potentially derail the
computation.

Universal computation with a time-independent
Hamiltonian.—We now discuss a bare-bones version of
the related scheme from Ref. [11]. The quantum circuit
family is the same as before, except that now the interaction
region is chosen to be the first K2 gates in the circuit with
K =n/4, ie., the K x K subgrid at the far left side
of the nxn grid. The circuit is simulated using
Schrodinger time evolution with initial state |0?, ziy)y
and time-independent Hamiltonian H o, = >, Hprop-
After evolving for time ¢, one measures the location of
each particle and if one finds them all outside the
interaction region then the internal degrees of freedom
give the output of the circuit. Janzing’s analysis of this
scheme is based on an equivalence between H,,, and the
XY model, which can be diagonalized using a Jordan-
Wigner transformation (a unitary mapping to a system of
noninteracting fermions in one dimension). In the
Supplemental Material [21] we extend one of Janzing’s
Theorems to prove that the above scheme efficiently
simulates a quantum circuit. Specifically we prove that,
if the evolution time ¢ is randomly (uniformly) chosen in
the interval [0, 7] with T = cn® (for some constant c), the
probability to measure all the particles outside the inter-
action region is at least § + O(1/y/n).

~§

FIG. 2. Young’s lattice.

Here we focus on the limit n — oo and directly analyze
the time evolution in the given basis without using a
Jordan-Wigner transformation. In this way we obtain a
detailed picture of the dynamics of the string. To begin,
note that a string is associated with a Young diagram (or,
equivalently, an integer partition) obtained by rotating the
portion of the grid which lies to the left of the string by 45
degrees. In the limit n — oo, the set of string configurations
is in one-to-one correspondence with the set of Young
diagrams. In the basis [Eq. (3)], H ., acts nontrivially only
on the string degree of freedom and it acts on this space as
—Hy, where Hy is the adjacency matrix of Young’s lattice,
shown in Fig. 2. In this infinite graph two Young diagrams
are connected by an edge if they differ by one box. The
dynamics of our system is given by the quantum walk on
Young’s lattice starting from a very special initial state: the
empty partition @. This quantum walk can be solved
exactly [26]; the solution is

eiHvz|@> — ¢~ (7/2) i (it)

where the normalized state |¢,,) = (1/vm!)> 1. d,|0),
oF-m indicates that ¢ is a partition of m, and d, is the
dimension of the irreducible representation of the sym-
metric group §,, associated with ¢ (given by the hook-
length formula). For completeness, in the Supplemental
Material [21] we review the derivation of Eq. (7).

We see that the quantum walk takes place in a tiny
subspace of the full Hilbert space spanned by
{|¢h,n) :m > 0}. The probability distribution over partitions
o as a function of time is given by p(o,t) =
(m!)"2e="Pmd% (where oFm) which is a Poissonized
Plancherel measure [27]. The marginal distribution of m
is Poisson with mean and variance E[m] = Var(m) = ¢*. In
our case m represents the area to the left of the string (i.e.,
the number of gates that have been applied) and this shows
that, roughly speaking, this area increases quadratically.
For large times the random variable m is peaked about its
mean in the sense that \/Var(m)/E[m] is small. The
conditional distribution over partitions A-m for fixed m
is the widely studied Plancherel measure p,,(c) = d%/m!,
which is known to exhibit a limiting behavior [28]. Imagine
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sampling a partition from p,,, drawing it in the x-y plane
and then rescaling both axes by 1/y/m. As m — oo, the
resulting picture approaches a fixed shape with probability
— 1 [27,28] (we include a plot of this shape in the
Supplemental Material [21]). Roughly speaking, for large
times we envision the string as a wave front which moves
with constant speed and with scaled shape described by this
limit theorem.

Finally, note that although it was convenient to consider
the limit n — oo, we expect this analysis to be approx-
imately valid for finite » when ¢ is small enough so that
Eq. (7) is supported almost entirely on partitions contained
in the left-hand side of the rotated n x n grid.

We thank Andrew Childs, Robert Konig, and Seth Lloyd
for helpful discussions. B. M. T. and A.V. acknowledge
funding through the European Union via QALGO FET-
Proactive Project No. 600700. D. G. was supported in part
by NSERC and ARO. IQC is supported in part by the
Government of Canada and the Province of Ontario. This
research was supported in part by Perimeter Institute for
Theoretical Physics. Research at Perimeter Institute is
supported by the Government of Canada through
Industry Canada and by the Province of Ontario through
the Ministry of Economic Development & Innovation.

[1] E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser,
arxiv:quant-ph/0001106.

[2] D. Aharonov, W. van Dam, Z. Landau, S. Lloyd, J. Kempe,
and O. Regev, in Proceedings of 45th FOCS (Society for
Industrial and Applied Mathematics, Philadelphia, 2004).

[3] R. Feynman, Opt. News 11, 11 (1985).

[4] A.Y. Kitaev, A. Shen, and M. Vyalyi, Classical and
Quantum Computation, Graduate Studies in Mathematics
Vol. 47 (American Mathematical Society, Providence, RI,
2002).

[5] J. Kempe, A. Kitaev, and O. Regev, STAM J. Comput. 35,
1070 (20006), earlier version in Proceedings of 24th FSTTCS
(Society for Industrial and Applied Mathematics,
Philadelphia, 2004).

[6] R. Oliveira and B. M. Terhal, Quantum Inf. Comput. 8, 900
(2010).

[7]1 N. Schuch and F. Verstraete, Nat. Phys. 5, 732 (2009).

[8] J.D. Biamonte and P.J. Love, Phys. Rev. A 78, 012352
(2008).

[9] Y. Cao, R. Babbush, J. Biamonte, and S. Kais, Phys. Rev. A
91, 012315 (2015).

[10] N. Margolus, in Complexity, Entropy, and the Physics of
Information, SFI Studies in the Sciences of Complexity
(Addison-Wesley, Reading, MA, 1990), pp. 273-287.

[11] D. Janzing, Phys. Rev. A 75, 012307 (2007).

[12] A. Mizel, M. W. Mitchell, and M. L. Cohen, Phys. Rev. A
63, 040302 (2001).

[13] A. Mizel, arxiv:1403.7694.

[14] A. Mizel, D. A. Lidar, and M. Mitchell, Phys. Rev. Lett. 99,
070502 (2007).

[15] A. M. Childs, D. Gosset, and Z. Webb, in 415t International
Colloquium on Automata, Languages, and Programming
(Springer, Berlin Heidelberg, 2014), pp. 308-319.

[16] N.P. Breuckmann and B. M. Terhal, J. Phys. A 47, 195304
(2014).

[17] T. Koma and B. Nachtergaele, Lett. Math. Phys. 40, 1
(1997).

[18] This identification is just a matter of notational convenience
and we use it throughout the Letter. It is formally defined in
the following straightforward way. The string z specifies a
set of occupied edges; for each w =1, ...,2n let (¢,,, w) be
the occupied edge on the wth horizontal line. Then we
identify the state (IT2",a; . [w])|vac), where |vac) is the
vacuum state with no particles, with |x)|z).

[19] To see why [Hying. Hprop] = O, recall that the eigenvectors
of Hgne with eigenvalue 2L —2 correspond to particle
configurations with L disconnected string segments, and
note that applying Hbp to such a state does not change the
number of string segments.

[20] F.C. Alcaraz, S.R. Salinas,
Phys. Rev. Lett. 75, 930 (1995).

[21] See  Supplemental Material at  http:/link.aps.org/
supplemental/10.1103/PhysRevLett.114.140501  contains
technical supporting material, which includes Refs. [22-25].

[22] T. Koshy, Catalan Numbers with Applications (Oxford
University Press, USA, 2008).

[23] A. M. Childs, R. Cleve, E. Deotto, E. Farhi, S. Gutmann,
and D.A. Spielman, in Proceedings of the Thirty-fifth
Annual ACM Symposium on Theory of Computing
(ACM, New York, 2003).

[24] B. Sagan, The Symmetric Group: Representations, Combi-
natorial Algorithms, and Symmetric Functions, Graduate
Texts in Mathematics (Springer, New York, 2001).

[25] S. Bravyi, arXiv:quant-ph/0602108.

[26] R.P. Stanley, J. Am. Math. Soc. 1, 919 (1988).

[27] D. Romik, “The Surprising Mathematics of Longest
Increasing Subsequences” (Cambridge University Press,
Cambridge, England, 2015). Available for free download
at https://www.math.ucdavis.edu/~romik/book.

[28] B.F. Logan and L.A. Shepp, Adv. Math. 26, 206
(1977).

and W.F. Wreszinski,

140501-5


http://arXiv.org/abs/arxiv:quant-ph/0001106
http://dx.doi.org/10.1364/ON.11.2.000011
http://dx.doi.org/10.1137/S0097539704445226
http://dx.doi.org/10.1137/S0097539704445226
http://dx.doi.org/10.1038/nphys1370
http://dx.doi.org/10.1103/PhysRevA.78.012352
http://dx.doi.org/10.1103/PhysRevA.78.012352
http://dx.doi.org/10.1103/PhysRevA.91.012315
http://dx.doi.org/10.1103/PhysRevA.91.012315
http://dx.doi.org/10.1103/PhysRevA.75.012307
http://dx.doi.org/10.1103/PhysRevA.63.040302
http://dx.doi.org/10.1103/PhysRevA.63.040302
http://arXiv.org/abs/arxiv:1403.7694
http://dx.doi.org/10.1103/PhysRevLett.99.070502
http://dx.doi.org/10.1103/PhysRevLett.99.070502
http://dx.doi.org/10.1088/1751-8113/47/19/195304
http://dx.doi.org/10.1088/1751-8113/47/19/195304
http://dx.doi.org/10.1023/A:1007351803403
http://dx.doi.org/10.1023/A:1007351803403
http://dx.doi.org/10.1103/PhysRevLett.75.930
http://link.aps.org/supplemental/10.1103/PhysRevLett.114.140501
http://link.aps.org/supplemental/10.1103/PhysRevLett.114.140501
http://link.aps.org/supplemental/10.1103/PhysRevLett.114.140501
http://link.aps.org/supplemental/10.1103/PhysRevLett.114.140501
http://link.aps.org/supplemental/10.1103/PhysRevLett.114.140501
http://link.aps.org/supplemental/10.1103/PhysRevLett.114.140501
http://link.aps.org/supplemental/10.1103/PhysRevLett.114.140501
http://arXiv.org/abs/quant-ph/0602108
http://dx.doi.org/10.1090/S0894-0347-1988-0941434-9
https://www.math.ucdavis.edu/~romik/book
https://www.math.ucdavis.edu/~romik/book
https://www.math.ucdavis.edu/~romik/book
https://www.math.ucdavis.edu/~romik/book
http://dx.doi.org/10.1016/0001-8708(77)90030-5
http://dx.doi.org/10.1016/0001-8708(77)90030-5

