
Higher-Order Nonlinearities Revisited and Their Effect on Harmonic Generation

Darshana L. Weerawarne,1 Xiaohui Gao,2 Alexander L. Gaeta,2 and Bonggu Shim1,*

1Department of Physics, Applied Physics and Astronomy, Binghamton University,
State University of New York, Binghamton, New York 13902, USA

2School of Applied and Engineering Physics, Cornell University, Ithaca, New York 14853, USA
(Received 21 July 2014; published 2 March 2015)

We report on harmonic generation experiments and calculations in air to investigate the theoretical
prediction of Kolesik et al. [Opt. Lett. 35, 2550 (2010)] for testing the recently proposed higher-order Kerr
effect model. Our observations show that although the fifth-order nonlinearity is non-negligible, the overall
defocusing effect via the higher-order nonlinearities is sufficiently small that plasma formation should be a
main defocusing mechanism in high power filamentation. We also explore cross-phase modulation via the
optical Kerr effect, and find that the higher-order nonlinearities can significantly alter the phase matching of
harmonic generation.
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Since the invention of lasers fifty years ago, rapid
progress in high power laser technology has enabled the
investigation of highly nonlinear interactions of light with
matter. Propagation of ultrashort laser pulses in matter
universally involves exotic nonlinear phenomena such as
the optical Kerr effect, plasma generation, and harmonic
generation (HG) [1]. In particular, when a laser pulse
reaches high intensity due to self-focusing via the Kerr
effect, material ionization and the resulting plasma defo-
cusing have been widely believed to be a main counter-
balancing mechanism against beam collapse. For example,
laser filamentation, which is the long-range, high intensity
self-guidance of ultrashort laser pulses, has been known to
be mainly due to the balance between the Kerr effect and
plasma formation [2–5]. However, recent experimental [6]
and theoretical [7] studies have proposed that the phenom-
enological higher-order (higher than third-order nonlinear-
ity) Kerr effect rather than plasma can be a main defocusing
mechanism [higher-order Kerr effect (HOKE) model],
generating heated debates. In detail, as the laser intensity
I increases due to self-focusing, higher-order Kerr non-
linearity (i.e., n4I2 þ n6I3 þ n8I4 þ � � �) with large nega-
tive higher-order coefficients (e.g., n4 < 0 in Refs. [6,7])
becomes important even at intensities below the threshold
of plasma formation. As a result, the nonlinear index
becomes negative and the transition from self-focusing
to defocusing occurs with negligible plasma formation.
Numerous experimental and theoretical studies refuting or
corroborating this HOKE model have been followed [8,9].
Recently Kolesik et al. [10] proposed a HG experiment

to test the HOKE model that if the large negative higher-
order nonlinearities are present in air, fifth-harmonic (FH)
signals (energy) can be comparable to third-harmonic (TH)
signals (energy) from 1.3-μm driving lasers. As a com-
parison, FH signals are much smaller than TH signals for
the standard (plasma) model by assuming that the fifth- and
higher-order nonlinearities are negligible and thus FH

signals are generated only by the cascaded process via
χð3Þð5ω ¼ 3ωþ ωþ ωÞ. Although several experiments for
TH and FH generation [11–13] have been performed to
verify this prediction, conclusions were different under
different experimental conditions and there are more studies
in favor of the HOKE model, which is contrary to the direct
plasma [14] and transient-index measurements [8,15] in
favor of the standard plasma model. For the harmonic-
generation study refuting the HOKEmodel, Ariunbold et al.
[12] measured TH and FH signals by tightly focusing
2.2 μm beams in air. The quantity representative of the
ratio of the FH energy to the TH energy defined by FH/TH
was 2 × 10−4, which was in agreement with the standard
plasma model. However, the experiment was performed
with a fixed energy and the nominal peak intensity at the
focus might be larger (I > 5 × 1014 W=cm2) than those
used in the simulation (I < 1 × 1014 W=cm2) so that the
result could not be directly compared with the theoretical
calculation. For the harmonic-generation studies supporting
the HOKE model, Béjot et al. [16] showed that the large
fifth-harmonic signals previously measured by Kosma et al.
[17] can be explained by the HOKE model. Although the
peak intensities used were comparable to those in the
calculation by Kolesik et al. [10], direct comparison was
not possible due to differences in the harmonic generation
length. Recently a harmonic-generation experiment in air
was carried out by tightly focusing 2-μm laser beams in air
with varying laser intensities [13]. FH/TH even exceeded
0.2 so that the result was in favor of the HOKE model.
However, the tight focusing geometry and resulting high
intensities were different than the parameters used in the
simulation. For the weaker higher-order nonlinearities, Ni
et al. [11] performed TH and FH measurements in a narrow
(2 mm) gas cell to minimize any nonlinear propagation
effects. It was shown that the dependence of harmonic
signals on gas pressure follows the directHGprocess instead
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of the cascaded process, suggesting that a small fifth-order
nonlinearity should be present, but it is itself not large
enough to arrest self-focusing.
In this Letter, we present TH and FHmeasurements in air

to test the HOKE model under conditions that closely
match simulation parameters used by Kolesik et al. [10].
When the harmonic driving pulses are focused in air
generating TH and FH signals, the measured maximum
FH/TH is about 0.003, which is larger than that predicted
by the standard model calculation considering only cas-
caded FH generation and smaller than that predicted by the
HOKE model. Our calculations considering proper phase
matching show that although the negative fifth-order Kerr
nonlinearity in air may be present, the overall defocusing
effect via the higher-order nonlinearities should be much
smaller than the original measurement [6]. Therefore, the
nonlinear index transition from self-focusing to defocusing
should occur at intensities in which plasma effects domi-
nate, which is consistent with the previous studies [11,18].
Furthermore, we find that the Kerr effect including the
higher-order nonlinearities can play an important role in
HG via phase matching contributed by cross-phase modu-
lation. This effect has, to the best of our knowledge, not
been studied thoroughly and needs systematic investigation
for efficient HG in UV and soft x-ray wavelengths using
media with negligible or small fractions of ionization [19].
In our experiments, 1.33-μm, 4-mm diameter, 55-fs

FWHM laser pulses from an optical parametric amplifier
that is pumped by 1-kHz, 800-nm, 45-fs Ti:sapphire laser
pulses are focused in air using a 15-cm focal length (f) lens.
The laser input energy E is varied from 18 to∼160 μJ using
a combination of a thin linear polarizer and a half-wave
plate. For the highest energy (≳200 μJ), we simply remove
the thin linear polarizer of which the maximum energy
throughput is around 80%. First, we measure mode profiles
near the geometrical focus using imaging lenses and an
infrared camera (Ophir Pyrocam) to characterize the beam
sizes of the focused laser beam and check any nonlinear
propagation effects. The measured modes are fitted using
super-Gaussian profiles with the Gaussian order as one of
the fitting parameters to determine 1=e2 radii. Figure 1(a)
shows that the minimum radius is about 50 μm and
propagation effects such as self-focusing and defocusing
are minimal except self-focusing for the highest energy
(∼210 μJ). The estimated error is �6 μm due to imaging
resolutions. Therefore, we have similar input beam param-
eters with those in Ref. [10] (1.33-μm, 50-fs FWHM,
50-μm focused radius, E ≤ 230 μJ) and direct comparison
between experiments and simulations is possible.
TH (∼443 nm) and FH (∼266 nm) signals from air with

a 15-cm lens are measured using an f ¼ 5 cm Al colli-
mation mirror which is 5 cm away from the geometrical
focus [square in Fig. 2(a)]. However, harmonic signals may
be generated even after collimation since the Al mirror
reflects most of fundamental and harmonic beams and may
vary depending on the distance from the geometrical focus

due to the Gouy phase shift [20]. Thus, we also measure TH
and FH signals using plane harmonic mirrors that reflect
only TH or FH signals and a fused silica collimation lens at
different distances from the focus (4, 5, and 6 cm) [open
symbols in Fig. 2(a)]. The results are comparable to that
using the Al mirror and the Guoy phase effect is not visible.
Because of supercontinuum generation and potential har-
monic generation from the mirror substrates and damage,
we cannot position the harmonic mirrors closer than 4 cm
from the focus. After the collimated signals are spatially
separated by a grating with known reflection efficiencies, a
calibrated photomultiplier tube with spectral and neutral
density filters measures the harmonic energies. More
details about the harmonic detection setup are presented
in the Supplemental Material [21]. The measured FH/TH
for the 15-cm lens is ≤ 0.003. Although the ratio is much
closer to the standard model, it is still 1 order of magnitude
larger than the standard model calculation by Kolesik et al.
[10] in which the fifth-order nonlinearity χð5Þ is ignored and
the generated FH is only from the cascaded χð3Þ effects.
Therefore, the measured FH signals, which are larger
than those for the standard model calculation, should be

(a) (b)

FIG. 1 (color online). (a) Fundamental mode 1=e2 radius versus
propagation distance for different energies when the input beam is
focused by an f ¼ 15 cm lens. Here we define z ¼ 0 where the
beam of the minimum energy (18 μJ) is focused with the smallest
size and the −ðþÞ sign indicates before (after) the geometrical
focus. (b)Examples ofmodeprofiles at z ¼ 0 for different energies.
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FIG. 2 (color online). (a) Measured FH/TH from air versus
input energy for an f ¼ 15 cm lens with an f ¼ 5 cm Al
collimation mirror (closed square), with harmonic mirrors at
different distances from the geometrical focus (HM: open
symbols). (b) Comparison of measured FH/TH for an f ¼
5 cm lens and an f ¼ 15 cm lens, both with an f ¼ 5 cm Al
collimation mirror.
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due to non-negligible χð5Þ. The conversion efficiencies for
the 15-cm lens are <5 × 10−5 for the TH signals, which is
consistent with other measurements with similar energies
[26] and <2 × 10−7 for the FH signals. Although the TH
efficiency is smaller than the simulation (<10−3), as
Ref. [10] indicated, the individual harmonic efficiency in
simulations can be affected by systematic deviations caused
by parameter uncertainties. Therefore, the ratio between the
TH and FH signals is a better parameter to test the HOKE
model since it is much less susceptible to errors. For
comparison, we also carry out measurements with tighter
focusing geometry using an f ¼ 5 cm lens and an f ¼ 5 cm
Al collimation mirror [circle in Fig. 2(b)]. The focused
radius for the 5-cm lens is estimated to be about 17 μm. For
the 5-cm lens, FH signals are easily detectablewith low input
energies and the measured FH/TH is overall 1 order of

magnitude larger than that for f ¼ 15 cm due to the higher
intensity achieved. This result is in good agreement with the
large FH/TH measured by Nath et al. [13] using a tight-
focusing geometry. The conversion efficiencies for the 5-cm
lens are<8 × 10−4 for the TH signals and<2 × 10−5 for the
FH signals. We also measure the TH and FH spectra
by focusing harmonic signals into a fiber spectrometer.
As shown in Fig. S2 in the Supplemental Material [21], the
frequency blue shift in the TH spectra for f ¼ 5 cm [27]
is clearly visible due to plasma generation as compared
with f ¼ 15 cm.
To compare with experiments, we perform numerical

simulations based on the three-wave nonlinear Schrödinger
equation, which is an extension of the two-wave model
for TH generation in air [28,29]. The equations are
given by
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whereAω,A3ω, andA5ω denote the fundamental, TH, andFH
laser electric fieldswith the transformationA3ω → A3ωeiΔk3ω

and A5ω → A5ωeiΔk5ω , where Δk3ω ¼ 3kω − k3ω and
Δk5ω ¼ 5kω − k5ω. Here kqω ¼ nqωqk0 for q ¼ 1, 3, and
5, where nqω is the refractive index of the neutral air and k0 is
the vacuum wave number for the fundamental beam,
represent wave vectors, z is the propagation distance, t is
the retarded time for the pulse traveling at the group velocity
of the fundamental beam vgðωÞ, and Δvgqω;ω ¼ ½v−1g ðqωÞ −
v−1g ðωÞ�−1 with q ¼ 3 and 5 represents the group velocity
walk-off. The quantities ρ, ρcqω , Nk,W

qω
k , and Uk represent

the plasma density, the critical density, the neutral molecule
density, the ionization rate, and the ionization energy,
respectively. In particular, ð1=3Þn2A3

ω, ð1=10Þn4A5
ω, and

n2A2
ωA3ω represent the TH, the direct FH, and the cascaded

FH generation terms, respectively. For the HOKE model,
we use the nonlinear coefficients in Ref. [6] (erratum)
whereas for the standard model n2¼ 1.2×10−19 cm2=W,

n6 ¼ n8 ¼ 0 are used and n4 is varied including the sign to
match the experiment [30]. More simulation details are
described in the Supplemental Material [21].
To check the validity of the simple three-wave model, we

first compare our calculations with the sophisticated unidi-
rectional model byKolesik et al. [10] as is shown in Fig. 3(a)
for the HOKE model and the standard model with n4 ¼ 0
[STD (n4 ¼ 0)]. The standard model calculation is in
excellent agreement with the unidirectional one. The
HOKE model calculation is also in good agreement, repro-
ducing amuch larger FH/THcomparedwith the standard one
despite its simplicity. Furthermore, since the n4 value
measured by Loriot et al. [6] has a large uncertainty
[n4 ¼ −ð1.5� 3Þ × 10−33 cm4=W2], we performnumerical
simulations by varying n4 within the error (see Fig. S3 in the
SupplementalMaterial [21]). TheHOKEmodelwithvarying
n4 still produces a much larger FH/TH than the standard
model and the experiment. Our model enables an analysis of
the role of phase matching compared with the unidirectional
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model. Although the much larger FH/TH for the HOKE
model was mainly attributed to nonlinear current effects in
Ref. [10], our calculation shows that it is also strongly
affected by phase mismatch for the qth harmonic given by

Δkqω ¼ qkω − kqω

¼ qk0

�

ðnω − nqωÞ −
1

2

q2 − 1

q2
ρ

ρcω
−
X4

j¼1

jn2jjAωj2j
�

;

ð4Þ
where each term represents the neutral air, plasma, and
nonlinear index contributions, respectively. Since the har-
monic medium is air and the confocal parameter is 1 cm, we
can assume a tight-focusing geometry in which a positive
phasemismatch is preferred for efficient HGdue to theGouy
phase shift [20]. Since the air refractive index at1.33 μm(nω)
is smaller than those for theTHandFHwavelengths (n3ω and
n5ω), both the neutral and plasma contributions are negative
in Eq. (4). However, the nonlinear index contribution
(−

P
4
j¼1jn2jjAωj2j), which is given by the difference

between the self-phase modulation (SPM) and the cross-
phase modulation (XPM) [i.e., ðP4

j¼1 n2jjAωj2jÞ−
ðP4

j¼1ðjþ 1Þn2jjAωj2jÞ], can be positive only for the
negative higher-order nonlinearities and thus can enhance
harmonic generation. Nonlinear index-related phase match-
ing will be discussed later.
Based on calculations to match the experiment [see

Fig. 3(a)], the large positive n4 ¼ 7 × 10−33 cm4=W2 and
the small negative n4 ¼ −1 × 10−33 cm4=W2 of which the
magnitude is smaller than that in the HOKE model
(n4 ¼ −1.5 × 10−33 cm4=W2) match relatively well with
the experiment. The reason the large positive n4 gives
similar results with the small negative n4 is because of
phase matching; the larger intensities for the positive n4 via
enhanced self-focusing generate a larger density plasma
and thus poor phase matching conditions [Fig. 3(b)]. For
n4 ¼ 7 × 10−33 cm4=W2, the positive n4 enhances only
self-focusing and is therefore in favor of the standardmodel.
As a comparison, for n4 ¼ −1 × 10−33 cm4=W2, a transi-
tion of the nonlinear index from self-focusing to defocusing
occurs near I ¼ 1.2 × 1014 W= cm2 as compared to
3.2 × 1013 W= cm2 for the HOKE model [Fig. 3(c)]. For
I > 1 × 1014 W= cm2, ionization is significant and plasma
effects should be dominant over those due to the nonlinear
index. Therefore, plasma should be a main defocusing
mechanism in our wavelength ranges. Figure 3(d) shows
the calculated FH/TH versus propagation distance for differ-
ent models with E ¼ 200 μJ. For all calculations, FH/TH
reaches the maxima near the focus. As the beam propagates
further, the harmonic efficiencies (not shown) and FH/TH
quickly decrease due to theGouyphase shift [20] and the ratio
is stabilized after a few centimeters of propagation, which is
consistent with the measurements using harmonic mirrors
[see Fig. 2(a)]. This result also implies that short interaction
lengths are preferable for the larger FH/TH, which is in good

agreement with Refs. [11,17]. More simulation details such
as the dispersion of the nonlinear index coefficients and the
differences of the nonlinear susceptibilities between har-
monic generation and phasemodulation [31] are described in
the Supplemental Material [21]. We also discuss simulation
results for the 5-cm focal length lens and the recently
proposed effect of ionization enhancement via interference
between fundamental and harmonic fields [32] in the
Supplemental Material [21].
Finally, we suggest that the nonlinear index contribution

considering both self- and cross-phase modulation should
be properly considered for HG phase matching though it
has been, to the best of our knowledge, neglected or rarely
discussed [33]. (1) Inclusion of XPM changes the sign of
the nonlinear index contribution in phase matching com-
pared with SPM by itself. (2) Since the magnitude and the
sign of the nonlinear coefficients depend on frequencies,
they can be large depending on the frequencies of the
driving lasers. For example, very large nonlinear coeffi-
cients in gases due to resonance effects were measured
using a mid-IR source [34] and a negative n2 was measured
with an UV wavelength [35]. (3) For mid-infrared har-
monic drivers, ionization is almost negligible up to a few
times 1014 W=cm2 intensity [19] and thus higher-order
nonlinearites are potentially important.
In conclusion, we experimentally and theoretically

investigate higher-order nonlinearites in air by measuring

(a)

(c) (d)

(b)

FIG. 3 (color online). (a) Measured FH/TH (Experiment) with a
15-cm lens and Al collimation mirror and calculated FH/TH
(open symbols) 5 cm away from the geometrical focus using the
HOKE model and the standard (STD) model with different n4
values. (b) Calculated peak intensity versus propagation distance
for E ¼ 200 μJ. The inset shows the plasma density. The
geometrical focus is at 15 cm. (c) Calculated nonlinear index
versus laser intensity for the HOKE model (black solid line) and
the STD model with n4 ¼ −1 × 10−33 cm4=W2 (red dashed line).
(d) Calculated FH/TH versus propagation distance with a 15-cm
lens and E ¼ 200 μJ. The geometrical focus is at 15 cm.
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third- and fifth-harmonic signals. Our result suggests that
there may be a small negative fifth-order nonlinearity but
that the overall negative higher-order nonlinearity effect
should be small at near-IR wavelengths such that plasma
should be a main defocusing mechanism. Furthermore,
cross-phase modulation with inclusion of higher-order
nonlinearities could be important for HG phase matching
depending on the gas species and the harmonic driving
wavelengths.
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